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PROCEEDINGS 



OF THB 



LONDON MATHEMATICAL SOCIETY. 



VOL. XX. 



TWENTY-FIFTH SESSION, 1888—1889. 

November 8th, 1888. 

Annual General Meeting, held at 22 Albemarle Street, W. 
Sir JAMES COCKLE, F.R.S., President, in the Chair. 

The Treasurer read his Report. Its reception was moyed by 
S. Roberts, F.R.S., seconded by Prof. Llojd Tanner, and carried 
nnanimouslj. 

At the reqaest of the Chairman, Mr. Hep pel consented to act as 
Anditor. 

From the Report of the Secretaries, it appeared that the number 
of the members on the List, after striking ofE the names of def anlters, 
was 190, of these 80 being life- members. 

The Society had lost two members by death — Mr. J. Brooksmith, 
M.A., of Cheltenham College, on May 5th ; and Mr. Arthur Buchheim, 
M.A., a member of Council, on September 9th. 

The following communications had been made : — 

On Pore Ternary Reciprocants, and Functions allied to them : E. B. Elliott, 

M.A. 
On the Generals lanear Differential Equation of the Second Order: the 

President. 
On the Stability of a Liquid Ellipsoid which is rotating about a Principal 

Axis under the Influence of its own Attraction : A. B. Basset, M.A. 
(1) On k\-k'\' Modular Equations, (2) Geometry of the Quartic : R. RuMell, 

M.A. 

VOL. XX. — NO. 343. B 



Annual General Meeting, [Nov. 8, 

The Differentia] Equations satisfied by Concomitants of Quantics: A. R. 

Forsyth, F.R.S. 
On the Stability or Instability of certain Fluid Motions: Lord Rayleigh, 

Sec. R. S. 
Notes on a System of Three Conies touching at One Point : Dr. J. Wolsten- 

holme. 
The Algebra of Linear Partial Differential Operators : Captain P. A. Mac- 

mahoD, R.A. 
On a Method in the Analysis of Ternary Forms : J. J. Walker, F.R.S. 
Confocal Paraboloids : Prof. Greenhill, M.A. 
Harmonic Decomposition of Functions, and some Allied Expansions : A. R. 

Johnson, M.A. 
Uni-Brocardal Triangles, and their Inscribed Triangles : R. Tucker, M.A. 
The Theory of Distributions : Captain P. A. Macmahon, R.A. 
On the Analogues of the Nine-points Circle in Space of Three Dimensions, 

and connected Theorems : S. Robert-*, F.R.S. 
Oq a Theorem analogous to Gausses in Continued Fractions, with applications 

to Elliptic Functions: L. J. Rogers, M.A. 
A Theorem connecting the Divisors of a certain Series of Numbers: Dr. 

Glaisher, F.R.S. 
On Reciprocal Theorems in Dynamics : Prof. H. Lamb, F.R.S. 
The Free and Forced Vibrations of an Elastic Spherical Shell containing a 

given Moss of Liquid: A. E. H. Love, B.A. 
On the Volume generated by a Congruoncy of Lines : R. A. Roberts, M.A. 
Isoscelians : R. Tucker, M.A. 

Complex Multiplication Moduli of Elliptic Functions : Prof. Greenhill, M.A. 
A Case of Complex Multiplication with Imaginary Modulus arising out of the 

Cubic Transformation in Elliptic Functions: Prof. Cayley, F.R.S. 
Geometrical Proof of Feuerbach's Theorem concerning the Nine -point Circle : 

Prof. Genese, M.A. 
A Group of Isostereans : R. Tucker, M.A. 

On Simplicissima in Space of n-Dimensions : W. J. C. Sharp, M.A. 
Synthetical Solutions in the Conduction of Heat : E. W. Hobson, M.A. 
On certain Operators in connection with Symmetric Functions (Supplementary 

Note) : R. Lachlan, M.A. 
On a Law of Attraction which might include both Gravitation and Cohesion : 

G. S. Carr, M.A. 
Some Theorems on Parallel Straight Lines, together with some attempts to 

prove Euclid's Twelfth Axiom : J. Cook Wilson, M.A. 
On Cyclicants, or Ternary Reciprocants, and allied Functions : E. B. Elliott, 

M.A. 
On the Flexure and the Vibrations of a Curved Bar : Prof. H. Lamb, F.R.S. 
On the Figures formed by the Intercepts of a System of Straight Lines in a 

Plane, and on analogous relations in Space of Three Dimensions : S. 

Roberts, F.R.S. 
(1) Lam6*s Differential Equation, and (2) Stability of Orbits: Prof. Greenhill, 

M.A. 
On the Determination of the Circular Points at Infinity : Rev. Dr. C. Taylor. 
On the e- and jp-Discriminants of Integrable Differential Equations of the 

First Order: Prof. M. J. M. HiU, M.A. 
On Point-, Line-, and Plane-Sources of Sound : Lord Rayleigh, Sec. R. S. 
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Note on Rationalisation : H. Fortej, M.A. 

Applications of Elliptic FimctionB to the Theory of Twisted Qoarticfl : Prof. 

6. B. Mathews, M.A. 
Coefficients of Induction and Capacity, and allied Problems : Prof. Qreenhill, 

F.R.S. 
Electrical Oscillations: Prof. J. J. Thomson, F.R.S. 
Demonstration of the Theorem that the Equation x' + y'+s'^ cannot be 

solved in Integers : J. R. Holt, B.A. 

Additional exchanges of Proceedings were made with the Circolo 
Matematico of Palermo, and the Faculte des Sciences de Toulouse. 

The same Mathematical Journals had been subscribed for as in the 
preceding Session. 

The meeting next proceeded to the election of the new Council. 

The Scrutators (Rev. J. J. Milne and Mr. S. O. Roberts) having 
examined the Balloting Lists, declared the following gentlemen duly 
elected : — President, J. J. Walker, F.R.S. ; Vice-Presidents, Sir James 
Cockle, Knt., F.R.S., E. B. Elliott, M.A., A. G. Greenhill, F.R.S. ; 
Treasurer, A. B. Kempe, F.R.S. ; Seci-etaries, M. Jenkins, M.A., 
B. Tucker, M.A. ; other Members of the Council, A. B. Basset, M.A., 
J. W. L. Glaisher, Sc.D., F.R.S., J. Hammond, M.A., Prof. Hart, 
M.A., Joseph Larmor, D.Sc, C. Leudesdorf, M.A., Captain P. A. 
Macmahon, R.A., Samuel Roberts, F.R.S., E. Routh, Sc.D., F.R.S. 

Mr. Walker, on taking the Chair, thanked the Society for the 
honour they had confeiTed upon him, and then called upon Sir James 
Cockle to read his Presidential Address, *^ On the Confluences and 
Bifurcations of certain Theories.** On the motion of Dr. Glaisher, 
seconded by Mr. S. Robei'ts, it was carried by acclamation, that the 
Address, with the Author's permission, be printed in the Froceedings, 

The following communications were made : — 

On Cyclotomic Functions : § 1. Groups of Totitives of n, } 2. Periods of »^ 

Roots of Unity : Prof. Lloyd Tanner. 
On a Theory of Rational Symmetric Functions : Captain P. A. Macmahon, 

R.A. 
The Factors and Summation of K + 2*" + ...+»'' : The Rev. J. J. Milne. 
Raahe's BemouUians : Mr. J. D. H. Dickson. 
Certain Algehraical Results deduced from the Geometry of the Quadrangle and 

Tetrahedron : Dr. Wolstenholme. 
On a certain Atomic Hypothesis : Prof. K. Pearson. 
On Deep-water Waves resulting from a Limited Original Disturhance : Prof. 

W. Bumside. 

The following presents were received : — 

Cabinet likeness of Captain Macmahon. 
" Royal Society, Proceedings," No. 271. 

<* Physical Society of London, Proceedings,'* Vol. ix., Part iv. ; October, 1888. 

B 2 
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" Manchester Literary and Philosophical Society, Memoirs and Proceedings," 
Fourth Series, Vol. i. ; Manchester, 1888. 

« Annales de la Faculty des Sciences de Tonloose," Tome ii., Fasc. 3 and 4; 
Paris, 1888. 

** Bulletin des Sciences Math^matiques,'* Tome xii. ; July, 1888. 

** Boiblatter zu den Annalen der Physik und Chemie," Band xu., St. 9 and 10. 

** Atti deUa Roale AccademC dei Lincei— Rendiconti," VoL iv., Fasc. 11 and 12. 

** Sitzungaberichte der Koniglich Preussischen Akademie der Wissenschaften zu 
Berlin," xxi. — xxxvii. 

** Memorie della Regia Accademia di Sdenze, Lettere, ed Arti in Modima,'* Serie 
n.. Vol. V. ; Modena, 1887. 

*' Jomal de Sciencias Mathematicas e Astronomicas," Vol. viii., No. 6 ; 
Coimbra, 1887. 

*'Mcmorias de la Sociedad Cicntifica — Antf>nio Alzate,*' Tomo n., Noe. 2 
and 3 ; Mexico, 1888. 

'* Bollettino delle Pubhlicazioni Italiane ricevute per Diritto di Stampa,** Nos. 
67 and 68. 

** Rendiconti del Circolo Matematico di Palermo," Tomo ii., Fasc. 6 ; Settembre, 
Ottobre. 

** Teoria de los Errores," par H. Faye, 8vo pamphlet ; Mexico, 1888. 

Pamphlets by Em. Lemoine : — ** De la Meeure de la Simplicity dans les Sciences 
MathSmatiques ;" *' Notes sur di verses Questions de la G^m^trie dn Triangle," 
(Association Fran^aise, 1888.) 

'* Note sur Tnsage des Coordonn^ dans 1* Antiquity et sur Tlnveotion de cet 
Instrument," par H. G. Zeuthen, 8vo pamphlet ; Copenhagen, 1888. 

** On the Diameters of a PUne Cubic," by J. J. Walker, F R.S. (** PhU. Trans.," 
Vol. CLxxix., A. pp. 161 — 203). 

** Lectures on the Ikosahedron, and The Solution of Equations of the 5th Degrea," 
by Felix Klein ; from the Translator. 

« Educational Times," November, 1888. 



On the Gonflnences and Bifurcations of certain Theories, 
[Presidential Address,) By Sir Jambs Cockle, F.R.S. 

[Read November 8M, 1888.] 

Axioms, says Proclns,* are common to all sciences, thongh each 
employs them in its peculiar subject-matter. A little further on' he 
cites Aristotle' as saying that one science is more certain than another, 
viz., that which emanates from more simple suppositions than that 



1 Proclus, ** Commentaries on the First Book of Euclid's Elements" (Taylors 
Translation, London, 1792), p. 92. 
' Proclus, op. cit., p. 93. 
> Taylor (t^. p. 93) supplies the reference to the first Analytics, t. 42. 
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which uses more varioas principles; and that which tells the why, 
than that which tells only the simple existence of a thing ; and .that 
which is conversant about intelligibles, than that which toaohes and 
is employed aboat sensibles. 

Proclns adds that, according to these definitions of certainty, 
arithmetic is more certain than geometry, smce its principles excel by 
their simplicity. For the conception of nnity has no reference to 
position in space, while that of a point involves snch referenca In 
short, we may say that to count a number of objects is a simpler 
operation than to measure the distances between them. 

All this, and much more, shows how early the notion of what is 
sometimes called a hierarchy of the sciences arose. Proclns's order 
of precedence would seem to be this, viz., logic,^ arithmetic, geometry, 
mechanics, optics, dioptrics,' and so on ; the progression being from 
the more to the less abstract, or from the abstract to the concrete. 

Francis Bacon, mindful perhaps of Proclus,' and duly appreciating 
the power of mathematics as an instrument* and its valae as a dis- 
cipline,* expressly takes the degree of abstractness of a science as the 
mark for its classification. He places mathematics, as the most 
abstract of sciences,* at one end of the scale and '* policy " at the 
other. He does not graduate the scale minutely, but it may be that, 
as in the case of the categories,' he attached no great value to such 
det-ails. Distinguishing philosophy from theology, logic, and mathe- 
matics,* he assigns to it the axioms which are common to several 
sciences .and the inqairy into essences, as qaantity, similitude, 
diversity, possibility, and the rest. Science he divides between 
metaphysics, the science of the abstract and permanent, and physics, 
that of matter and its changes.* Bacon, in one place, names the one 
universal science by the name of philosophy, while in another he 
treats philosophy and metaphysics as two distinct things.^* He uses 
the word metaphysics in a sense different from that in which it was 
then" received. Mathematics he places as a branch of metaphysics, 

* Proclufl, op. cU,f p. 79. Hume (Treatise, Vol. i., Lond. 1739, Bk. i., Pt. in,, 
p. 129, et vid, p. 128) says that geometry falls short of that perfect precision and 
certainty which are peculiar to arithmetic and algebra. 

' Proclus, op. eit.f p. 93 ; et vid. pp. 78, 79. 

' Bacon, ''The Proficience and Advancement of Learning" (Oxford, 1633,) 
pp. 49, 60. 

* Bacon, op. eit., pp. 151, 152 ; et vid. pp. 119, 120. 
> Bacon, op. eit., pp. 152, 206, and 231. 

* Bacon, op. eit., p. 218 ; et vid. pp. 150, 151. 

7 Bacon, op. eit.^ pp. 130, 131, 140, and 201 ; et vid. p. 161. 

* Bacon, op. eit., pp. 49, 60; et vid. pp. 130, 131, and 140. 

* Bacon, op. eit., p. 141. 

»• Bacon, op. eit., pp. 130, 140. 

'> Bacon, cp, eit,, p. 138 ; o&h/. pp. 146, 147. 
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and as having determined or determinate qaantity for its snbject. To 
the pare mathematics, he says, belong geometry and arithmetic ; the 
one handling continnons, and the other discrete quantity.^ If he 
means continnons quantity so far as it is immovable, he agrees with 
the Pythagoreans.* 

Qaantity, time, and space are placed by Aristotle among his cate- 
gories, or are implied in them. With regard to space, he does not 
seem to have reached the Kantian view in any way, nor to be very 
clear in his meaning, though he apparently feels that to realise space 
we mast have motion. His conception of time as one of the elements 
required for measuring motion, and his starting the problem as to 
whether we could have time without a mind to conceive, seem a more 
distinct approximation, though only an approximation, to Kant's view 
of time as merely a subjective condition of perception.* 

Newton, in the Scholium to his Definitions, distinguishes between 
absolute and relative time, the latter being time conceived in its 
relation to phenomena. Of absolute time (otherwise called duration) 
which has no relation to anything external, he says that it flows 
equably, and that its rate of flow and the order of its parts are im- 
mutable. In his " Fluxions " he uses the word time in a somewhat 
different sense, viz., as meaning the independent variable, characterised 
by an equable increase, fluxion, or flow.* Sir W. Rowan Hamilton 
treated algebra as the Science of Pure Time, but his doctrine is not 
entirely* assented to by De Morgan, nor by Professor Cayley, who 
indeed, in his Sonthport Address (page 19), intimates di.ssent from 
it. Proclus does not connect arithmetic with time, and Professor 
Cayley suggests {ib, p. 18) that, in any case, the notion of number or 
plurality is not more dependent on time than on space. By the 

^ Bacon, op. eit,^ pp. 160, 161. 

2 Proclu8 (Taylor's Translation), p. 74. 

5 For this summary of Aristotle's views I am indebted to Mr. Beginald H. Roe, 
who referred me to Ueberweg's ** Hist, of Phil.," p. 164, for a more general state- 
ment, and to p. 166 for a list of the best books for its fuller elucidation, adding 
that in Ritte and Preller's extracts, pp. 288 and 289, will be found all the 
important passages from Aristotle bearing on the question. As to the views of 
Boole, see his *' Laws of Thought ** (London, 1864), pp. 162 et seq. ; see also p. 419. 
Boole treats of space at pp. 163, 176, and 418; and at p. 176 he quotes Aristotle's 
statements respecting the existence of space in three dimensions. 

* Newton, ** Fluxions," pp. 26 and 38 of the small edition (London, 1737). This 
is a genuine work of Newton's. As to its bibliography, see XoUs and QuerieSf 2nd S., 
Vol. X., pp. 163, 232, 233 ; 3rd 8., Vol. xi., pp. 614, 616 ; 4th 8., Vol. n., p. 316; 
6th 8., Vol. IV., p. 401 ; 6th 8., Vol. iv., pp. 129, 130; Vol. v., pp. 263. 264, 304, 
305, and 426. This octavo edition is very scarce. Indeed, I only know of two 
copies, viz., my own copy and one in the library of the Royal Astronomical 
Society. 

* De Morgan, ** On the Foundation of Algebra," Camlridge TransaetiofiSy Vol. 
VII., pp. 173—187 ; see pp. 176, 176. The remarks of Prof. Cayley on Whewell, 
at p. 18 of his Southport Address, are applicable to Rowan Hamilton. 



1888.] Oonjluences and Bifurcations of certain Theories. 7 

logicians, time seems to be regarded as the more abstract of the pure 
in tuitions. In fact, time is implied in memory and in thought itself, and 
Professor Francis W. Newman observes that no man could get through a 
sjllogism if he forgot the first premiss while dwelling on the second.^ 
Moreover, he has recourse to the idea of time when he comes to discuss 
propositions,' and Boole investigates the nature of the connection of 
his own Secondary Propositions with the idea of time.* The ancient 
Indians had their cyclical periods, but not therefore necessarily any 
notion of a uniform curvature (so to say) of time. 

Absolute space, says Newton, perpetually remains similar to itself 
and immovable; and, further on in the Scholium, he adds that the 
order of its -p&vta is immutable. In the Preface to the Principia he 
had observed that the description of straight lines and circles, on 
which geometry is founded, belongs to mechanics, and he follows up 
this train of thought. But, whether he means to detach himself from 
Plato, I must leave others to say. It is said to be certain that he was 
familiar with Bacon's works ; that he uses the word axiom, not in 
Euclid's sense, but in Bacon's, thus giving the name of axioms to the 
laws of motion, which, of course, are ascertained by the scrutiny of 
nature, and to those general experimental truths which form the 
groundwork of optics.* Now Bacon says that, in his judgment, the 
senses are sufiicient to certify and report truth, either immediately or 
by way of comparison.' Moreover, he suggests that the rule Quce in 
eodem tertio conveuiunt, et inter se conveniunt^ a rale so potent in logic 
as that all syllogisms are built upon it, is taken from the mathematics.* 
In seeking an origin for the more abstract in the less abstract. Bacon 
is not solitary. Thomas Stephens Davies suggested^ that the argu- 
ment from superposition had its origin in mechanical consideratious, 
and from the fitting together of material figures. Moreover, it is 
conceivable that some observant person among the ancient Egyptians, 
whose custom it was to stamp their bricks, noticing the resemblances 
of the marks and the correspondence of the impressions with the 

* Newman, " Lectures on Logic, or on the Science of Evidence/* etc. (Oxford, 
1838), p. 15. 

* Newman, op. cit., pp. 32 — 34. 

* Boole, ** An Investigation uf the Laws of Thought '* (London, 1854), pp. 162, 
ei seq. 

** See the Account of the ' ' Novum Organon ' ' in the Library of Useful Knowledge, 
p. 10. 

* Bacon, ** Advancement of Learning '* (cited supra), p. 193. 

* Bacon, op. eit., p. 132. 

' T. 8. Davies, Geometrical Notes, " Mechanics* Magazine,*' Vol. Lin. (1850), 
pp. 150, 169, 262, 291, 442. Davies points out **the connection between parallels 
and similar triangles.*" He thinks that Aristotle's scocHsion from the school of 
Flato arose from his enforcement of his own logical doctrines. Davies rejects the 
notion of a geometry built upon definitions alone without the assisiauce of axioms. 
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impressing tool, may have been led to a recognition of the rule 
qnoted by Bacon. The doctrine that there enters into geometry an 
element derived from the senses has, indeed, appeared in books 
designed for ordinary readers. Thns, Prof. Newman, writizig 
in 1836-38, although in one part of his " Logic " (p. 25), he 
says that in geometry no results are admitted by help of observation 
and testimony, but only by reasoning from the definition, yet he 
afterwards (p. 55) states that, as space and its properties appear un- 
deniably to be learned by sense, the argument seems to him to pre- 
ponderate for naming geometry a Mixed Science, and believing that 
its propositions are real and not verbal truths. And Potts* says that 
geometry seems to rest on the simplest inductions from experience 
and observation, and that its principles are founded on facts cog- 
nisable by the senses. 

But it is to Reid' that the idea of a more precise mathematical 
treatment of the subject is due, and his name ought to head the roll 
on which will be inscribed the names of Lobatschewsky, Riemann, 
and other investigators. Kant, indeed, disposes of such questions 
summarily, by saying that it follows from his premisses that the 
propositions of geometry are not the determinations of a mere crea- 
ture of our feigning fancy, but that they necessarily hold of space, 
and consequently of all that may be met within it, because space is 
nothing else than the form of all the external phenomena, in which 
alone objects of sense can be given (" Prolegomena,"* p. 51). He 
adds (pp. 51 and 53) that external phenomena must necessajiily and 
precisely agree with the propositions of the geometer. Whether 
Kant's allusion to ** superficial metaphysicians ** points to the 
Pyrrhonists and Epicureans* or to others, and, possibly, even to Reid, 
whom he had mentioned before (Pref., p. viii.), does not appear. 
Whatever opinions be formed of Kant's theory, or of the nature of 
space, his view is impressive. Confine that view to two dimensions, 
and suppose the surface of a sphere to be inhabited by a being desti- 
tute of any conception of a third dimension, and whose senses are un- 
affected byany point not situated or any motion not taking place on that 

» Potts (Robert), "Euclid'sElementsof Geometry," etc. (Cambridge and London, 
1845) ; Notes to Book i., p. 41. 

' Thomas Reid, ** An Inquiry into the Human Mind on the Principles of Common 
Sense*' (1764). My passings refer to the Calcutta Reprint of 1869. Chapter vi. 
treats (pp. 94—277) of Seeing; its Sect. vii. (pp. 120—124), of Visible Figure and 
Extension; and its Section ix. (pp. 132—146), of the Geometry of Visibles. In 
Sect. VIII. (pp. 126 — 132), we liive Some Queries concerning Visible Figure 
answered. 

» I cite from Richardson's Translution (London, 1819) ; and cannot now give the 
corresponding paf^ing in that of Prof. Mahaffy. 

* M^ontucla, ** Hibtoiro*' (2n'*» ^tion, An. vii.), p. 21. 
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surface. He could onlj estimate direction and position by the tangent 
to the path of the yisnal raj at the point where that path meets his 
▼isnal organ, and would think that all objects were situate in one 
plane. His geometry would be Euclidian ; for, if he could form a 
notion of the actual paths of rays, he would have a conception of the 
third dimension in space.^ Here Kant and Riemann would apparently 
be at issue ; for, if a more general conception of space is to be rendered 
special by actual measurements on the sphere, then, after an enlarged 
experience, the Enclidian conception would have to be expelled and 
replaced by some other. And all this would have to be done without 
praying in aid the excluded third dimension. 

Aristotle' notices that the nature of everything is best seen in its 
smallest portions, and Kant' remarks that there was a time when 
mathematicians, who were philosophers too, began to doubt, not the 
truth of their geometrical propositions as far as they regard space, 
but the objective validity and applicability of the conception itself, 
and of all its determinations, to nature ; as they were apprehensive 
that a line in nature might consist of physical pointR, and that con- 
sequently true space in the object might consist of simple parts, 
though space as conceived by the geometer cannot so consist. 
Clifford* would have given due weight to the doubts of the philo- 
sophical mathematicians. He even suggests that the properties of 
space may change with time. Now, a number may be a function of 
an angle ; the very angle itself determines those numbers (ratios of 
lines) which we call sines and cosines. But, says De Morgan," in 
every case but this it is impossible to conceive number a function of 
magnitude. It seems almost equally difficult to entertain Clifford's 
conjectare, which, nevertheless, measnrements might verify. The 
sentence, Nam tempora et spatia sunt sui ipsorum et rerum omuium 
quasi Loca, in Newton's Scholium, though it may suggest that omni- 
presence does not involve extension in space, implies no functional 
relation between space and time. The words "then and there," accom- 
panying every material allegation in indictments, would suffice to 
show that the opinions of the world at large on certain characteristics 



' Bee Cay ley, Sonthport Address, pp. 11, 12. 

' See BacoD, ** Advancement of Ijeoming,*' p. 108. 

• Kant, •* Prtdegomena," p. 52, 

^ William Kingdon Clifford, *' Mathematical Papers" (London, 1882). See 
pp. xl. and xlii. of the Introduction, hy H. J. S. Smith. 

* De Morgan, ** On the G-eneral Principles of which the Composition or Aggre- 
gation of Forces is a Consequence " (Cainb. Trans,, Vol. x., Part zi., pp. 204, 
295, foot-note). 
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of time and space^ were in accord with that of the philosophers. In- 
deed, their isolation, as forms of intuition, may no more be a 
peculiarity of Kant*s system than is his distinction between analy- 
tical and synthetical judgments. This distinction was present to the 
mind of Bacon,* as well as to that of Locke, whom Kant cites (" Pro- 
legomena," p. 25), and who, elsewhere than in the place cited, adverts 
to the distinction. That which Locke had styled a trifling proposi- 
tion, Kant called an analytical judgment; and that which Locke 
(Essay concerning Human Understanding, Book iv.. Chap, viii,. 
Sect. 8) styled a real truth, Kant would have called a syntbettcal 
judgment. With Hume, too, Kant is in some respects in close rela- 
tion. Hume (Treatise, Vol. i., Bk. i , Pt. it., pp. 63 — 124) treats 
specially of the ideas of space and time. Hume, again (Inquiry, 
p. 17 ; Essay iv., p. 50), distinguishes between results attained by 
reasonings a priori and results arising entirely from experience (Inq., 
p. 17 ; Ess., p. 49). He seems to allow conception a sufficiently wide 
range, for he urges (Inq., p. 13 ; Ess. ii., pp. 26, 27) that, in one ex- 
ceptional instance, there may be an idea not arising from a corres- 
ponding impression ; viz., in the case when from the impressions of 
two distinct shades of a particular colour, a conception is formed of an 
intermediate shade of the same colour. He asserts (tfe., p. 118) that 
the only objects of the abstract sciences or of demonstration are 
quantity and number. 

If, as Clifford' seems to think, there are no sufficient grounds for 
maintaining that, if our space has curvature, it must be contained in 
a space of more dimensions and no curvature, one difficulty is 
apparently removed. The one-dimensioned time is something very 
different to space, from which the higher-dimensioned entity might 
differ still more ; and if a solid be treated as the shadow or projec- 
tion in Euclid's space of, say, a four-dimensioned body, that part of 
the body which lies outside the shadow seems to have no quality 
analogous to impenetrability or inertia, nor indeed any quality which 
affects the senses or deranges the results of calculation. Prof. Cay ley 
says (Southport Address, p. 11) that Riemann's idea seems to be that 
of modifying the notion of distance, not that of treating it as a locus in 
four-dimensional space. The suggestion (Cayley, ib. p. 10) of a rule 



* I should have been glad to have given Locke*8 and Kant*8 descriptions of space 
and time, and to have compared them with Newton's. But I cannot omit to refer to 
a Smith's Prize paper, by Mr. Robert Franklin Muirhoad, printed in the ** Philo- 
sophical Magazine '* for June, 1887 ; S. 6, Vol. xxiii., pp. 473 — 489. 

' Bacon, ** Advancement of Learning,'* p. 47. 

' Clifford, •* The Universal Statements of Arithmetic" Nineteenth Century (1879, 
Vol. v., pp. 613—522 ; vide p. 622). 
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changing its length bj an alteration of temperatnre feoilitates appre- 
hension. Prof. Ton Helmholtz has considered the effect of the 
changes in sensible phenomena which a transition to a spherical or 
psendo-spherical world, if such things be, would produce ; and he has 
taken an independent view of the subject in other respects.^ 

De Morgan' professed to have been puzzled to know on which side 
the meeting of parallels took place, or whether on both. He con- 
cludes that they never meet. This, however, does not shake, nor is 
it to be supposed that he wished' it to shake, the belief in modem 
methods, for he apparently admits that interpretation of forms may 
demand conclusions which can be reached by reasoning on infinity, if 
increase without limit show approach. He observes that it is clearly 
conceived by the logicians that all division is reducible to simple 
dichotomy and its repetitions, and that when the logician has once 
shown division, difference, he does not trouble himself with the diffi- 
culty of repetitions. De Morgan's remark is easily verified by turn- 
ing to Potts' Note on Euc. i. 10 (p. 49). Taming again to Boole, 
(L. of T., p. 91), it wonld seem that the logician does not completely 
detach himself from the notion of infinity ; he has to interpret 1 : 
as well as : 0/ 

Bacon differs from Plato, who considered forms as absolutely 
abstracted from matter, and not as confined and determined by it, 
and agrees with Aristotle in saying that words are the images of 
thoughts ;' so that the agreement of the views of Bacon with those 
of Prof. Max Miiller, w^ould seem to be tolerably close. It is easy to 
find cases in which a doubtful meaning of a word may give rise to 
disagreement on matters of substance. Boole (L. of T., pp. 407, 408) 

' A paper in Mind, by Prof, von Ilelniholtz, elicited a criticism from Prof. 
Land, which prodaced a reply, and with a brief note appc>nded to a pnpor ou 
another subject, by Prof. Land, the discussion closed. See Mind^ Vol. i., pp. 301 — 
321 ; Vol. II., pp. 38—46; V^ol. in., pp. 212—226 ; and Vol. iv. 

« De Morgan, "On Infinity," etc. {Camb. Tram., Vol. xi., Part i., 1865, 
pp. 146 — 189; rid. pp. 173, 176, 180, 147). In connection with this paper, the 
comments of Mr. W. S. B. Woolhouse in the Edwadonal Times {Meprintf Vol. vi., 
pp. 49 — 52) should be considered. And in connection with a paragraph at pp. 161, 
162 of De Morgan's paper, the leading pfiragraph of p. 424 of a previous paper of 
his, *'0n the Thec^ry of Errors of Obscrvntion " (C. T., Vol. x., Pt. n., 1862), 
should be read. In the last -mentioned pass^igo he distingnishea between the zero 
and the indivisible of probability. Hamilton, of Edinburgh, following earlier 
authorities, expressly restricts the application of logic to finite things. But it does 
not therefore follow that logicians in general turn a deaf oar to all reasoning upon 
infinites and infinitesimals, and that they reject results stamped with authority and 
miiversally accepted. 

' This sufficiently appears from a statement at p. 15 of his paper, '* On the Eoot," 
&c. (Oamb. Trans., Vol. xi., Pt. ii.). 

^ See the last footnote but one. 

* Bacon, ** Advancement of Learning," p. 143; Conf., pp. 130, 140. See also 
pp. 192, 209. 
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observes that tbe term '* necessary '* may be applied either to the 
observed constancy of nature or to tbe logical connection of proposi- 
tions. He expresses no decided preference for either meaning. Tbe 
meanings should be kept caref ally apart. If an axiom be a necessary 
truth, in the strictest sense, then Newton's laws of motion are laws 
d priori, viz., giving Kant's meaning to the term (ProL, p. 103), they 
are known independently of all experience. But Laplace (Mec. G6L, 
pp. 14 — 18*) treats them as results of experience. Moreover, he 
treats (pp. G5 — 69) the laws of motion under all the relations mathe- 
matically possible between force and velocity. Newton, in fact, 
usually speaks of '* law,*' and gives the term ^' axiom," Bacon's 
meaning. 

Boole's Chapter xx. (L. of T., pp. 320 — 375) relates to problems 
on causes, but his use of the word ^' cause " has given rise to much 
discussion. He proposed a question on causes in Uibl, which was 
answered by Prof. Cayley in 1853. The solution was criticised by 
Boole in 1854, who arrived at a different result, and, in 1854, Mr. H. 
Wiibraham examined both solutions. Prof. Cayley returned to the 
subject in 1862, and Boole thereupon admitted that it would have 
been better, in stating his problem, not to have employed the word 
'^ cause " at all.' One mode of stating the nature of the relation be- 
tween "cause'* and ** effect," may be this, viz., when a certain (ante- 
cedent) change is immediately and invanably followed by a certain 
other (subsequent) change, then the relation in which the antecedent 
stands to the subsequent (which may now be called the consequent) 
change is that of cause and efPect. This is, in substance, if not in form, 
a view common to Algazel, Glanvil,' Hume,* Brown,' Kant, and, as I 

1 My pagings refer to the 2ad ed. of the *' M^canique Celeste," Vol. i. (PariB, 
1829). 

» Boole, " C. and D. M. J.," Vol. vi., p. 286 ; ** L. of T.," pp. 321—326 ; " Phil. 
Mag.," S. 4, Vol. vu., pp. 29—32 ; Vol. xxiii., pp. 361—363 ; Wiibraham, *'Pbil. 
Mag.," 8. 4, Vol. vn., pp. 465—476 ; Cayley, •» Phil. Mag.," S. 4, Vol. vi., p. 269 ; 
S. 4, Vol. XXIII., pp. 362—366, and 4^0. A 8hon letter by Boole (** Phil. Mag.," 
8. 4, Vol. XXIV. (1862), p. bO) concludes the ditjcuBMon. 

* G Ian vill (Joseph) ** Scepsis Scientifica," etc. (Lond. 1666, 4®); Lond. 1886, 
8°. On Causation I have only mentiontd comparatively recent authors. 
But, going further back, we find Thales (with his elemental analysis), 
Xenophanes (with his one cosmic substance), and Pythagoras (with his arithmetical 
and geometrical combiivations), all recognizing invariable sequences in nature ; and 
Sociates admitted a class of phenomena wherein the connection of antecedent and 
consequent was invariable and ascertainable by human study (Grote, *' History of 
Greece," Vol. i., 1846, pp. 495 — 498). iSocratos applied similar scientific reason- 
ings to moral and social phenomena (i^. p. 604). 

•• David Hume, ** A Treatise of Human Nature," etc. (Lond., Vols. i. and ii., 
1739; Vol. III., 1740. His nanre does not appear on the title-i)ageii). Philoso* 
phical Esuays concerning Human Understanding" (2nd od., Lond. 1760). "An 
Inquiry conoeraing Human Understanding" (Lond. 1861 marks the issue to which 
I reltr). 

* Thomas Brown, '* Inquiry into the Relation of Cause and Effect " (Thiid Edi- 
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believe, Reid; for the qnestion seems to be one about words. It 
differs but slightly from the view (C. T., Vol. x., Pt. ii., p. 300) of 
De Morgan. Perhaps ^* unvarying " might be a better word than 
'' invariable," for one instant of time is the inlmediate and invariable 
antecedent of its consecutive instant ; but the idea of *' cause ** does 
not seem to arise. When '' cause '* is used in the above sense, the 
solutions of Boole and Prof. Gajlej agree. Boole's question has 
been dealt with in our Proceedings (Vol. xi., p. 118) by Mr. McColl. 

The import of the word ''principle,'* is not the same when we speak 
of the Principle of Contradiction or of Excluded Middle, as when we 
speak of the Principle of the Permanence of Equivalent Forms, or of 
the Sufficient Reason, or of Continuity. That of sufficient reason has 
been assailed by Brown (C. and E., Sect, iv., pp. 222, misnumbered 
322, to 306), and by De Morgan (C. T., x., Pt. ii., pp. 290—304). 
ClifEord (Op. ct^., p. xli.) was prepared to sacrifice the principle of 
continuity, even in the case of space, and the author of anonymous 
*' Strictures *' on Peacock's Algebra (Camb., 1837), who was (so at 
least I was told many years ago by Davies) Hind, concludes (p. 21) 
that number is perfectly abstract, that it is the only thing which is 
so, and that it is not rightly denominated a species of quantity, being 
equally connected with every species. An instance of a striking 
failure of the principle of the permanence of eqaivalent forms is 
given by Dr. J. W. L. Glaisher in the Messenger of Mathematics, 
N. S., Vol II. (1872), p. 95. Again, take another word, viz., 
** disparity." Supposing it to be said that there are two persons 
in a room, whose united ages are twenty-one years, and between 
whose ages there is the greatest disparity possible. This is intelli- 
gible if one be a newborn or nascent infant, and the other a person 
aged twenty-one. But suppose the same statement made of three 
persons ; the proficient in language might have to inquire of the 
mathematician what meaning, if any, the statement bears. Or, 
again, the mathematician might be asked what, or whether any, 
numerically definite meaning can be attached to the words, *' triangle 
of maximum scalenity." 

Prof. Newman ("Logic," 1838, p. 52) says that the truths of 
arithmetic are verbal. Perhaps this, and the corresponding state- 
ments of Dugald Stewart, woiiQd not now be insisted on. They are 
opposed to the views of Kant, Clifford, and De Morgan (C. T., 
XI., Pt. I., p. 160). The identities 3»+4» = 5» and 3»-h4»-f 5» = 6» 

tion, Edinburgh, 1818). Draper does not admit the coiiBtruction put upon Algazel's 
word» by Whewell (" Hist. Ind. Sc," Lond., 1837, i., p. 251). A facsimile re- 
print of Glanvil has been published within the last few years. Buckle pro- 
noonced Brown's to be one oi' the best books ever written. 



14 Mr. J. D. Hamilton Dickson on [Nov. 8, 

seem to be something very different from definitions of words. Kant 
considers 7 + 5 = 12 to be a synthetical judgment (Prolog., 
pp. 22, 23). 

Metaphysics and mathematics are consorts in the East as well as 
the West. Bhascara says that the analytical art is merely sagacity 
exercised, and is independent of symbols, which do not constitute the 
art.^ If De Morgan' be right in placing DiopLantns as late as the 
beginning of the seventh century, Aryabhatta was earlier, by two 
centuries, than Diophantns. The name, certainly, seems to have 
been a very common one. Josephus' relates that Alexander (a son of 
Herod the Great) said that Diophantus the scribe had imitated his 
hand. But Mr. Heath's work* renders it scarcely possible to sustain 
De Morgan's contention. 



On Baabe's BemoulUans. By J. D. Hamilton Dickson, M.A. 

[EeadNov. 8M, 1888,] 

Baabe has given the name Bemoullian to the function 

^ (2, m) = ^--l-miBo*"*'*^ w,Bi«"-»+m,B,2;"-» + ..., 

where there is no term without z; m^, m,, ... being the successive 
Binomial coefficients after the first in the expansion of (l + 0"*> ^^^ 
Bq, Bif ... being Bernoulli's numbera, viz., 

Bfi ^ "~ 2> B^^^ B^^ B^:=^ ... = Bi^ = ... = 0, 

Bi = h -S. = -VTr, B, = ^j, -By = — ^, P, = A, (fee. 



» Colebroke, "Algebra," etc. (London, 1817), p. xix. 

« De Morgan, ** Arithmetical Books" (London, 1847), p. 47. 

» Josephus, ** Antiquities of the Jews" (Burder's Translation, Vol. i., pp. 616, 
617). Burder's Preface is dated London, October 1, 1811. 

* T. L. Heath, **Diophanto8 of Alexandria: a Study in the History of Greek 
Algebra" (Cambridge University Press, 1885). 
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For instance, the first BernouUians are 

^ (z, 1) = z, 

^ (a, 2) = ^—g, = u (say), 

^(«, 3) = *»-!*• + i«, 

^ (z, 4) = «*-2«»+«r», 
^(^, 5) = «'-tz*+|s'-iz, 

Jacobi has shown [^CreUe^ Bd. xii. (1834), p. 271], and it is already 
well known, that 

#(z,2n-l)=^(z,3).J'(u), 

^ (z, 2n) = ^ (z, 4) . (u), 

where F(t*), G (u) are functions of u of degree »— 2. It might, 
therefore, be inferred that F(u) and (u) might be expressed in 
terms of Bemoallians not higher than the (2n — 4)th. The object of 
the present paper is to prove this and find the development. 

Writing 

(z, 2n-l) = ^ (z, 3) {ao^-* + ai2'-*+ ... +«,£>-'-*+... +0^.4} 

(1), 

and noting that 

#(2,3) =iS»-|2» + |2, 

#(2, 2»-l) =«*•-» + (2/1-1) Bo^"'+(2»-l),^i«^ -' 

+ (2«-l),5,««»-*+... 

on expanding the right-hand side of (1), and equating coefficients of 
powers of z, we get the equations 

a,,— |a,.i + ^a,.2 = (2n— 1)^ B,_i, 

Or.l — fa,..a + |«r-S= (2n— l)r-l^r-2, 



• a* 



a,-|ao=(2fi-l) i?o, 

Oq = 1, 



16 



Mr. J. D. Hamilton Dickson on 



[Nov. 8, 



Heuce, the valae of a, may be expressed as a determinant of the 
(r+l)"" order, viz., after a slight simplification, 



2'ar = 



3, 1, ., , db(2n-l), Br-i 

2, 3, 1, , T(2«-1),.,B,., 

., 2, 3, 1 , ±(2«-l),.,B,_, 



2, 3, 1, . , 
. , 2, 3, 1, 

2 



(2n-l).B, 

(2«-l),B. 
(2»-l) B, 
1 



(r+1)* order, 



the signs of the terms in the last column being alternately + and — , 
beginning with the lowest term as +. This is easily evalnated, 
and gives 

2'-a,= (2'*'-l)+2(2'-l)(2»-l)i?o+2»(2'-'-l)(2n-l),i?, 

+ 2'(2'-'-l)(2ti-l),B,+ ... 

... + 2'-'(2'-l)(2n-l),.,B,_,+2'(2n-l),B,.,...(2). 

Similarly, writing 

^(«,2n) =*(«,4) {&,s!*-*+6,»'"-'+...+6,a*-'-«+ ..+6„_«}...(3); 

and noting that 

^(«, 4) =«*-2«»+2», 

^ (z, 2») = s;'"+2nB„«'"-' + (2»),B,»«-» + (2«),B,«*"-' + ... ; 

on expanding the right-hand side of (3), and equating coefficients of 
powers of z, we get the equations 

K-2K.^+br.t= (2n)rBr.t, 



b,- 2ft, + &, 
6» 



(2tt), B„ 
(2»0 i?„ 
1. 
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whence, aa before. 



hr = 



2, 1, ±(2«), J^r-^ (r + ir order, 

1, 2, 1 =F(2")r-./?r-. 

• , 1, 2 , ±{ji.n\.iBr-i 



1, 2, 1, ., 

12 1 

• ••••••• 'J 'j "J Aj 

» • » 1> 2, 

«•••••■• •! •] •) ^f 



(2»). B, 

(2«), B, 
(2«) i?, 
1 



the signs of the terms in the last column being again alternately + 
and — , commencing with the lowest as +, an J reading np wards. 

Finally, 

fc,= (r + l)+r(2»)7?o+(r-l)(2n),7?, + (r-2)(2».),2J,+ ... 



...+2(2»),.,J?,.j + l (2uXB,_, 



(4). 



Now assume 



^ (z, 2u- 1) = ^ {z, 3) {r^0 {z, 2n~4) +Ci0 (2, 2ri- 5) + ... 

...+^-2»-60(2,2) + r2,..5^(«,l) + C2„-,}, 
^ («, 2n) = ^ («, 4) {Jo0(«; 2u— 4) +^i9 («, 2n-5) + ... 

it is required to find the connections between the a's and the c's, and 
between the 6*8 and the eZ*s. To do this it will be sufficient to take a 
special case, as the method is general and the result simple. As soon 
as we commence the investigation of these connections, on remem- 
bering that the even Bernoulli's numbers vanish, we find that all the 
odd c's and d'B vanish. Taking advantage of this simplification, let, 
for example, 

^ {z, 13) = {z, 3) {co0 {z, 10) + r,^ {z, 8) ^c^^ {z, 6) +c,9 {z, 4) 



then the coefficient of {z^ 3) may be expanded in jwwers of ;: and 
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tabulated thus — 





«io 


«» 


sfi 


t7 


g* 


1* 


f* 


«3 


Z« 


z 


1 


^0^(2, 10) 


«b 


ColOiBo 


^^0,^1 




CqIO^B^ 




cJolOg-B* 




ColO^Bj 




c,^ (z, 8) 






<^i 


c^S^Bo 


c^^B^ 




<'384P3 




^•A^fi 




e^<p («, 6) 


• 








^4 


^4^1-^0 


<?46j5i 




C464B8 




Cr<^ (s, 2) 












<?6 


^«4iPo 


^642^1 


















<?8 


Cs^iBo 


<?10 





















a function which is to be identical with the coefficient of ^ (z, 3) in 
equation (1), when n = 7, 



Hence 



«! 



ColOii?o = «i or Co = J- = ao = 1, 



a. 



c, 8, 7?^ = a, or c, = -5- 



4 ' 



C4 61 J5e = 05 o^ C4 = 



-£5. 



3 • 



and 



Og 4, ^0 = oy or Cfl = - -/ 



?3 

2 ' 



^8 2i i?o = Oy or Cg = 



1 ' 



^10 — ^10* 



In a similar manner, taking the Bernonllians of even degree, and 
for example, assuming 

f (0, 14) = ^ (z, 4) {d^i^ (z, 10) +c?,^ (z, 8) +i,^ («, 6) + (^,0 (z, 4) 



we shall find 



d,lO,B,:=b, or rfo = -^ = to=l, 



d^ 81 ^0 ^ 2>, or d^ = 



_A 



4' 



dt 6, 2?j = 6j or d^ = — 



3 • 
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d,4,B,= bj or rf, = -^, 

<i,2. J?, = 6. or rf, = --^, 
Examples — 

7 15 35 ^ 105' 

*i?:M) =^o.5,«^ 25^ 40 ,__ 163 e. 526 ^ 367 , 
0(z,4) ^6^3 15 15 ^ 30 



^ 893 ^._^ 101^.^691^^ 



691 
15 ■ 15 ~ 15 " 30 



= ^ (r, 10)- -^ ^ (^,8)+ ^^ (5r,6)- — i> («,4)+ —0 («,2)-— . 
The theorem is finally stated thus, e being 3 or 4 as the case may be : 

V 

where, token e = 3, 

er = ^——^ + ^ (2«+e) JB.+ ^2?7r^ (2«t+e),B. 

and when c = 4, 

6,=(r+l)-hr(2»i+€)J5o+(r-l)(2m + €),5i + (r~2)(2m+e),J5,+ ... 

then ^ («, 2m+€) = ^ («, ] * («, 2m) ^ ^ («, 2m— 2) 

~ ^ * ^*' ^'"~*^ ~ - ~ ^'* ^*' *^ ~ ^'T'' ^ ^*' ^^ ''"'''" } • 

c2 
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The first 14 Bernoallians expressed in terms of lower Bemonllians 
are as follows : — 

^(«,6) =f(«, 4)^^(2,2) -|-|, 

^(.,7) =<i,{z,B)[f(z,4,) - f(z,2) +-1-|, 

f(z,6) =^(z,4)J^(z,4) -i.^(2,2)+-||, 

^ (a, 10) = (r, 4) [ (c, 6) -2^(i!,4)+ 3 ^(«,2)--||, 

♦ («,ll) = f(«,3) J^(z,8) - 2 ^(«,6)+ 4 ^(2,4) 

- 50 (2.2)+ II , 

0(2,12)=f(2,4)j0(r,8) -1^(2,6)+ ^0(2.4) 

-10^(2,2)+ 5 |, 

0(2,13)=0(2,3)[0(2,lO)-|0(2,8)+^0(2.6)-^|0(2,4) 
0(2,14)=0(2,4)[0(2,lO)-^0(2.8)+^0(2,6)-|^0(2,4) 



+ 



691^. ON 6917 



We may note that the a's and b's are connected by the relation 

(2n-r)6,-(2n--r-l)ft,., = 2na,-»ia,., (5). 
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For, by obvions steps, it is easily seen that (m = 2n) 

hr = coefficient of z' in — -^ — J -±T7ii f > • 



>» 



» 



aTin — [iw«^(«,TO— 1) — (m— r— 1)^ («, w)}f 

f in m.(2--'-l).(.-i) » ^%7"^> 

= „ «*in(wMr**-|m2r^»-m«»+Am«») 

X (... +a,.i2-- -»+a,.2"-'-*+ ...) 
-(m-r-l)(z'**-a''**-»»+z')(...+6,.i2* '•-•+6,.^^-'-*+...), 
therefore 6, = ma,— |mar-i— (m— r— l)6,-f (m— r— 1) &,_i, 
whence the required result, viz., 

(2n— r) 6,.— (2n— r— 1) 6,_,-2na,.+na,_i = 0. 

It is interesting to observe that this equation is true, not on 
aocount of any relation among Bernoulli's numbers, but because the 
coefficient of each Bernoulli's number vanishes. Thus the term con- 
taining Bp in this equation is 

[ (2»-r)(r-j>)(2n),,,- (2«-r-l)(r-p- 1)(2»)„, 
which may bo written in the form 

an expression which vanishes identically. 

In fact, equation (5) is merely the arithmetical equivalent of the 
differential identity 

d ( 0(g,2n) | ^ 4 » (g, 3) (z. 2n) _ ^^^ fa 2n- 1) 
dzl if (z, 4) ) {z, 4) > (5?, 4) (2?, 4) 
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On Deep-water Waves resulting from a Limited Original 
Disturbance. Mr. W. Bubnside. 

[Read Nov, 8M, 1888.] 

Cauohy,* in his " Memoire snr la Theorie des Ondes," determines 
under certain limitations the disturbance at any point of the surface 
of deep water and at any time, due to an initial surface displacement 
over a given limited area. 

Beckoning t from the time of the original disturbance and x along 
the surface from its centre, his result, when the motion is in two di- 
mensions, is that the displacement 



«4-'»{g>i)- 



The limitations mentioned are that Ijx and gH/4iX^ should both be 
very small quantities, I being the length of that part of the surface 
in which the original displacement is sensible. 

The latter limitation robs the result of most of its interest, for it 
will be seen later that it is not until gH/4x^ has a finite value (in the 
particular case first treated it is ■}-) for a given value of x that the 
displacement at the corresponding place reaches its maximum. 

Cauchy's expression is obtained as follows : 

If the original vertical displacement at any point (the motion being 
supposed to start from rest) is / (jx), the form of the surface at any 
subsequent time is given by 

y = — I dm I da cos w}g^t cos m (a^x)f(a), 

'T Jo J-flo 

If / (a) vanishes for all but very small values of a, 

rcos m (a-^x)/ (a) da = Hcos mx approximately, 
OP 

where H is some constant quantity. (Cauchy shews that it is here 
that the limitation of giH/4iX* to small values is introduced.) 

Therefore y = — I cos m^g^t cob mx dm, 

^ Jo 

♦ MStn, des Sav, Eiran,, Vol. i., 1827. 
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Next, the yalae of the integral 

— I e"*" cos m^gH cos mx dm 

is calculated in the form of an infinite series, and in the result zero is 
written for a. If this is called J, then finally 

y^zHL 

It will be seen that» though he starts from a perfectly general form 
for the original surface displacement, Cauchj, as a matter of fact, 
introduces in the course of bis work a special form, and that his result 
holds only for the latter under certain conditions. 

Indeed his final equation may be written 

. y = — L[,Q I e'*" cos m^gH cos mz dm, 
» Jo 

and hence the initial surface displacement is 

H f* 

yo= — I'i.o I e"** cos nujJm 

*■ Jo 

H 



= —L'.. 



T 



0^« 



+ 0^* 



Strictly, then, the case investigated is one in which the original 
displacement a l/a'+a^, and the result is obtained for such times and 
places that zero may be written for a at a certain stage without 
sensible error. 

In what follows I have attempted, starting first from the same 
initial form, but retaining the quantity a throughout, to obtain an 
expression for the displacement, which at a given place, shall hold 
through a much greater range of time than Cauchy's, and in par- 
ticular from which it may be possible to determine when the dis- 
placement at a given place is a maximum and also its magnitude. 

Taking c as the greatest initial displacement of any point of the 
surface, and I as the length of surface over which the initial distur- 
bance is sensible, I shall speak of a term c {l/xy in the expression for 
the displacement at any point as of the order (//*)". The displace- 
ment will be only considered for points for which l/x is a small 
quantity. 



Patting, then, y^ = ca I e"*"* cos mx dm 



c«* 



fi'-haj^' 
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the initial displacement at any distant point is of the order (l/xY^ and 
this is to be considered vanishinglj small. 

The theory of deep-water waves shews that, if the surface be 
initially displaced bat motionless, the typical solution is 

y = il cos mx cos m^gH, 

the corresponding initial form being 

y = -4 cos mx ; 

and by an application of Fourier's theorem, any arbitrary fonn of 
free surface may be built up from this typical solution. 

Hence at once the form of the surface at time t, corresponding to 
the above value i/o) ^^^ ^^® initial displacement, is 



= caj 



e"*"* cos mx cos m^gH dm. 



By expanding the term cob m^gH, and integrating term by terra, 
this becomes 

c^ |(-irn! (!/<•)■ cos to tan-' ^V 
^ (a'+«')»o 2n! (a'+a.')«" \ a I' 

or. if ^-^^ = 2*, tan-'^ = /3, 

[«* «* "1 

cos /3—« cos 2/3+ —^ cos 3/3— cos 4)3+... . 

Now, it may be easily verified, by integrating by parts, that 

2co8 fi [zcoB 2/3— Y-s °^8 ^^"^ 135 ^» ^— — ] 

/ .2M f"°*^e"«''» cos C^P-lv tan /3) , 

= (z cos /3)* . ^ ^r. ^' ^—^ ^!/^ 

Jo (zcoBfi-yy 

and hence 

j/3 1 / /3xif'*''e:'^8(2/3-Jvtan^) , 

y = c cos' /3-^c (2 cos /3)* — ^ \^ ^\, — — dy. 

^ * Jo («cos/3-y)* 

If in the integral the variable be changed by the substitution 

y =^ z cos fl—ty cot /3, 
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we have, after reduction, 

y =CC08'/3 — CCCW/3 (-— r— t) C"****' 

Vzsinp/ 
X [cob {2fi-'^^) P'£r!leo8j,'^^ 

The integrals now to be evaluated are of the form 



i: 



„C08 



where ^ is a very small numerical qnantitj. By expanding the 
exponential and integrating each term by parts, tlie following 
expressions are at once obtained for the two integrals : — 

(>e^cosaj, /V 1.3 ,^1.3.5.7 4 \ f'cos« , 

,/ 1 ^1.3.5, 1.3.5.7.9 .^ \f»8ilIX, 

•^l-T^+'jnTe^ - 2.4.6.8. 10 ^-'-)l~ri-'^' 
^ p» \^^ 2! ^ 3! ^ V 

j,l U 2! ^ 2 3! 2 4! ^') 

_8inp/3^5£y 6^£^« \ 
pi \2.2 3! 2.2 4! ^') 

co8p/3.-5.7pV 5.7.9 p'y' \ 
pi \2.2.2 4! ^2.2.2 6! + "; + <^"'' 

f'e*'8ina!, /, 1 . 3 , , 1 .3 . 5 . 7 . xf'sinr, 

+(l-r!7l^-")f;-- 

^ pi V2 2! ^ 2 3! ^"7 
^ pJ ^2.2 3! 2.2 4! ) 

m 

y,l \2.2.i> 4! ^2.2.2 h\ +••■) 
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The general term of the part occarring after the first two lines in 
either of these integrals is 

sin 

cos^ r 2n~1.2w~3... 3 (pgY g^TTT ... 5 ( pgY'^ , 1 

and the quantity in brackets is clearly less than 

(2,g)-» (e«- 1). 
The general term of the series is therefore in magnitude less than 

sin 

Hence, q being very small, we have as first approximations 

Jo «* Jo aJ» /)* 

('' e*' sin X J f" sin aj , cos p / «, i x 

the next terms of either part of either integral being of the order 
q times those written. 

Also (e*^— l)/p' increases continually with p, and for moderate 
values oi pq (which will be found to correspond to the case here to 
be considered) is of the order 9*, and therefore in the expression of 
each integral the second terms written are intermediate in magnitude 
between the first and those omitted. 

Finally, as is well known, 

f ** cos a? , _ Ijt^ , sinp __ 1 cosp _ 1 .3 sin p , 
Jo «* '^""V2 i>* Y pi 2.2 p^ ■^•••' 

f** sing , __ lw_ _ cosp __ l^ sin p 1 .3 cosp , 
, x^ \ 2 p^ 2 pi "^2.2 pi ■^•••' 

where the divergent series may be used as approximations by stopping 
at or before the smallest terms. 

Before substituting in the expression for the displacement the 
values of the integrals now found, it will be well to consider the 
magnitudes of some of the quantities involved, with a view to 
neglecting systematically terms q times those retained. 

Thus COB [213-?-^^) and sin(2/?-i?HLi?\ 
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differ from -cos (^^) and sin (^^), 

by quantities of the order q times these latter quantities ; also 

_ g8in/3 g i*x 

and hence, except in the circular functions gf/4a, may certainly be 
written for p ; so also 

z cos 3 / X gt'^a /, a 

"""^ 2^ = £' approximately. 

Hence, retaining p for ^z sin ft in the circular functions, we get 

"■'"^^y^-i^) "* ^"^ •'"^ ^ - i £') "* -p+ etc. } ] 

x[y...(,.|)-|(g)-'.|^@-'-...]. 

With the same coefficient outside the bracket, the most important of 
the omitted periodic terms inside is 



3 x/v a 



5L_ — C0S(»+ -r I. 

2 aj V^ 4 / 



The ultimately divergent series following the first term inside the 
bracket, may, as in the case of the two from which it is derived, be 
used as an approximation by stopping before the smallest term ; and, 
as it converges for three terms if gt^/^x is greater than 4, the above 
expression will serve for the calculation of y at a given point for any 
values of the time not less than 4 y/x/g. 

For small values of t the original series is certainly the best form 
from which to calculate y ; and from it may be seen that for such values 
y is of the order («/j;)', as it is initially. The expression for y now 
found shows that, when gt^l^ax is a moderately large number, y is of the 
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order a/x ; but also indicates that, when gt^/4!X is comparable with x/a, y 
is of the order \/a/aj. For values of t such as this all terms following 
\/7rsin(p + V^) ™^7 certainly be omitted as smaller than terms 
already neglected. Moreover, when gfi/4ix is comparable with x^/a^y the 
value of y will, owing to the factor e"'*'*'**", be again extremely small, 
and hence in the term sin (j5-f ir/4) we may safely wi'ite gt*/4!X for p. 
We have finally then, as an expression for the displacement at a given 
place, as long as its magnitude is comparable with its maximum value, 

The greatest value of 

for a particular value of «, is given by 

gt^a = 2x', 
and the ratio of the logarithmic differential coefficient of 

Y_gfa, 

2x'' 
hence, when, for a given value of a?, y is near its greatest value, 
sin ( 7" "I" "T ) changes very rapidly compared to its coefficient ; or, in 

other words, to determine the maximum value of y, the coefficient 
only need bo considered. 

The greatest amplitude of displacement at the point x is therefore 

and the amplitude has this value when, as seen above. 



= *\/l 



Also, if gi^/4a increases by 2ir between times i and t\ then 

or, in words, the period of the wave motion at », when the amplitude 
is greatest, is 

V g 

and the length of the waves it ^w-a. 
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For places at which the displacement has not reached its maxiraam 
the period and wave-length are greater, and for those for which the 
greatest displacement is past they are less than these quantities. 

The energy of the initial displacement varies as c^a, and the extent 
of surface over which it is sensible varies as a. The above results 
may then be expressed as follows. 

For the same form of initial displacement — 

(i.) The greatest amplitude of displacement at any point varies as 
the square root of the whole energy of the motion, and inversely as 
the square root of the distance from the originally disturbed area. 

(ii.) The greatest disturbance is propagated with a uniform velocity, 
varying as the square root of the space over which the original dis- 
turbance is sensible ; and 

(iii.) The wave-length of the motion, when greatest, varies as the 
space over which the original disturbance is sensible. 

These results are proved only for the case now considered ; but, 
from the nature of the problem, there can be little doubt but that 
similar statements maybe made with regard to the motions resulting 
from any other /f>rm of initial displacement. Indeed this is shown to 
be the case later for two other forms. 

To represent the results in a complete way graphically would in- 
volve very considerable labour ; but, omitting the periodic term in the 
expression for the displacement, the magnitude of the motion only 
may be represented as follows. 

If in the general expression for y the periodic factor be omitted, 
then, when x is regarded as constaiit, 

y = Ate'^*\ 

and, when t is regarded as constant, 






fits' 



where A, 5, a, /3 are constant quantities. The general forms of the 
cui'ves with these equations will not depend on the values of the 
constants, which affect only the relative scales parallel to the two 
axes on which they are drawn. 

Hence the curves y = 6xe"^ (i.), 

y=vi' ("•^> 

(where the numerical factor is introduced to give suitable proper- 
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tions to the figures,) will show graphically — the first, how the ampli- 
tude of the displacement varies with the time at a particular place ; 
the second, how the amplitudes vary from place to place at a given 
time. 




Fig. 1. 




Fig. 2. 

These curves enable us to further interpret the formula for ^ in a 
general way as follows. 

At a particular point the disturbance dies away from its maximum 
value at a slower rate than it grows up to it ; though, the first curve 
not being very unsymmetrical on either side of its maximum ordinate, 
the rise and dying away of the disturbance at a particular point will 
not be very dissimilar. 

At a particular time, the greater part of the surface sensibly dis- 
turbed will be beyond the point of maximum disturbance, on the 
near side of which the amplitude rapidly diminishes to an insensible 
amount. 

These results, which at first sight appear almost to contradict 
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each other, are reconciled at once when it is noticed that at any in- 
stant the extent of sensihlj distnrhed surface (i.e., the amount of 
surface in which the amplitude of the disturbance is not less than a 
given sub- multiple of the existing greatest disturbance) increases in 
direct proportion with the distance of the point of greatest disturb- 
ance from the origin. 

It appears certain that, for the particular form of original dis- 
turbance hitherto considered, y cannot be exactly expressed in terms 
of X and t otherwise than hj an infinite series. It is not, however, 
difficult artificially to build up forms for the original disturbance, 
such that the value of y for anj values of x and t can be expressed in 
finite terms ; and if these are chosen so that the extent of surface 
over which the original distarbance is sensible is limited, the results 
will serve as a sort of test of the accuracy of the approximate value 
of y obtained above, and of the law of the motion deduced from it. 

In particular, if 

^o = J.| 111***6"'* cos maj(im, 
Jo 

where i is a positive integer, the resulting value of y may be expressed 
in finite terms. 

Taking the case of i zero, put 

y^ = --- o* I m* c*** cos mx dm 
V *■ Jo 

= c l-^ — ;) cos I -- tan"'— V 
\o'+»'/ \ 2 a / 

Then ^ ^^ "7~ I *^*^'*"coswwcosm*^*^ Jm. 

V ' Jo 

Put mx = wi'*, 

tan->-?- = ^, 
a 

and therefore 

^ _ _^ / a_ \ » p ^«g— 'cot^^a ^j ^^ 2mp» Jm. 

y/ IT ^ X / J Q 
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This integral may be deduced from the known form 



Jc 



I 



Differentiate this with respect to q, giving 

r m»e-^' cos 2mp^dvi = A^ fi. - ?iPl e'^'^. 
Jo 4 Lg< 9»J 

Now, for 5 write cot /3 -ft, and equate real parts ; then 

> 

= real part of ^ Uin*/Je-'''^'-2^ 8in*/5 <?-***■*] c-'"»°''f<^''- *•*""! 

= ^ 8int/3 c-''«^^««'» fcos U sin^3- ?^) 

—2^ sin (i cos f p sin' /3— i- ) L 

[The substitution of a complex value for q may be justified as 
follows : — The integral 



I 



??i' e"^***' cos 2w^>* dm 
is the sum of a series of integrals of the form 

m'" e-^"*' dm. 



f 

J( 



The result of writing cot/5 + t for q is the same, neglecting a factor 
in the integittud independent of iti, as that of writing 

f cos ~-\-i sin -^ ) ^' for m v/^ sin /3, 

and since /3/2 is necessarily less than w'/4, the known theory shows at 
once that the result of the substitution is correct.] 

Finally, then, neglecting terms of the order ajx multiplied by those 
retained, so as to compare this result directly with the foimer one, 

»='(ir'-~-[C"»(^-7)-»-{t--i)]. 

and for values of y at any place comparable with its maximlim value, 
the second term inside the bracket may be neglected in comparison 
with the first. 
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It will be clear, on inspection of the valne of y jnst obtained, that, 
with the new form of initial distuibance now considei'ed, the general 
laws of the motion are the same as those already given. When, 
however, the particnlar results for the two given forms are com- 
pared, it will be seen that the initial form seems to have a decided 
effect on the resulting motion. 



Tnit.iA.I rkfH^iTin.'f/i 




c( "' V coo ( 3 tan-> * ) 




\o' + «'/ '="''^2 a) 


Whole energy of") 
motion ) '*' 


T^"*" 


iffCo 


Spaee in which in- 'X 
itial ordinate di- / 
minishes to about r ... 
y^th of its great- \ 
est valne ' 


10 a 


21a 


Maximum ampli- ) 
tude at place z )" 


v/ 2 "•'(:)' 


'"- (f)' 


Rate of propnga-"^ 
tion of greatest r ... 
disturbance ^ 


'/gati 


v/^a/4 


Wave-length oi^ 
motion when am- r ... 
plitude is greatest ^ 


4fira 


2ira 



The two cases hitherto considered are alike in this, that, the initial 
displacement being continuous, the extent of surface over which they 
are sensible can only be assigned by a convention as to what small 
quantities are to be considered negligible. It can hardly be doubted 
bot that such a phenomenon as the Krakatao waves would be repre- 
sented more nearly in symbols by a discontinuous initial form, the 
ordinate of which is strictly zero beyond a certain point. It is in- 
teresting, too, to notice how far the analytical expression for the 
displacement in soch a case differs from those already considered. 
Snppose then that, for valoes of x between -|-a and —a, the initial 
displacement is c, and that for all other values of a; it is zero. 

w — sin (x—a) m 



Then 



.. — ^ P sin (x-¥a) 



m 



dm. 



J c [^ am (x-^a) m — 8in (x — n) m * ii j 

and y= — I ^ ^ ^^ — cos m*g*l dm, 

IT Jo w 
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Tho integral to whose value it is necessary to approximate in this 

case is 

sin m cos tn*p* , 



Jo 



m 



where p = -2 — , 

and it may be readily expressed in a series of ascending powers of p 
from which, for moderate values oip, the displacement may be calcu- 
lated. 

Thus, if / (jp) denote the integral, 

f(p) — \ ^'^\ «""*• sin m 5 ( - 1)* :^ m'^dm 
Jo Jo 2w! 

= ird ir-iv^ «/"— i 1 \ 

-t[4^J-/(£-J]- 

As long as gi!^/x is small compared with x/a the above value of y is 
clearly of the order a/x, and as we may now anticipate that the 
greatest displacement at any point is of the order (a/«)*, it is 
necessary to consider the value of f{p) for large values of p for 
which purpose the series is of little use. 

Writing v^ for mp in the integral, we have 
/(p) = 2 p^°^VP^^"^ cft; 

= 2 pint^Vpsint; -!'^ 1 T cps rV;, sin r dt; -h 2 (' B^nt^'/p sint .^^^ 
L V Jo 2? Jo Jo V* 

The integrated term vanishes at the limits, and the last term 

= 2 I -Y I cos t'Vp sin r dv, 
Jp P Jo 

therefore / (p) = + 2 1 -^1 cos vVp sin t* dv. 

>- P Jj. r J J« 
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Again, cos v^/p s'mvdv=z i I sin ( -^ + "o" ) "" ^" M*' 

= ip* COS V I sin ti'dtt— I sin u'du 

— Jp* sin -£- I cos tt'cZtt— I cos u^du 

=3 2P*cos-V — ^/~ +2 1 sinu'e^u 

-ip*8in£[-^^4.2J'^cosu«i.]; 

and, nsing the values of the integrals already given in a slightly 
different form, 

- i«*coa£.r- /^ 4 C03P/4 1 sin p/4 1 . 3 cos p/4> 1 

- 2P-COS ^ !_ y 2 -^ ^^^^^^ + 2 (^/4^f 2.2 (p/4)« -J 

— i^ifli-n >£. f— /'^ 8inp/4 1 COS p/4 , 1 . 3 sin p/4 "] 

^'^^4 1 V 2 (p/4/ "^ 2 (^/4)t ^2.2 (^/4)» -J 



2 



^-(f+T)-'-H(^)'-- 



where, as before, the divergent series may be used as an approxima« 
tion by stopping before the smallest term. 

The leading part of 

I 9 I cos v'/p sin V dv, 
Jp P Jo 

wheo p is great, will be 

^^^^rcoBippv^^^ rdp 

ip iP* Jf p 

or h terms of order -— , etc. ; 

P P^ 

hence / (p) = 2 \/k -^ cos ^ - - ^ h terms of order -j- , etc. 

pF 4i p p* 

d2 
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The resulting value of the displacement is 
2c 



y = 



%/i 



[(^°)'-GifT;j-7)-eir)'-(i(£7,+f)] 

— 2c f a; -ha __ g— a l 
■^ L gt' ge J 

+ etc. ; 

and when, as before, terms of the order afz multiplied into those re- 
tained are neglected, 

^2^1 U(« + a) 4/^ U(«-a)^ 4/) J 

So long as gr^/aj, though considerable, is small compared with xja^ the 
two pairs of terms in the bracket are both of the order ajx. When, 
however, g^jx and xfa are of the same order of magnitude, the second 
pair of terms are of the order ajx compared with the first. Neglecting, 
therefore, the last pair, as continually before, and for reasons already 
given neglecting terms of the order g^u^jof in the arguments of the 
periodic terms, we have, finally, 

4c ( x\^ . q^a . fq^ , w \ 
^ y/Tr\gt^l 4tx^ V4jj 4/ 

Here, again, sin ( ^ + x ) c^^^ff®^ rapidly as compared with 

x \* . qfa 
— 1 sin^ — 



(f.) 



Ax 



% » 



and to determine the magnitude of the disturbance at any time the 

latter quantity need alone be considered. Its maximum values are 

given by 

f. 1 . gi^a qa qt^a 

or tan = 26, 

where 8 = !^. 

The roots of this equation, omitting zero, form an ascending series 
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8j, 0„ etc., snch tHat 0. approximatos rapidly to (2n~l) ^ir as n in- 
creases. The first two roots are approximately 

e^ = 1165, 

0, = 4 622. 

To each root of the eqnation corresponds a mazimnm valae of the 
amplitude for the pari ic alar valae of x considered, that correspond- 
ing to 0. being 

2c /_o.\* «in B^ 

Now ^ = -851, 

^^ 

and J!iE^= -463, 



and «J^ = (.l)--.^_^^,ne.^^^ 

so that the first of these successive maxima is the gpreatest in abso- 
lute magnitude, and they diminish continually. 

The maximum corresponding to each root of the equation 

tan 6- 20 = 

is propagated with uniform velocity, and the magnitude of each 
maximum amplitude is, as before, directly proportional to the square 
root of the whole energy, and inversely as the square root of the dis- 
tance from the original disturbance. 

The intervals between successive maxima are periods of time com- 
parable with that elapsing between the original distnrbance and the 
first maximum. 

A second feature distinguishing this case from those before, is in. 
the much greater duration, ceteris paribus, of the sensible disturbance 
at a particular point. 

If t^ is the time elapsing between the original distarbance and the 
chief maximum at the point considered, t^l\ogn is an approximate 
measure of the time that elapses in the former case before the ampli- 
tude diminishes to 1/n^ of its greatest value ; while in the case now 
under consideration (n— 1) t^ is the corresponding quantity. 
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The integrals which will represent the form of the sarface at any 
time, when the disturbance is caused by impulsive pressures applied 
over a limited extent of surface, are generally of slightly different 
form to those arising fit)m the cause considered in this paper ; but 
similar methods may be used to approximate to their values. The 
forms obtained for the surface and the general laws which the motion 
follows are, as is to be expected, precisely similar to the results ob- 
tained here. 



On a certain Atomic Hypothesis, By Prof. Kabl Pearson. 

[Read Nov, 8M, 1888.] 

1. In a paper written in 1883, and read before the Cambridge 
Philosophical Society in 1885 {Gamh, Phil. Trans., xiv., Part ii., 
pp. 71 — 120), I supposed, as a first approximation, that the ultimate 
constituents of matter might be treated as spherical bodies capable of 
surface vibration and pulsation. I then endeavoured to show that the 
free and forced vibrations of such atoms were sufficient to produce in 
a fluid ether many of the phenomena of chemical affinity, cohesion, 
and gravitation. The assumptions really made were : 

(i.) The pressures produced on the surface of one atom by the 
vibrations of another are, at any rate to a first approximation, 
identical with those which would be produced were the ether a 
perfect fluid. 

(ii.) The ultimate atom may, to a first approximation, be treated as 
a vibrating sphere. 

In the course of my work, I did not pre-sup pose any special internal 
structure for the spherical atom, beyond a capacity for absorbing 
energy in the form of surface vibrations. I also gave some reasons 
for the belief that a simple pulsation must play a more important 
part than polar vibrations within the sphere of int^r-atomic influence. 
Further^ the more complex molecule, which forms the basis of the 
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wider range of pbjsioal phenomena associated with certain bodies, 
was, I held, to be songht in a combination of the simpler spherical 
atoms rather than in a more complex atomic mechanism. 

Sir William Thomson, in his Baltimore " Lectnres on Molecular 
Dynamics," 1884, has treated of a molecule of considerable mechanical 
complexity, which fulfils to a very g^at extent the optical functions 
which we must suppose inherent in the basis of matter. That the 
ultimate atom does not consist of a material core sarroanded by a 
number of material spherical shells, linked together by elastic springs, 
is, of course, obvious ; but that the dynamical equations arising from 
this mechanical system may closely resemble those of the true atom, 
is the inherent merit of the discovery. At the same time, this 
mechanical system of Thomson's does not admit of separation into 
simpler elements, and in fact suggests no method whereby we may 
build up from the simplest chemical substances those having far more 
complex optical and other physical properties. In the paper referred 
to, 1 have endeavoured to show that groups of simple pulsating atoms 
may, to a considerable extent, fulfil the more complex physical and 
chemical conditions observed in bodies whose molecular structure is 
obviously of an intricate nature. 

1 had int-ended some years ago to point out further chemical and 
optical results which flow from the pulsating spherical atom ; but the 
pressare of other work, as well as the limited interest which any 
artificial atomic system can claim, were sufficient to deter me. The 
recent publication of Prof. Dr. F. Lindemann*s memoir* on Thomson's 
atom, together with my ever growing conviction that the mere transla- 
tional and vibrational motions of the atoms in the ether itself are 
sufficient, to explain all so-called chemical and physical forces, have 
induced me to attempt the explanation of sundry further chemical 
and physical phenomena on the basis of the pulsating atom. 

The paper of Lindemann to which I have referred consists of two 
parts. In Part i., pp. 2 — 23, he gives an account of Thomson's 
mechanism, and, following Thomson fairly closely, he deduces ex- 
planations of a number of optical phenomena. In Part ii., pp. 23 — 5 1 , 
he deals in somewhat general terms with the magnetic and electrical 
results which flow from the hypotheses : 

(i.) That the ether behaves with regard to the relatively long 
motions of the molecule as a perfect fluid. 



♦ " XJber Moleknlarpbysik. Verauch einer einheitlichen dynamischon Bchand- 
lung der physikalischen und chemischcn Kriifte," Sehriften der phyiikalueh" 
okonomitehen OtgelUehaft zu Konigaberg, xxix., Jahrgang 1888. 
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(ii.) That the molecale is a " Thomson's molecale." 

(iii.) That the wave-lengths of the ether waves which excite the 
physical phenomena discassed are no longer immensely greater than 
the molecnlar diameter, bnt that conversely the molecular diameter 
is great as compared with these wave-lengths. 

The first hypothesis here is also the first hypothesis of the pnlsating 
atomic theory. The second hypothesis seems to be unnecessary. 
Lindemann's explanations, which are occasionally in rather general 
Wording, could, I think, be applied to a considerable range of atomic 
mechanisms ; in particular to an atom in a fluid ether capable of re- 
ceiving and acting as a vehicle for vibrational energy drawn from the 
ether. The pnlsating spherical atom is here, I think, equally efficient. 

In the paper in the Gamh, Phil. Trans., no assumption was made as 
to the relative magnitudes of wave* length and atomic diameter ; thei*e 
is, however, nothing in my theory to hinder such an a«:sumption 
being made, should it appear advantageous for the explanation of 
any natural facts. 

In the following pages, I propose to discuss various physical 
phenomena on the basis of the vibrating spherical atom. In the 
course of my investigation, I shall refer to the pages of Lindemann's 
offprint where he has dealt in a similar manner with Thomson's atom. 



I. Diaper sion of Light. 

2. Consider a molecule composed of n different pulsating 
spherical atoms. Then the typical equation for the free vibi*a- 
tions of the molecule with the notation of the Gamh. Phil. Trans. 
paper, § 18, p. 89, is 

(\r'{-4nral) ^r + J^r^r + SQ^^. = (i.). 

The equation for the vibration of the ether, if p be its density, and 
k its elastic constant, is 

p^y ^ic^ Hi) 

y being the ether-shift, and » the direction of wave-propagation. 

The question now arises : What alterations must be made in equa- 
tions (i.) and (ii.)* when the ether- wave is influenced by the presence 
of the molecule in its path ? Sir W. Thomson supposes a final elastic 
spring to act between the last shell of his mechanism and the ether, 
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and conseqnentlj introdnoes a term of the form c iy^y) into equation 
(ii.), where y' is the shift of the centre of the last shell of his mole- 
eale. We are nnable to introduce a term of like form, becanse the 
outer surface of our molecule is bnilt up of n spherical surfaces of 
different radii, and their exact effect on eqaation (ii.) would not be 
easy to determine. But I think we may legitimately argue in some- 
what the following manner. The effect of the ether-wave will only 
change to a limited extent the form of the molecnlar vibration func- 
tions fri fff- The force acting on the ether, owing to the vibrations 
excited in the molecule, most have the same harmonics as these 
slightly changed functions, and its effect on equation (ii.) may be 
represented by a term of the form 

Equation (ii.) thus becomes 

This supposes that for a definite time only one wave of light reaches 
the molecule, or that its dimensions are small as compared with the 
wave-length. 

Conversely, the effect of the ether on the molecnlar equations may 
he supposed to introduce a force into the normal equations propor- 
tional to the ether-shift y. Thus the normal equations for the vibra- 
tious forced on the molecule take the form 

{K'\'4nra\y^r'trrfr-\-^Qrnf.^Ky (iv.). 

We may, however, bring our equations nearer to the form of those of 
Thomson and Liudemann, by adding on the right-hand side of equa- 
tions (iii.) and (iv.) respectively fy aud Se^.^^, where / and e^, are 
certain constants, they then become 

(X,+4>r«',)^", + r,^, + 2Q,.i)'. = 6,y+2f„^. (vi.). 



* This equation seems based on a fair a«8iimption, if we suppose the pulsation of 
the f^ atom cf any one molecule to be in the same phase as the corresponding atom 
in any other molecule in the face of the wave of light at the time it impinges on the 
body. This is probable, if we suppose it is the wave itself which excites the atoms 
(as Thomson in the case of the shell-atoms) ; on the other hand, if we suppose the 
atoms to be already pulsating, aud only their amplitudes and periods to be more or 
less affected by the incident wave, we ai*e thrown back on the hypothettis for which 
there appear to be other grounds, that corresponding atoms will always be pulsating 
in like phase ; see the Cwnb, PhiL Tfan*. paper, pp. 1 07, 108. 
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Eq nations (v.) and (vi.) allow for a certain amonnt of viscous or 
slipping action between the molecule and the ether, and it seems as 
legitimate to introduce it off-hand, as to deduce these equations by 
placing a ** spring '* between the molecule and the ether. The intro- 
duction of a fresh series of unknown constants is, of course, a disad- 
vantage, but the series may always be omitted if it be not found 
necessary for the explanation of any physical phenomena. The term 
fy will make a difEerence at least in the fonn of the results. Thomson 
has in (v.) a single term proportional to the difference between the 
ether-shift and the central shift of the outermost spherical shell of the 
molecule. In our case, (ft, is the surface shift of the s^ atom of the 
molecule, and thus 2c«^, is a function of the surface shifts of all the 
atoms of the molecule ; it is therefoi*e possible to regard /t/-h2c,.0^ 
as the mean difference of the ether and the molecular surface shift, 
and so obtain an equation which has at least the same amount of 
justification as Thomson^s, based on the final ether '' spring." 

With regard to the quantity 2ey.,0„I may remark that the principal, 
if not the sole, term of this in the r^ typical equation will in all pro- 
bability be Brr^r' But, in this case, e^r will simply alter the value of 
r,., that is, will alter apparently the potential energy capacity of the 
r^ atom, and so of the entire molecule. Thus, owe effect of placing 
the molecule in the midst of an ether- wave would be to slightly alter 
the periods of molecular vibration, or to shift its spectrum lines. If 
such shifting actually takes place, we should have a means of deter- 
mining the sign of e. 



''rr* 



3. Let y = A cos— (vt—x) give the wave of light ; let T=l/v bo its 

V 

period, I its length, t; its speed, and /u = 1/v the refractive index. 
FuHher, let m,. = X,.-f 4^aJ for brevity. Then, substituting iu (v.) 
and (vi.) ^, = I?,y, we have 

''^r-rpBry^rrBry-j;i^Qr,B,y=^hry + 'S,er.B,y. 
Dividing by y and rearranging terms, etc., we have 

■ 

Sc.5.+/+P^-fc|l'A.'=0 (vii.), 

"js'JI B. («„+ ^'- Q„) + Br (e„-r,+m,:^) +6, = ... (viii.). 
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Hence, eliminating by a determinant, we have the following equation 
between the refractive index /i and the period T : 

«i» ^ <^t c„ /+p^-^__ 

••• ••• ••• ••• ••• ••* ••• ••• ••• ••• ••• 

••• ••• ••• ■•• ■•• ••• ••• ••• ••• ••• ••• 

••• ••• at* t«* ••• ••• «•• ••• ••• *at ••• 

e,u+ -jp Qf.1, «f.3+ -^ Q«j, m^ mr"*'^»» "■''»» ^^ 

= a 



There appears no reason why the value of /u, as given by the deter- 
minant (ix.), should not satisfy the physical conditions as well as 
the formula given by Lindemann (pp. 4 — 8). It so far has the ad- 
vantage that it allows us to see how any physical cause (e.g. 
pressure) which alters the inter-atomic distance, and therefore Qr, 
(= 4woJaJ/y^ where y„ = inter-atomic distance) affects the refractive 
index. It further admits of chemical changes taking place in the 
molecule, i.e., atoms being removed, and indicates generally the 
natuie of the resultant changes in /u^. 



4. It may, of course, be necessary for some physical purposes to 
deal with the formula (ix.) in its most general form, especially if we 
are to explain the more complex optical phenomena. At the same 
time some light will be thrown on the general bearing of our theory, 
if for the present we limit the chai*acter of the hypotheses on which 
we have based equations (v.) and (vi^). Lot us then first suppose 
that Cr, is negligible when r and s are different. In the next place, 
for brevity, we may put e^— r^ = — K, and, just as yl = rjnir, we 
may write y^ = K/'^^n so that 2^/^^ = the penod of the r*** atom 
supposed freed from the molecule, and influenced only by ether vibra* 
tions ; we may write this pr. Thus equation (viii.) becomes 



r4-ltoH A^ /I 1 \ ' 

2 B.*^ Qr. + By,pl[^--,) +br = (x.). 



Itor 1 



rjn 



Pr 



Neglecting as a first approximation the terms involving Qf„ 
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we have 

' " t; (T'^pD ''''•^' 

wHich is allowable so long as T is not nearly equal to the ^' reduced 
free atomic period " p^. 

Substituting this value of B in the terms under the summation, 
we have 

*" flit "t'r T '*«i / /«7j 2\ ^> 

1" itor-i r, (2™— jp^) 



or, 



Substituting in equation (vii.), we find for fA* 

!.«-£.+ / 71«| ^ ^f C.^ . ^C. ^^Ig^" ^Qr. ) 

'^ h ^ inr'k 4^'ki lT:{l'*-'p]yr:(T''-p])itr..iK(r'^p'y 

(xiii.). 

This formula in itself is very general, and seems sufficient to explain 
most of the phenomena of dispersion. I proceed to consider special 
cases. 

(a) A mon-atomic molecule, or a molecule in which, for one atom 

c h 
only, the term , ' ' — — is not very small. Here we have 

If T is nearly proportional to the wave-length Z, this equation may be 
written in the form 



^-^r 



In this form it coincides with that deduced from Hclmholtz's theory, 
for which there is sufficient experimental verification. It agrees with 
the result of Thomson^s theory, given on p. 6 of Lindemanu's essay. 

(h) Suppose we may neglect inter-atomic influence in the mole- 
cule. Then (xiii.) becomes 

>*' = 1(^+1^^+ iVs -rS^l («V.). 

k ^ 47r*f> 47r*fi i r, {T'—p^) ) . 

This result is identical, so fai* as the expression of /a' in terms of 7^, 
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and/^ with the fundamental resalt of Thomson [Lindemann, Equa- 
tion (8), p. 4]. Hence all the results drawn by Thomson and Lindemann 
concerning refraction and dispersion^ so far as they are hosed on this 
eqiuition, especially the explanation of anomalous dispersion, hold for the 
molecule built-up of pulsating spherical atoms, if to a first approximation 
ice neglect the second summation of equation (xiii.)^ depending on inter^ 
atomic influence in the molecule* 

The existence of these inter-atomio terms, however, is useful in 
explaining other phenomena, and indicates how a complex molecule 
can be built-up from the simpler atoms. It is obvious that Thomson's 
mechanism is only one out of many which will furnish his funda- 
mental equation, and, in choosing any one of these to represent the 
molecule, we must be guided by the width of the range of phenomena 
which the individual mechanism will explain, as well as its inherent 
physical possibility. A pulsating atom as basis of the most complex 
molecule seems per se more probable than an indivisible spring 
mechanism, if it is capable of giving as wide a range of results. 

I shall not discuss further at present the application of equation 
(xiv.) to the phenomena of dispersion and reflection. The reader 
will find this considered at length by Thomson in his Lectures, and 
Lindemann in his memoir (see especially, for a modification of 
Thomson's view, p. 9). 

(c) Case of a di- atomic molecule. 

Writing P = //4ir'p, p[ = c^bJ4fn^pT{, fl^ = c,6,/4^pr;, 

and ' (y'=.^\±;ih, 

we easily find 

This, in conjunction with T -=• fil, gives the relation between the re- 
fractive index and the wave-length. By expanding in powers of 
T/^,, T/;?,, or o?pJT, pJT, or again in powers of T/p^ and pJT, we 
obtain formulsB corresponding to the usual expressions for the refrac- 
tive index in terms of the wave-length, and explaining to a great 
extent the phenomena of anomalous dispersion. It would appear that 
in most cases the coefficient of T^ in the expansions is very small. 

* The exact equivalence of those equations with the Thomson- Lindemann equa- 
tions depends on the assumption that there really exists a tenn in our equations like/y. 
Htmay be doubted whether the term in fi involving/ is of any physical importance. 
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The last term of the above expression for /«* gives the part of the 
reflective index depending on intor-atomic action in the molecnle, 
and this, under ordinary circnmstauces of pressure, temperature, etc., 
is probably small. 

The result for an n-atomic molecule may be written down in a 
similar form, i.e., 

r*(j;.:Q.. T*^'M„ T*I3ZQ„ . 1 

^ CJ^.-Pl)i'i-'-Piy ii'-PlK'r-py {T'-pi){'r--fy---j 

(xvii.). 

(d) Case of an n-equi-atomic molecule. 

The case of all the atoms in a molecule being equal is interesting, 
even if such molecules are infrequent, for it seems probable that the 
atomic periods ^^d Ps ••• ™^y often approach sufficiently closely to be 
treated as equal. It should be noticed, however, that this equality 
really involves more than equal atomicity. If the atoms are equal, 
their radii a, their kinetic and potential energy capacities X and r are 
the same. This involves the equality of all the wa's (= X-|-47ra'), but 
not necessarily that of the p*s (= 27r/i'' where v'* = rim). This latter 
involves the equality of the r *8 (= r— e,^), or the wave in the ether 
must affect the potential energy capacity of all the equal atoms in like 
manner. This may requii'e the wave to strike the molecule in a 
manner equi-symmetrical to all its equal atoms. We can thus under- 
stand how it is possible for the refractive index to be given by a 
different formula for different directions. Thus ai'ay of light passing 
through a body might be normally refracted in one direction, and 
have anomalous dispersion in a second. At the same time in many 
cases the e^r's may be so nearly equal, that we are justified in treating 
the p*B as such. 

On this supposition, we obtain for an Tt-equi-atomic molecule, 
the formula 

^. = |.[l + C.T'+^. + ^^] (xviii.), 

where 0, is a function of the inverse inter-atomic distances. 

This formnla (except for the probably small influence of the inter- 
atomic action) closely resembles (xiv.), and we see that our theory 
leads to Helmholtz's result, without any necessity for reducing our 
molecule to an unusually simple form. Indeed, in Thomson's 
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mechanism, eqnalitj of periods, although it is possible, yet inyolves 
rather complex relations between his springs and shells ; the pro- 
bability of the existence of these relations is hardly so great as the 
probability of the existence of eqnal atoms. 

5. I shall now consider the results which arise when we suppose the 
ether to be disturbed by a ware of the same or nearly the same 
period as the " reduced free atomic period " pr. 

The result of this is that the term involving Br in the r^ equation 
vanishes, and we are not able to neglect the sum term of equation 
(viii.), § 3, to a first approximation. If we assume, as before, that 
€„ is very small or zero, when r and s differ, we see that B, will have for 

denominator a very small term of form e„-f -=^ Q„, and B^ a term 

involving the product of such quantities. Thus the amplitude of 
atomic pulsation will be very great. The complete results are easily 
written down in determinant form from equations (vii.) and (viii.), 
omitting in one of the latter type the second term. In the case 
when all the atoms are equal, all the second terms of the equations of 
this type must be omitted ; the result gives amplitudes of only the 
inverse, and not the inverse product of small quantities. In other 
words : 7^e individual atoms of an equi-atomic molecule will he less 
excited by a toave of their critical period, than those of a molecule built-up 
of unequal atoms. This suggests that molecules built-up of equal 
atoms may be harder to dis-associate by light or heat than those 
formed of unequal atoms. 

The above will be best exemplified by taking the case of a di-atomio 
molecule, in the first place with unequal periods j^i and^,; let the former 
be also the period of the ether wave. Then, fi'om equation (viii.), 
we have 

■B.(e«+§'Q..)+6, = 0, 

^. {<'«+ %Q^) +B,r', (-^ -l) +6, = 0; 

4ir» 



whence we find J5j = — &i / («u + -ypt Qn ) » 



5, = -6,/(«*.+ ^<2«)- 



4^^ \ T',b,(T'-pl) 



T'(e„+^'Q„)(e.,+ ^Q„) 



In the case we have supposed, when Cji, e,, are absolutely 
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negligible, we bave 

__ All- 

Thus the amplitades, depending on tbe inverse of Qj,, are verj great, 
especially i?,, wbicb involves a term containing l/Qjj. The same general 
results arise if e,, and Cj, are of tbe same order of magnitude as Q,,. 
Thus tbe finiteness of tbe values we bave obtained for B^, 5„ depends 
on tbe existence of tbe inter-atomic action. In tbe one case wben 
tbe two atoms are equal, T^ ^^Pl ^^so, B^ and 2?, will be of tbe same 
order of magnitude, but otherwise tbe first atom will be considerably 
more excited than its follow or than eitber of a pair of twin atoms; 
I.e., an unequal di-atomic molecule will be, as a rule, more easily 
disassociated tban a twin- atomic molecule. 

Equation (vii.) gives for tbe refractive index 

(xiv.). 

• 

In all probability tbe last term as involving l/Qu is tbe all-impor- 
tant term, and, if endowed witb a negative sign, it may give /i* = a 
negative quantity, and correspond to complete reflection, if there be 
not accompanying incandescence. 

Tbe effect of amplitudes of pulsation-vibration like 2?j and B„ as 
given above, in breaking up a molecule, has been dealt witb in tbe 
Camb. Phil. Trans, paper. It is obvious that these forced pulsations 
may produce repulsive forces exceeding those of " cbemical aflBnity " 
(Part I., p. 102), and so waves of ligbt or beat may produce cbemical 
disassociation or physical dissolution. 

It may be noted that, other things being equal, the ether waves 
excite an atom most wben tbeir period T is greatest ; in other words, 
tbe ultra-red or " heat " rays sbould be, as a rule, most active in tbe 
work of disassociation. Obviously, tbe absorption and radiation of 
rays of tbe same wave-length by a given material is intimately 
related to tbe above investigation. We may apparently add tbe 
principle : That a molecule will he most eanly chemically disassociated 
by waves of the sams period as the bright lines of iU own spectrum, — a 
result wbicb would probably follow from tbe majority of dynamic<ii 
systems, wbicb might be taken as molecular basis. 
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The so-called curve of maximum chemical action of the various 
wave-lengths of a raj of light probably only measures the nearness 
of the wave period to a " reduced free atomic period," and has rela- 
tion only to the individual material which is used as a light receiver. 
Its form might Well be suggested by an equation similar to that con- 
necting Bi and T* above. 

6. The discussion which Lindemann gives on p. 5 as to the relations 
of the molecule of Thomson to the kinetic theory of gases, applies 
equally well to the pulsating spherical atom. Indeed, it is of such a 
general nature that it would apply to most conceivable molecalar 
mechanisms, in which there may be a limit to the absorption of internal 
energy. So soon as the vibrational energy has reached its maxima m, 
if more energy be given to the molecule, then either chemical dis- 
association or translational energy — one form of heat — must make its 
appearance. 

7. Double Refraction is dealt with by Lindemann in § 6 (pp. 
12 — 14). His theory involves a different set of springs between the 
shells for each direction, and the assumption that a certain function 
of the spring constants is given for a direction (a, /3, y) by the formula 

( -^ ) = Oi cos* a -h Oj cos^ /3 + Oa cos^ y (p. 13, equation 22) . 

This great increase of the complexity of the molecule is in itself 
unsatisfactory ; even if we suppose tbe molecale to be an elastic 
sphere whose aeolotropy is arranged in some ellipsoidal fashion as 
suggested above, we are still at a loss to understand how the chemical 
decomposition of molecules can take place. The atomic theory, which 
starts from the pulsating sphere, builds up its molecule from the 
simple atoms ; and it follows that, when the body does not possess 
confused crystallisation, i.e., when the molecules are not tarned in 
every conceivable direction, but have the same orientation, then the 
direction of the ether wave will be of importance. In other words, a 
group of n spheres has not generally the same aspect for every 
direction, and thus the constants/, c, &, and e, of equations (v.) and 
(vi.), will be functions of the direction of the ether wave. 

Since Lindemann only starts from an equation similar to our 
equation (xvii.), and then, by making various assumptions as to the 
relations between his constants, reaches an explanation of double 
refraction, there is nothing to hinder our following in his footsteps, 
and deducing for our theory an explanation of at least equal validity. 
At the same time it may well be questioned whether such a i^roQ^% 

VOL. XX. — Jio. 346, E 
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carries mncli weight of conviction with it, and whether the discussion 
of the subject is not better postponed until the mathematical theory 
of the effect of a group of spheres on an ether wave has been more 
thoroughly studied than at present. 

8. On pp. 14—22, Lindemann deals with various problems con- 
cerning the spectra of compounds, and the chemical effects of light 
and heat. These points have been fully deaU with in my first paper 
from an entirely different standpoint. Such general discussions as 
the pages referred to contain, will hardly determine the value of a 
theory — that must finally depend on the actual test of figures. It may 
be noted that the Thomsonian atoms, or molecules according to Linde- 
mann, remain associated without the aid of any inter- atomic force, 
because association is a position in which they have less total vibra- 
tional energy than when they are independent ; thus work must be 
expended in separating them. 

I may note a point in which the Thomson-Lindemann theory differs 
essentially from that of the pulsating sphere. In the former the 
spectral lines of a molecule built up out of two like atoms are the 
same as for the free atom ; in the latter (jOamb. Phil. Trans,^ p. 88, 
§ 17) they differ. The former theory also has no explanation why 
the molecules of a gas may possibly be built up of two equal atoms 
(Lindemann, p. 20). 

9. Fluorescence, — Suppose a wave of light, of nearly the same period 
as a " reduced period'' of any atom of a molecule, to be incident upon 
the molecule, then it excites not only the normal function of the re- 
duced period but the other normal vibrations as well. If, then, the 
capacity for absorbing energy corresponding to the normal function 
of the same period as the light wave be considerable, but that corre- 
sponding to a second reduced period, not that of the light wave, be 
small, then the body may give off light of the latter period, and not 
that of the incident light. 

For example, in Art. 5, we have seen that the amplitudes B^ and 
B^ of the first and second atoms are both great. It is possible, how- 
ever, that the first atom has a greater capacity for absorbing energy 
than the second, which will accordingly, when the source of light is 
removed, appear, owing to the magnitude of the pulsations forced 
upon it by the incident light, to give off light of its own (molecularly 
modified) period. For fluorescence to take place, then, it is necessary 
that the incident light should be nearly of the same period as one of 
the critical periods of the molecule (c/. Lindemann, § 11, p. 22)« 
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II. On Statical Electrioity. 

10. Suppose it possible to set the ether in the neighbonrliood of a 
spherical atom in motion with a period T, and to maintain this 
motion. Then the atom will also polsate wifch the like period T, and 
according to equation (xi.), Art 4, its amplitude will be of the form 

provided T is not equal to the critical period p^. 

If there be a second atom round which the ether also vibrates with 
period T, we have for its motion 

Now, when two atoms pulsate with beats given by f^ ^^ there 
arises a term in the kinetic energy of the system which may be written 

^-^ P*o *i {Oamb. PhU, Trans., p. 82). 

7 

This corresponds to an apparent term of the same form in the force- 

function of the two atoms. Thus, if ^o ^^d ^ are both positive, the 
atoms will attract each other with a force varying as the inverse 
square ; and, if the atoms can approach each other, the result is an in- 
crease in the kinetic energy of the whole system. This supposes the 

vibrations f o, ^ to be maintained (as in Bjerknes' Paris experiments) 
by some cause external to the ether. Now, let us suppose that it is the 
vibrations already existing in the ether itself, which excite pulsations 
in the atoms; they then absorb kinetic energy from the ether, and 
this must indicate the loss of just as much kinetic energy in the 
ether as was previously gained. In other words, the term in the 
apparent force-function, as well as the force, must be reversed, and 
we have for the two atoms, when their pulsations are produced by 
ether waves, the force-function* 



* The principle involved here is of the following kind. Suppose energy to be 
commimicated to the atoms bv some means other than the ether (thus : by internal 
clock- work, or by an external air-pump communicating with the pulsating body by 
a tube as in Bjerknes' Paris experiments), then the tendency of the atoms is to place 
themselves in a position involving a greater potential energy of the sjrstem. For 
example, if there is a limit to the amplitude of the pulsation, or to the amount of 

s 2 
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In our particnlar case, this becomes on sabatitnting for f^ and ^o> if 

dy/dt = 2ir/T.y„ 



a 2 



This leads to the following results : — 

(i.) There is an attractive force varying as the inverse square 
when T lies between pr and p,. 

(ii.) There is a repulsive force varying as the inverse square when 
T does not lie between pr and p, . 

It follows : — 

(iii.) That^ when two pulsating spherical atoms are situated in 
ether vibrating with a given period, they will attract or repel each 
other with a force varying as the inverse square, according as the 
period of the ether lies or does not lie between the free periods of the 
atoms. 

The law becomes more complex in the case of molecules. If 
aif a^, a^,,. he the radii, Cj, c,, c, ... the constants (where c^ = K/Tr)^ 
Pi} Pit Pi*** ^^ periods for the atoms of one molecule, and the same 
quantities with dashed letters be used for the second molecule, then 
we have in the force-function the term 






where y is the intermolecular distance. 

Obviously, the conditions for the force being attractive or repulsive 
now become more complex, and depend upon the factors in brackets 
having the like or unlike signs. If <rj, cr,, cr, be the atomic surface 



surface energy in the atom, the additional energy put into the atom after this limit is 
reached must appear as potential energy of atomic position (ef. Lindemann, pp. 26-7). 
Hence the apparent force between two atoms will be in the direction which causes 
their potential energy of position to increase. On the other hand, if the pulsations 
are caused by disturiMince in the ether itself, the atoms must absorb energy from 
the ether, and their tendency will be to place themselves in a position of less 
potential energy ; the apparent force will thus be reversed. 
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areas for the one, and »{, ci, Of for the other molecnle, we have, for IT, 






We may note three special cases : — 

(i.) T very miicb greater tlian all the free periods of the atoms : 
we have 

(ii.) T very much less than all the free periods of the atoms : 
we have 

y c pI p] pI ) c p? P2^ p? ) 

(iii.) Two eqnal molecules : 

We are thns led to the following conclnsions : — If the ether 
roand two molecules be vibrating with the same period, and (a) this 
period be very large as compared with the atomic periods, then 
the intermolecnlar force (since T = l/v) will vary inversely as the 
wave-length squared ; but, if this period be (b) very small as compared 
with the atomic periods, then the intermolecnlar force varies directly 
as the wave-length squared. Whether the force be attractive or re- 
pnlsive depends, in general, on the sign of such expressions as 

and this will vary according to the value of T relative to the p*a. In 
addition, the sign of the 6's involved in the c*b is undetermined, and 
might possibly even vary from atom to atom. The sense of the force 
depends, therefore, on the physical constitution of the atom, and the 
relation between its free periods and that of the excited ether. 

The above considerations would lead us to the conclusion that, when 
the molecules of a substance can move freely (e.g., in a gas), a vibra- 
tion of the ether (e.g., a wave of light or heat) will bring into play 
intermolecnlar forces following laws very similar to those of statical 
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electricity.* A remark must here be made with regard to the case 
when the molecules are of the same structure. Since the bracket 
under case (iii.) is now squared, it might appear that two equal mole- 
cules under the action of an ethereal disturbance of the kind imagined 
could only repel each other. There are, however, one or two further 
points to be noted. If we had taken a disturbance of the type 



Csin2ir 



ih') 



for y, so that ^1 = 0" df ^ ^ ^^ ^"^ {'t "^") 

for one molecule, and a different disturbance 

(rsin2T(i,+a') 

for the other, so that y{= C cos 2ir [— +a J ; 

then the mean of y„ yi for a great number of vibrations would be 
zero, and there would be no term resulting in the force-function. 
The solitary exception to this rule is when T' = — T, that is, we are 
to treat the disturbance as in opposite phase. Thus, if we produce 
disturbances in the ether of the same periods but opposite phases round 
two molecules of like construction, it is possible that an attractive 
force may be called into play. The sense of the force called into play 
in two molecules by vibrations in the neighbouring ether will thus 
depend on two expressions of the form 

having the like or unlike signs. 

By treating such expressions as representatives of positive and 
negative electricity, we are able to form a complete theory of statical 
electricity. The difference between positive and negative electricity 
becomes merely a relative one, and ether vibrations of the same 
period can produce positive electricity in one, and negative electricity 
in a second material (c/. Lindemann, p. 26). Lindemann deduces a 



* Possibly herein lies the ezpUnation of the motion of dust particles in a sun- 
beam, and of the radiometer. 
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similar resolt from his theory, but ihe principle on which he bases it 
does not seem to me very satisfactory : 

** Two electrically excited particles attract each other if in one of 
them the electrical energy is, under the sorronnding circnmstances, 
capable of an increase. In the opposite case there is repnlsion." 

There is, of coarse, nothing to hinder onr dealing with pulsating 
atoms in the same way, and attributing the difference between posi- 
tive and negative electricity to a limit in the energy capacities of onr 
atoms. 

11. What we have said above of electrical disturbances in the ether 
producing the phenomena of statical electricity might be applied 
to ethereal vibrations produced by the sun, and these vibrations be 
used (instead of the free vibrations of p. 113 of the Gamh, PhU, Trans, 
paper) to explain solar gravitation. In other words, the sun, by 
means of waves in the extreme ultra-violet (or waves whose lengths 
are extremely small as compared with the atomic diameter), might 
produce in the atoms a gravitation pulsation, which would suffice to 
explain attraction towards the sun. The question of inter-planetary 
gravitation would require some further consideration, as several 
difficulties arise with regard to its sign. 

in. Potential of two Electric Currents, 

12. An electric current must be looked upon as some form of 
transfer of molecular energy. We have dealt with statical electricity 
as pulsatory energy produced by the condition of the external medium. 
We have, then, now to consider the transfer of pulsatory energy along 
a chain of atoms or molecules. It is usual to suppose there is at 
every instant as much '* positive " as ** negative " electricity in each 
element of the current (c/. Lindemann, p. 29) ; but, until we have dealt 
more fully with the action of two atoms on each other, whether by 
impact or near approach, we cannot exactly determine how they 
transfer their pulsatory energy. We shall assume, however, that the 
elementary basis of a current is a pair of atoms with pulsations in 
opposite phase (i.e,, representing positive and negative electricity), 
moving in opposite senses in the direction of the current. Further, the 
relative motion of two atoms of different currents will be supposed 
small as compared with the velocity (v) of propagation of disturbance 
in the ether. We must examine the basis of our assumptions a little 
more closely. There seems no reason for treating the passage of 
electricity through a metal in a different manner from that in which 
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we treat the passage of electricity through a gas or electrolyte.* We 
are then led to look upon every electric current as accompanied by a 
molecular disassociation. In the simplest case which we can compare 
with an electric current, we have a row of diatomic molecules A^Bi^ 
A^B^, A^B^, A^B^, etc., which are individually disassociated and 
recombined as B^A^^ ^^A^, ^tA^, etc. 

This process, then, again repeats itself, so that A^B^, A^B^, A^B^^ 
etc. again recombine ; what happens to the final A and B, whether 
they are recombined or not, may well depend on the nature of the 
material through which the current passes, as well as the conditions at 
the terminals. We have seen (Oamh, Phil, Trans, paper, § 32) how it 
is possible for an increase in the pulsatory energy of one atom (say Aj) 
to break up a diatomic molecule il^ Bj, and again [p. 39, case (ii.), (6)], 
for J9j, on joining A^B^, to turn out B^, Thus, the changes we suppose 
the electric current to consist in, do not seem improbable on our 
theory, supposing we look upon electricity as itself pulsatory energy. 
Lindemann assumes the internal electrical energy of the molecule to 
consist in the energy of (Jertain of its critical vibrations, whose periods, 
however, are extremely small as compared with those which we asso- 
ciate with light and heat (pp. 24 — 28). There is nothing to hinder 
our assuming that our atoms are capable of pulsations of like period 
(Camh. Phil. Trans, paper, p. 117). We are thus led to look upon 
two pulsating spheres moving in opposite senses in the direction of the 
current, as the basis of kinetic electricity. The mean speed of these 
two spheres must be equal, otherwise a steady process of disassocia- 
tion and recombination would not be possible. This velocity will 
be that of the current of the negative electricity in one, and the 
positive electricity in the other direction. 

In order to determine, therefore, the effect of one current upon a 
second, we must start by considering the influence of one pair of such 
vibrating pulsating atoms upon a second pair. The translations as 
well as the pulsations must, according to our theory, produce disturb- 
ances in the fluid ether, and so apparent systems of forces between 
the four atoms. Bat the terms in the force-function due to fche former, 
besides being of a higher order in the ratio diameter : distance^ are also 
much smaller than the latter, owing to our assumption that the 
ratio relative velocity of atoms : velocity of ether disturbance is a small 
quantity. 

Let n, be the mean velocity of translation of an atom in one current 
and ti, the mean velocity in the other. Let ^^ and fo be the two atomic 

♦ Cf. J. J. Thomson, ** ApplicationB of Dynamics to Physics and Chemistry," 
pp. 289—296. 
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pnlsatoTj Telocities. Then, as in Art. 10, we bare the foroe-fnnction 

toe free pnlaations : 

4iraV - - 

U= + »-» 



,fi^ 



Now, ^9 will be of the form 

Oginf-^H-oJ, where T= — , 



so tliai 



1 2»r^^^/2W , \ 



In order that there may be a finite valne for U^ the pulsations most be 
of the same period, so that finally U takes the form (giving the mean 
value to the cosines) 

l7=-h ^ * « ("V.), 

where /3 is a numerical constant, and we must change the sign of the 
term if the atoms have pulsations of opposite phase, i,e, opposite 
electricity. 

The question now arises, what changes must be made in X owing to 
the fact that the atoms are in motion ? Let V be the relative velocity 
of two atoms in the line joining their centres, X-f-cX the changed 
wave-length ; then, by the same principle as the change in the wave- 
length of the supposed hydrogen lines in Sirius is calculated, we 

, ax F 

have —- = — , 

X V 

(see Herschel's Outlines of Astronomy^ edition 1875, p. 702, and 
Lindemann, p. 29). 

Weeaailyfind ^.= J {l-gl + 3-^'| 

if we neglect {V/vy. 

Now, let 01, 0, be the angles between d#|, dSf, 
two elementary lengths in directions of trans- 
lation of the atomic couples A^, B^ and A{f B\. 
Then for J^, ^i, we have 

F= tticoe0|— fi,cos0^ 

and G and (7 of same sign ; for A-^, B[ we have 

F= UjCosOi+fSCOstfy 
and C, C of opposite sign ; for I?^, A\ we have 

F= — t*|C0stfi— tt,cos6„ 
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and 0, C of opposite sign ; and, finally, for ^j, B{ we liave 

F = — t*i cos $1 -h w, cos 6„ 
and 0, 0' of same sign. Thns the total force-fnnction is given by 
_ /3po;a;0Cyi?* f ^__ 2Kcosei— ti^cosg,) 3(ti|Cos0i-tt,cos6,V 

_1 I 2(-ht^co8 6|-f UiCos6,) ^ 3 (iii cos 6i +ti,co86g)* 

J^ , , 2 ( — ti, cos Ot— ti, cos 0^) _ 3 (tti COB ^i + ti, cos 6,)* 

V tr 

. ^ 2 (— UiCosOt-f^jCOsO,) , 3 (—til cos 6, H-UiCosO,)* ? . 

t; «' i 

or U= ^ * ' X ( -24ico8 flj cos 6,) x u^u^ 

A y 

= - ' ?, — cos 0j cos 0,. 

X'y 

Now, every sncli atomic pair in an element of the current has to 
be taken with every snch atomic pair in an element of the second 
current. If y be now taken as the mean distance of the two elements, 
and we write* 

we have, for the mutual potential ( = — Z7) of two elements distant r, 

'^hhihihcoae.QosB, (xxvi.). 

T 

Hence for closed currents we may replace cos 0, cos 6, by cose, 
where e is the angle between the elements dsi, ds^, and we have for 



* Here W|, u^ are the mean velocities of separation in the pairs in either onrrent 
element respectively. It might at first sight be supposed that t^ese mean values are 
zero, as the atom B^ oscillates from ^i to ^3 with the process of disassociation and 
re>association ; hut we must really fix our eyes on the disassociating pairs, at 
first AiBi and then i^j^s, a great number of such coujples being in each element. 
Thus Ml, u^ will be the mean velocities of disassociating couples, and so always 
positive. 
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ihe mntnal potential of two currents 

2h*i jj^T^^^ (xxvii.). 

The result (xxvi.) is not absolutely accurate. It will be found that 
the terms of the third order iau/v vanish, so that we really are neg- 
lecting terms of the order (V/vy. The ratio of the propagation of 
electricity in wires to the propagation of light is, however, not a very 
small quantity* and it may be questioned whether we may legitimately 
neglect the fourth power of this ratio. We must content ourselves, 
then, with the remark that (xxvi.) probably gives the principal 
term in the mutual potential of two elements. Further, the result 
(xxvi.), while not agreeing with Amp^*s form, is that deduced by 
Weber. Now, Helmholtz has shown that Weber*s law admits of two 
particles starting with finite velocities, but that ultimately an infinite 
velocity can be reached. This case is, however, excluded by our 
treatment, for formula (xxvi.) no longer holds when we cannot neg- 
lect the fourth power of v/F. Hence Helmholtz's objection does not 
apply to the steps by which we have reached the generally accepted 
formula (xxvii.). This point has been fully dealt with by Lindemann 
in his treatment of the same problem ; see his Memoir, pp. 31-33, and 
also Clerk-Maxwell*8 Electricity and Magnetism^ §§ 852-855. 

13. A further point is also brought out by Lindemann (pp. 34-35), 
which may be noted here, as it applies equally well to our system. 
The motion of a pulsating atom, if sufficiently great, changes the 
wave-length of the disturbance which its pulsation produces in the 
ether. It is, therefore, possible for waves of electric disturbance 
to appear as lighij if the wave-length be sufficiently modified. 
Lindemann uses this result to explain electrical glow and the 
phenomena in Oeissler's tubes. It will be seen that this explanation 
in no way depends upon the peculiar construction of Thomson's 
shell molecule, but is also true for the pulsating spherical atom. 

rV. On the Mutual Potential of Two Magnetic Molecules, 

14. Hitherto we have considered only pulsations, but it must bo 
remembered that polar vibrations can also take place in our spherical 
molecules. The apparent mutual effect of polar vibrations in the 
direction of the common central distance of two molecules has been 
calculated for the first typical polar vibrations np to terms of the 

order ( — ; — v^^r-, ) iu my first paper on this atomic hypo- 

\central distance/ 

thesis, loc. cit, p. 28. These results, which may be applied to the 
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kinetic theory of gases, are here of no value, because they refer only 
to polar vibrations in the common central distance. If we wish to 
attribute magnetic action to a polar vibration, we must, in order to 
obtain the most general formula, suppose the spherical atoms to have 
polar vibrations in perfectly general directions. Let these directions 
be hi and h^. The most simple vibration we can imagine [after the 
pulsation represented in my first paper by ^o^oO^i)] ^ given by the 
surface displacement ^i P^ (fi,), where fi is taken about the direction 
hi, and Pj (/i|) is the first Legendre's coefficient (Camh, Phil. Tram, 
paper, p. 78). If /lcj = cos d^ this is of the form 

Cj cos (»H^+"i) cos Oy 
Now, in the paper referred to, the term in the kinetic energy arising 
from such polar vibrations in two atoms is only calculated for the 
case of hi and \, both coinciding with the common central distance. 
We can, however, easily find it for the general case by noting that 
the radial distortion of a sphere given by dj = c, cos ^i, is, if Cj be 
small, equivalent to moving the sphere as a rigid body through the 
small distance c, in the direction of the polar axis h^. Thus the 
polar vibrations f , Pj (fij) and ^^' Pi (/i,) are equivalent to translational 

vibrations ^i and (p\ Hence there is a term in the kinetic energy of 
two atoms with polar vibrations of the first kind of the form 

(See Art. 2 of Oamb. Phil, Trans, paper). 
If, instead of endowing our atoms with internally maintained polar 
vibrations ^^ and ^j, we suppose the motion of the ether to excite 
these vibrations, then we must change the sign of this term, and con- 
sequently two atoms upon which the ether forces polar vibrations 

will have an apparent mutual potential^ 

That is to say, they will act exactly as two magnetic elements if their 
vibrations are of the same period — the poles of the two atoms which 
are at the same instant elevated or depressed, being of the same 
magnetic sense, positive or negative. 

Thus any disturbance of the ether which produces atomic vihrcUions of 
a polar kind is the ba^ of a magnetic field, and the magnetic effects wiU 
last as long a^ the field is maintained, 

A permanent magnet must, in a certain sense, be a body which 
produces its own 'Afield.'' This field may possibly be due to the 
pulsatory, or to the translatory vibrations of the whole system, or 
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even to the impact of the atoms. Thus we should expect changes 
of temperature to largely influence " permanent '* magnetism. 

The explanation of diamagnetism may possibly be attempted as 
follows : When the polar vibrations are forced on the atoms by the 
field, then the substances are paramagnetic ; but, if the atoms have a 
free polar vibration which creates the field, then they are diamagnetic. 
It is possible that, in some cases, there are at the same time free and 
forced vibrations, and then the sign of the difference of the two terms 
in the apparent force-function must determine their paramagnetic or 
diamagnetic nature. 

Bjerknes' explanation of diamagnetism is apparently differ^ t from 
this ; see Nature, Vol. xxv., pp. 273-4 ; but I do not clearly follow it as 
described in the notice cited. Lindemann's explanation is given on 
pp. 45~7 of his Memoir ; it involves assumptions which I think might 
be made as well for a pulsating spherical atom as for a Thomson's 
shell atom, but I do not feel entirely master of Lindemann's reasoning. 

15. Lindemann devotes § 17, pp. 89-45, of his paper to the 
discussion of the rotation of the plane of polarised light produced by 
the electro-magnetic field. The only part of this theory which 
depends on Thomson's shell molecule are the second terms of the 
right-hand sides of equations (40) and (40a) of p. 42. These terms, 
however, correspond exactly to those we have introduced into 
equation (v.) of the present paper. Thus, if the argument by which 

Lindemann introduces the term — — z-^r^i into his equation for the 

2t dxdr 

ether vibration be really a valid one, it applies just as well to the 

pulsating atom as to the shell atom, and Lindemann's deduction of 

the rotation of the plane of polarisation holds, with all his conclusions, 

as well for the pulsating atom as for Thomson's. 

But, after careful examination of Lindemann's reasoning on p. 41, I 

must confess that I do not feel by any means satisfied by the process 

whereby he deduces the presence of the term -^ -^ in the ether 

2x dxdr 

equation. Nor, without further investigation of the exact action of 
pulsating spheres on the ether fluid, am I prepared to offer a really 
satisfactory explanation of the rotation of the plane of polarisation, 
anymore than I am prepared with an explanation of double refrac- 
tion. In both cases I can only say that Lindemann's reasoning 
appears to be quite independent of the particular hypothesis of 
Thomson's shell atoms, but at the same time the reasoning itself 
does not seem to me sufficiently convincing to be adopted as a real 
explanation of the phenomena. 
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16. The action of a pnlsating sphere on another sphere moving 
with yelocitj q in direction ^, and at a distance y, is approximately 
given by the term in the force-fnnction 



2'^o2«!a:p|(|). 



Replacing the single pulsating sphere bj two disassociating with 
mean velocity u, we have, as in Art. 12, a term of the form 

___^«cos02-(-), 

where cos is the angle between y and the direction of the current 
pair. If we snm for all pairs of the element and all elements of the 
cnrrent, we should expect a term in the kinetic energy, or in the 
apparent force-function of the cnrrent on the vibrating sphere, of the 

form — jBt q. 

Thus, in the direction x there would be a force on the atom 

ux 

As a result, there would be a force exercised by the atom on the ether 
of the same form. Now, if we suppose the atom to be vibrating in the 
direction Zj perpendicular to a;, 9 = dzjdt^ and the force becomes 



-Bi 



dxdt' 



In finding the effect of a number of such molecules, supposed to have 

the same velocity (or a proportional velocity), to the ether in their 

immediate neighbourhood, we must obviously take the difference 

with regard to :b of such force as the above, and we might conclude 

that a term of the form 

d^z 



Ai 



da?db 



would be introduced into the equation for the ether. Now, suppose 
the ether to be vibrating as well in direction ^ as in direction js, then 
we must modify equation (v.) of Art. 2, by the introduction of two 
terms such as the above. We find, since 0, = jB,y, if 'XcJB, = ^ (T), 
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This sapposes the medinm to be isotropic roond x. The term with 
the ooefficient A is similar to that introduced by Maxwell (p. 827 of 
his Eleetricity and Mctgnetism), and, if A' were zero, these equations 
would, I think, suffice to explain the rotation of the plane of polarisa- 
tion. In order, howeyer, that a rotation round the axis of x of the 
axes y, Zj may not alter the form of these equations, it is necessary 
that A' = 0. 
It should be noted that, whereas the abore investigation leads to 

a term of the form , Lindemann's reasoning introduces one of 

the form — ^r. 
dxdi" 

17. The results of this paper, although exhibiting much need for 
further inquiry, will, I think, suffice to show that the results 
obtained by Lindemann are in no way dependent on the structure of 
the shell atom of Thomson ; that, further, the pulsating spherical atom 
is better adapted than the shell atom to explain chemical association 
and disassociation, while, as shown in my first paper, it succeeds in 
throwing a certain amount of light on chemical, cohesive, and even 
gravitating force. 

I propose, in a third paper, to deal with the subjects of elasticity and 
cohesion. The peculiar features of the generalised elastic equations 
arise from the fact that intermolecular action, and therefore the 
internal work of an elastic strain, depends upon the pulsatory and 
translational energy of the molecules — thus a sufficiently rapid 
vibration may introduce terms depending on the relative velocity of 
adjacent parts of the material into the expression for the work due to 
the instantaneous strain. The modified equations will, I think, tend 
to throw light on several problems connected with optics and with 
elastic after-strain. 



On Cydotomic Functions. By H. W. Lloyd Tanner, M.A., 
Professor of Mathematics in the University College of South 
Wales. 

[Read Nov. 8M, 1888.] 

The paper of which the first two sections are now submitted to 
the Society, communicates the resnlts obtained in a research which 

was suggested to me by a remark of Prof. Sylvester, in his '' Excursus 
on Cyclotomic -Functions." Section I. is devoted to an examination 
of the theory of groups of the numbers prime to n and less than n 
(=s the totitives of n). This theory seems to be of considerable in- 
terest for its own sake; but, in the present paper, it is studied with 
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a view to its application to cyclotomic functions. The main pro- 
blems are — Given a gronp of totitives, to determine the simple groups 
by the multiplication of which it is produced ; and, secondly, to deter- 
mine all the groups which are comprised in a given group. The 
theory is based upon the known theory of groups of substitutions or 
operations, from which, however, it differs in some interesting par- 
ticulars, and from this theory most of the nomenclature and method 
is derived. 

In Section II., I venture to propose a more general definition of a 
period of roots of unity. The group-theory is useful in discussing 
these periods, which are shown to have the fundamental properties of 
the periods of Ghiuss and Kummer. 

In the remaining sections of the paper, which I hope to present at 
an early meeting, I propose to deal with certain properties of cyclo- 
tomic functions, which seem to have escaped notice. 

Section I. 

Oroups of Totitives of n. 

I.. A group of numbers is a collection of numbers which includes 
every positive integral power and every product of its constituents. 
For example, the powers of a number a form a group of which a 
may be called the base, G-roups may have an infinite number of 
bases. For instance, the numbers Xa+I* where X takes all the values 
0, 1, 2, ..., make up a group; and, since all the prime numbers included 
in the group must be bases, there are an infinite number of bases. 

2. If a collection of numbers is such that the product of every pair 
of elements in it (including the case in which the pair consists of the 
same element repeated) is included, the collection is a group. This 
gives a convenient test. That the numbers Xa + 1 form a group, for 
example, is verified by observing that the product of any two num- 
bers of this form is itself included in the form. 

3. In a group of numbers, which is necessarily infinite, let all the 
numbers which are congruent with respect to a modulus n be re- 
garded as equivalent. Or, what is in effect the same thing, let every 
number in a group be replaced by its minimum positive residue to 
modulus n. The resulting aggregate is a finite group of residues 
of n. 

As examples of such groups may be mentioned the group of num- 
bers less than n and prime to n, or, to use Sylvester's convenient 
name, the totitives of n ; the numbers which have a certain factor a 
in common with n, but contain no factor of n which is prime to a (the 
a-totitives of n, Mitchell) ; the r^ power residues of n. That these 
are groups follows at once by applying the test of Art. 2. 
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Mixed Qtijwps, 

4l Tlie theory of gronps of residues of n differs in certain points 
from the theory of groups of substitutions or operations. One 
characteristic difference will be noted, since it is of use in the sequel. 

Let a, & be two prime factors of n, and consider a group Q com- 
prising some multiples of a, some of &, and therefore some of ah. 
These elements are assumed to complete the group, and none of them 
is divisible by any prime factor of n, except a or 6. For example, if 
n = 60, a = 3, 6 = 5, the numbers 3, 5, 9, 15, 21, 25, 27, 45 make up 
such a group. 

Now, in O the a-totitives form a group of themselves, for every 
product of two of the a-totitives is present in (?, and is itself an a- 
totitive. So the ^-totitives form a group, and the a&-totitives form a 
third group. Hence the group Q is made up of the three groups by 
addition. The group given above may be written 

(3,9,21,27) + (5,25) + (15,45), 
where each ( ) includes a group. 

Groups formed by addition in this way are in some respects 
analogous to the '' mixtures " or '^ mixed substances" of the chemists, 
and will be called mixed groups. 

The f^ power residues of n give other examples of those mixed 
groups. The quadratic residues of 15, for instance, are 

(l,4) + (6,9) + (10) + (0), 

and the biquadratic residues are 

(l) + (6) + (10) + (0), 

where, as before, each ( ) includes a group. 

5. Any group of the totitivos of n is an an mixed or pure group. 
For every group of totitives must contain the element 1. Hence, if 
we subtract from a group of totitives any group contained in it, the 
remaining numbers do not include 1, and therefore do not make up a 
group. 

Order of a Oroup, Order of an Element (Arts. 6 — 10.) 

6. The order of a group of totitives is the number of elements it 
contains. It is convenient also to speak of the order of an element of 
the group. We shall say that the order of an element a is a, when 
a*=l, mod. n, and no lower power of a satisfies this congruence. 

VOL. XX. — NO. 347* 9 
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The meaning is the same as that of the statements — " a belongs to the 
exponent a," '' a is a primitive a*** root of nnity to modnlns n." The 
innovation is, I hope, justifiable, partly because it helps to mark the 
analogy of the present theory to the theory of gronps of substitu- 
tions, and partly because of its convenience in use. 

7. The order of any power of an element a'is a factor of the order 
of a. For, if a, ( be the orders of a, a^, { is the smallest number 
which makes X£ a multiple of a ; that is, £ = a/a', where a is the 
greatest common measure of X and a. Amongst the powers of a there 
is (at least) one element whose order (j3) is an assigned factor of the 
order (a) of a. For, if a = /3 . y, aMs such a power. 

8. Consider, next, two elements, a, \ whose orders are a, p respec- 
tively. The order of the product ah is some factor of the least 
common multiple (say y) of a, fl. For (a6)^ = l, mod. n. If a, fl are 
relative primes, the order of ab is a/3. For, if £ be the order of a&, 

a^ ,h^ ^ 1, mod. w, 

therefore al'^ . V^ = 1, „ 

therefore a^^ = 1, „ 

so that {|3 is a multiple of a, and, since j3 is prime, a£ is a multiple 
of a. Similarly, it is a multiple of j3, and therefore of a/3. As it 
is also a factor of a/3, it follows that £ = a/3. 

9. If in a group all the elements of orders a and /3 are given, where 
a, /3 are prime to each other, then all the elements of order a/3 are 
implicitly given. For, if c be any element of the group whose order 
is a/3, if and c', being elements of orders a, /3 respectively, are given ; 
say, they are a, 6. Then, for all values of X, /x, 

But, since a and /3 are relative primes, X, /x may be determined so 
that 

X/3+/'a = 1, mod. a/3, 

and c is expressed in terms of the data. 

10. An important corollary to this is that a group is completely 
specified by those of its elements whose orders are primes or powers 
of primes. 

Independent Elements and Oroups. (Arts. II — 14.) 

11. Two elements which have no power except I in common are 
called independent elements. The definition may also be expressed 
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bj Baymg that a, b are independent elements if the congmenoe 

a^ly = 1, mod. n, 

neoesBarily implies tbe two congmences 

a* s 1, 6^ = 1, mod. n. 

It is an immediate consequence of this that, when a, h are two in- 
dependent elements of orders a, respectively, the order of ab is the 
least common multiple of a, /3. 

For, if ( be the order of ah, 

a' . 6' = ly mod. n, 

therefore a^ = 1, 6^ = 1, mod. n, 

therefore ( is multiple of a and of 0. 

In particular, if j3 is a factor of a, the order of ah is a. 

The conyerse is also true when a, /3 are prime to each other ; viz., 
any two elements whose orders are relative primes arc independent 
elements. For, if 

o* . 5^ = 1, mod. n, 
therefore a*^ . 6^ = 1, „ 

therefore a^ = 1, „ 

Hence X^, and therefore X, is a multiple of a ; so that 

a* = 1, mod. n. 
From which it follows that 

5^ = 1, mod. n. 

12. The elements a, &, ... c are termed independent if the con- 
gruence 

a* . b^ ... c* = 1, mod. », 

cannot be satisfied unless all the congruences 

a* = 1, 5^ = 1, ..., c' = 1, mod. n, 
are satisfied. 

The same may be stated in a different form ; viz., that the con- 
gruence 

a^ . b^ ... c'^a^' . 6^' ... c*^, mod. n, 

implies all the congruences 

a^^a^\ 6^ = 6^, ... cT^c'', mod. n. 

F 2 
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13. A set of elements a^h^ .,, c is an independent set if the orders 
of every pair are prime to each other. For, if 

a* . y ... c' = 1, mod. n, 

then a^' . 6^' .., c" = 1, mod. n. 

Now, take n- to be the product of the orders, a, /3, &c., of all the ele- 
ments a, &, &c,f except one, say except c. Then each of the factors 
o*', 6^, ... is unity, so that 

c" = 1, mod. n, 
and yv = 0, mod. y, 

where y is the order of c. But, by supposition, v is prime to y, so that 

V = 0, mod. y, 
and C = 1, mod. n. 

As c is any one of the elements, the theorem is proved. 

14. Groups are called independent if every set of elements that 
can be formed by taking one element from each group is an inde- 
pendent set of elements. 

For two groups, it is a sufficient test of independence to examine 
whether they have any elements, other than 1, in common. 

Products and Quotients of Oroups. (Arts. 16 — 20.) 

15. The product of two or more groups is the aggregate of all the 
products of the elements of the several groups, one from each group. 
It is easily seen that this aggregate is a group. If the factor groups 
are independent, the order of the product is the product of the orders 
of the factors, since (Art. 12) all the elements in the product are 
different. 

16. If a group F contains a group O, the quotient F/G may be 
formed in the following manner.* Make a table in the first row of 
which are entered all the elements of O, while in the following rows 
occur the products of these elements into a, b, ..., elements of jP, 

= 1, a, 6, ... c, 

a(? = a, aa, a&, ... ac, 

hO = b, ba, b6, ... be. 




* The tabular arrangement adopted is taken from Netto, * * Sabstitationentheorie/' 
48. 
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AH the elemeniB in this array are elements of F. Tbo elements in 
any row are all different, for aa = a&, mod. n, implies a = &, mod. n, 
nnoe a ia a totitiye of n. 

If a is an element of 0, aO is identical with O with its elements 
differently arranged. 

If a is not an element of 0, then O and t^O have no element in 
common. For aa = & implies a = a~'&, viz., that a is an element 
of G. 

In the same way, the rows a(7, hO are identical, or have no element 
in common, according as b is, or is not, inolndcd in the row b,0. 

To form the quotient F/O, we have to select a, any element of F 
not included in ; then b, any element not included in O or vlO, and 
so on, nntil all the elements of F are ezhansted. The qnotient is 
(1, a, b, ...). 

17. The effect of multiplying every element in the table by any 
element o, of F, is merely to rearrange the groaps among themselves, 
and the elements of each gpronp. But no element is transferred from 
one group to another ; so that, essentially, the table is unchanged. 
For, a,0 becomes ca(?, a row of the existing table which is or is not 
identical with a(7 according as ca is or is not an element of &0. The 
two rows ca(7, chO are or ai*e not identical according as a(?, hG are 
or are not identical. And it is clear that no elements (and therefore 
no rows) are gained or lost by the change, since the group F cannot 
be changed by being multiplied throughout by one of its own ele- 
ments. 

18. It follows from Art. 16 that the order of JP is a multiple of the 
order of O, the multiplier being the number of elements in the 
quotient (1, a, b, ...), and that the order of any group contained in F 
is a factor of the order of F. 

19. Since the group of all the totitives of n has for its order the 
number of totitives of n [= the totient of n, = m (Sylvester)], the 
order of any group of totitives is a factor of rn. 

20. Consider any element a of order a contained in a group F, 
Then the group of powers of a, viz., 

o, a', ... a*"S a*(= 1), 

is included in F. This group is of order a. Hence the order of a 
group is a multiple of the order of each of its elements. 
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Decompontion of 0, First Step. (Arts. 21 — 24.) 

21. We now pass to the consideration of the decomposition of a 
given gronp 0. The decomposition may either be a proper decompo- 
sition in which every factor is an independent gronp ; or it may be 
improper by reason of the presence of some factors which are not 
gronps ; or, what is the same thing, the factors may all be gronps, 
bnt these gronps are not a set of independent groups. 

^ 22. From the gronp select all the elements whose orders are the 
prime nnmber j?, and powers of this prime. These elements form a 
gronp, which we shall call Op* For the product of any two of these 
elements are included in (?, and it is also included in the selection, 
since its order is some power of p, (Art. 8.) 

23. heip, g, ... r be all the different primes that occur as factors 
of the orders of the elements of 0. Then O contains elements whose 
orders are |?, 5[, ... r, or powers of these primes (Art. 7). And we have 

a = o,.o^ ... Orj 

where Op has the same meaning as in the last article, and 0^, ... 0^ 
have analogous significations. For the product on the right is a 
group which contains all those elements of whose orders are prinaes 
or powers of primes, and therefore (Art. 10) must be identical 
with G. 

24. Since the gronps Op, O^, ... Or form an independent set (Arts. 
13, 14), the order of is the product of the orders of Op, Oq, ... 0^. 
(Art. 15). Hence the determination of the order of is reduced to 
the simpler case in which all the elements have for their orders 
powers of one and the same prime. 

Simple Qroups. (Arts. 25, 26.) 

25. It may happen that Op consists of powers of one of its elements 
a, and has no other elements. If the order of a be jp*, the order of 
the group is also p* (Art. 20). 

In this case Op is called a simple group, so that a simple group is 
defined by the two characters : 

(i.) The order of each of its elements is a power of one and the 
same prime. 

(ii,) Each of its elements is a power of one of the elements. 
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26. The same Wnipb group is given because such a group does not 
admit of a proper decomposition. If the order of the group be p* and 
a > 1, the simple gronp 8 contains other gronps ; bnt the quotient 
neither is a gronp nor contains a gronp. Every i*epresentation of 8 
as a prodnct comprises only one factor which is a gronp, the other 
&ctor or factors being parts of gronps. 

The proof of these statements rests npon the fact that any gronp 8 
of order p^, contained in S, contains in itself all the groups of lower 
order contained in 8, In effect, if we select any element h of order 
p^y the group of which h is the base is of order p\ and therefore in- 
cludes all the elements of 8 whose orders are not greater than p^. 
Hence the quotient 8l8x contains, besides 1, only elements whose 
orders are greater than p^ ; it does not contain the group 8^ of order 
p, which is a necessary part of every group contained in 8. Thus 
8j8x neither is nor contains a group. 

Product of Oroups which are not independent, (Arts. 27 — 29.) 

27. Before considering the general case in which Gp is not a simple 
group, it is desirable to discuss the product of two or more simple 
groups of orders jp*,j/, &c., which are not independent. 

Taking first the case of two groups, say 

A (1, a, a\ ... a^''), B (1, 6, 6*, ... l/''), 
and let a be not less than /J. 

The index of the lowest power of h which occurs in A must be a 
power of p. For any element of B can be written in the form 6*''', where 
i is prime top, and y</3 (and therefore < a). If this power of h is 
an element of A^ we have 

of = V^\ mod. n, 

so that a^ = V^p\ mod. n. 

Now, I can be taken so that 

Zt = 1, mod. p^"^, 
and with this value of Z the exponent of h becomes 

p'-k-k.pP, 

8o that a!^ = If^ mod. n. 

If, then, to y be assigned its lowest value, p^ is the index of the 
lowest power of h which is common to the two groups. 
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When y = 0, 6, and therefore every element of By is included in 
Af so that the product is merely A. 

When y>0, the products 

Ay hAf VAy ... 

begin to repeat with the product 

}f'A = A; 
for V*'^. A^h\lf\A^ h\A. 

Hence the quotient, 

Therefore, the product 

A.B = A{\,h,V^, ...h^'-'), 
and the order of the product is p^*\ 

28. This product can always be replaced by a product of simple 
independent groups. 

Prom the congruence a^ = fc'^ mod. n, 

we have, by raising both sides to the power p^"^, which is integral 
since /3>y, 

a^P^'' = 6*^ = 1, mod. «, 

therefore W'" — ^» ™o^* 1^*> 

therefore Ij ^ h. p*'^*\ 

wherein the index of p is necessarily positive. Here h is prime to p ; 
for, putting h = h'p*, substitute in the first congruence of this article, 
and then raise both sides to the power |/-»-' : -we get 

6«^' = 1. 
which requires ^ = 0. 

Now, take a new base c defined by the congruence 

be = a**** , mod. n. 

A solution of this can always be found, for the known elements b, 
a*^*" are prime to n. Hence 

6\ c^ = a!^^'\ mod. ». 
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li we Mrign to X any valne less tlian p\ h^ (and therefore e^) is not 
inclnded among the powers of a. If we pnt X = p'^ we have 

V^.nT = a*^" ' = 6*', mod. n, 
and therefore e^^ = 1, mod. n. 

Thns e is a totitive of order p'^ haying none of its powers coincident 
with powers of a. The product 

(1, a, a* ••• a' * ) (1, o, c* ... c' "*) = -4 . (7, say, 

is a product of two simple independent gproups. 

That this product is the same as the product il . ^ is proved if we 
show that it contains the element 6, for then it contains the group B. 

But, since 6 = c"* . a*^*" , 

it must he present in any group which contains a and c. 

29. A similar process applies to the product of three or more 
groups which are not independent. For the sake of clearness we 
give the discussion for the case of three groups 

A (1, a, a' ...), B (1, ft, V ...) . G (1, c, c« ...), 

which are of orders |)*, p^, p\ respectively. It is unnecessary to 
consider the case in which pairs of the groups are dependent, for this 
merely requires a repeated application of the preceding articles. We 
assume, then, that the relation expressing dependence is of the form 

o* . 6^ . c' = 1, mod. n, 

where none of the factors is unity. Let he the group whose order 
is not higher than that of the others. As in Art. 27, the lowest power 
of e which occurs in the product AB has for its index a power of p, 
sayi^*. 

Thus cP'=a*.6^; 

whence X = ^ •1>*'^*'> 

and /ii= k.pP^'\ 

and at least one of the coefficients h, k is prime to p. Now select d 
to satisfy the congruence 
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Then dis h, totitive of order p* having none of its powers included in 
the gronp AB. And 

A.B.O = A.B.Dy 

a product of three independent groups. 

Decomposition of Op, (Arts. 30, 31.) 

30. The results just obtained enable us to prove, by actually 
effecting the decomposition, that Op is always expressible as a product 
of simple independent groups. 

Select any one of the elements, a, of Gp, and form the simple group 
Af which has a for its base. The group A is necessarily contained in 
Op, and the quotient Op/A is formed as in Art. 16. From this 
quotient an element h is selected whose group B, we will suppose, is 
comprised in the quotient so that A^ B are independent groups. 
Proceeding in this manner, we separate a set of independent groups 
A, jB, ... G contained in Op. In dealing with the quotient at this 
stage, yiz. Op/ A ,B,..Oj suppose that the selected element d is not 
independent of a, & ... c; so that in the quotient the whole group D 
does not occur. This must be because some power of d is contained 
either in one of the groups already separated, or in the product of 
two or more of them. In either case the product with D may be 
modified by the process of Arts. 28, 29 so as to consist of a product of 
simple independent groups. We can proceed in like manner as long 
as the quotient contains any element besides 1. And it thus appears 
that the decomposition of Op into a product of simple independent 
groups can always be effected. 

31. Since the order of every simple group in Op is a power of p, 
and the order of Op is the product of the orders of the simple 
independent groups into which it is decomposable, it follows that 
the order of Op must also be a power of p. Hence further, if the 
order of any group of totitives is m, then there are groups Op, G^,, ... 
corresponding to every prime factor of m. For each group Op 
contributes a power of p, and no other prime, to the factors of m, 

32. In the decomposition of a group of totitives, 0, there is 
evidently much that is arbitrary ; but in some regards the decom- 
position is quite determinate. In the first place, the resolution into 
groups. Op (?,,..., corresponding to the prime factors ^, g, ... of the 
order of O, is unique. In the second place, the number of simple 
groups of any proposed order is determinate. We prove this by 
showing how to calculate these numbers when the undecomposed 
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group is given. There is no loss of generality in confining the 
discnssion to the case of one of the groups Qp, 

Number of Simple Groups contained in Op. (Arts 33-35.) 

33. We determine, first, the number of elements of order not 
exceeding jy* in the product of the simple independent groups 
Af B ,„C. Let the group of highest order A be of order jp^, and 
suppose that there are hi groups of order ^ (i = 1, 2, 3 ... X). Also 
suppose that there are Jci groups whose order is p* at least ; so that 

and hi = /?<— ^,>i. 

From any group such as A whose order is greater than p" take a 
reduced group A\ comprising all the elements of A whoso orders are 
not greater than jy*. Form a product 

of all these reduced groups and of those groups, such as (7, whose 
orders are not greater than p^. This reduced product contains all the 
elements whose number we seek, and no others. 

In fact, the order of a product of independent elements a, h ... c, of 
orders pr^ p^ .,. p^ , ia p% if a ia not less than /3 ... or y. For this is true 
of binary products (Art. 11), and therefore of a product of any number 
of independent elements. 

It follows that the product B contains only elements of order not 

exceeding p^. On the other hand, if any one of the elements excluded 

from B were present in any product, the order of that product would 

be greater than p*". 

Now, B contains 

hi groups of order p, 



» » JP > 



K^\ groups of order |)'^\ 



therefore the order of E, i.e, the number of elements in B, being the 
product of the orders of all its factors, is 

= j/^.p^...p^»"'^)^'Kp*'\ 
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In other words, the number of elements of A,B ,., C of order not 
exceeding ^Z* is a power of p whose index is 

= ^+2^+...H-(/i-l)Vi+M^ 
= A^ + All + ... +Aj^-i+Aj^ = K^i say. 

Note that hi = KiiB the number of all the simple factors. 

34. This giyos a mie for finding the values of h for a given un- 
decomposed group. Count the number of elements whose orders are 
not greater than p, p\ p* ... respectively. These numbers are powers 
of I? whose indices are K^ ^, K^,,,. The first differences, K^—K^.i, 
give the values of h^, and the second differences with changed sign, 

give the values of h^. 

For example, consider the group of all the totitives of 80. The 
totient of 80 is 32, so that each of the groups has some power of 2 for 
its order. By counting, we find that the numbers of elements whose 

orders are not greater than 1, 2, 4, 8, respectively, 

are 1, 8, 32, 32, 

therefore £r= 0, 3, 5, 5, 

A;= 3, 2, 0, 

A = 1, 2, 

Hence the group of totitives of 80 is a product of 3 simple inde- 
pendent groups {hi =s K^ssS) of which 1 is of order 2, and 2 are of 
order 4. 

Qroups of Totitives for different Moduli. (Arts. 35, 36.) 

35. There is another method of forming this framework of a group 
O which depends on the relations between simple groups of totitives 
of different moduli. 

Let A (1, a, a* ...) 

be a group of order p* of the totitives of ^n, where Z, m are relative 
primes. If we replace each of these elements by its residue to 
modulus Z, we obtain a group 

B (1, 6, V ...) 
of the totitives of L For, if a = b, mod. l^ 
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then a' = 6*', mod. {. 

Here b must be an element of order j/, where /3 = 0, 1, 2, ... or a. 
Similarly, we may derive a group 

0(1, c,c",.,.) 
of the totitives of m. 

We shall prove that at least one of the gronps B, is of ordei*/?*, 
the order of A, 

When Iff (f are given, the element a' is uniquely determined by the 
oongrnenceB 

a' = iaj-f 6' = my-^c"", mod. iw, 

since 2, m are prime to each other. 



Hence, if 


y ^ h% mod. I, 


and 


cT ^if, mod. tw, 


then 


a*" = a', mod. iw, 


and 


r = «, mod. !?•. 



In particular^ when X<a, only one of the congruences 

6^ = 1, mod. ly 

c** = 1, mod. w, 

can be satisfied ; for, taken together, they imply that a is of order p*". 
That is to say, if c is an element of order p^, b does not satisfy the 
congruence just written^ and therefore its order is higher than p*". 
And in the same way, if b is an element of order jp\ less than the 
order of a, c is of higher order than b. It follows that one of the 
elements b, c must be of order p* ; in other words, one of the groups 
By must be of the same order as A. 

36. A corollary to this theorem is that, if 

n = a', fe^ ... c% 

where a, 6, ... c are different primes, every simple group of totitives 
of n corresponds to a group of totitives of one of the factors a*, 6^ ... c% 
and is of the same order as this group. Since the order of the n-group 
is the product of the orders of the groups belonging to a*, &c., no 
groups are repeated or lost. Thus, if the totitives of a* consist of a 
product of simple independent groups 

AimAf»*» •"*> 
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the totitives of b^ :=^ Bi, B^ ,.,Bt, 

and the totitives of c^ = Oi . 0, ... CI, 

then the totitives of n 

^^ ill ilf ••• ^hBi ••• Jjk •#•••• (Ji .•• U| , 

where ili , for instance, is of the same order as A^ , bnt contains a differ- 
ent base determined by two congruences snch as the first pair given 
in Art. 35. 
A numerical example is given in Art. 44, post 

Enumeration of Oroupa which are Factors of 0, (Art. 37.) 

37. When the " framework " of a group decomposition has been 
determined, there is a very great variety in the ways of filling up. 
Any element of proper order may be taken as base of each simple 
group, subject to the single condition that all the bases must be in- 
dependent. When improper decompositions are admitted, the variety 
is enormously increased. 

Instead of considering the question from this point of view, it is 
convenient for our present purpose to indicate a method of obtaining, 
without omission, a table of all the groups which are factors of a 
given group. Since every group can be expressed as a product of 
simple independent groups, we have only to form a table of these ; 
and, to avoid repetitions, the table should indicate when a set of groups 
is independent. It is clear that we may consider the groups Qp 
separately. 

One way of making such a table will now be indicated. It depends 
upon the fact that two groups included in Op are, or are not, indepen- 
dent according as they have or have not in common a group of order 
p. Select any element of order |?, and enter its group in a line of the 
table. Similarly deal with one X)f the remaining elements of order p^ 
and so on until all these are exhausted. Each group is entered on a 
separate line. Taking any element of order p', form its group, and 
enter it on the same line as the p-group which it contains. The table 
is filled in this way with groups, every group on the same line as the 
group of order p which it contains. 

The table as it stands gives all the simple groups of Op, 

To form the binary products, we may take any group in one line, 
and multiply it by any group in another line. 

For products of three gronps the three lines must be independent, 
and this is secured if the groups of order p are independent. The 
like precaution is needed for products of more than three groups. 
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In this way, we get all the gronpa contained in Op ; bnt not with- 
ont repetition. If, for instance, we try to form the product of highest 
possible order, there are, in general, several ways of doing it ; but 
there is only one such product, vis. 0^ itself. In the comparatively 
simple cases I have tried, the trouble thus caused has not been very 
great. 

An example of such a table is given in Art. 46. 

Monohfuic Oroups, (Arts. 38 — 41.) 

38. A group consisting of a single element and its powers is called 
a moncbasic groupy and the element named is its base. By definition 
all simple groups are monobasic, but the converse is not true. For, 
if a, fr are any two elements whose orders a, /3 arc prime to each other, 
then a& is an element of order a/3 (Art. 8), and the product of the groups 

(1, a, a", ...) (1, 5, h\ ...) 

is a monobasic group, the base being ah. 

Hence, generally, if, in the notation of Art. 23, 

0=0p.0,...0r, 

and O^ O^ ,„ Or are all simple gronps, the group is monobasic. 

39. (Conversely, if a monobasic group be decomposed into groups 
0#» ^f» — 0„ each of these will be a simple group. For, if the order 
of Ohe p^ . Wf where t does not contain the prime p, there is an ele- 
ment a of G^ of order j>V. Therefore there is also an element, 
namely a', of order p^ ; and this is the base of the group Op which is 
also order p^. Op is therefore a simple group. 

40. Hence, if any one of the groups Op, (?,, ... Or is not simple, the 
group is not monobasic. In fact, if Op is the product of k simple 
independent groups, and no one of the groups Oq, ,„ Or is the product 
of more than k simple groups, then is A;-basic. 

41. It is an obvious corollary to the above that every group con- 
tained in a monobasic group is also monobasic. 

Basicity of complete Oroup of Totitives, (Art. 42.) 

42. If n=p* .q^ ... r', where p, q^.r are k different odd primes, 
the complete group of totitives of fi is Z;-basic. In the first place, each 
&ctor|f, g^, ... contributes a group to 0^, which is therefore at least 
h-hsmio. On the other hand, the group belonging to each factor 
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p% q'j ... is monobasio (Gauss, Disqu, Arithm,^ Art. 89) ; and the pro- 
duct of h such groups cannot be more than /(-basic. 

If n = 2*.2)*. g^ ... r% where, as before, |), g, .„ r are h different odd 
primes, the group of totitiyes of n is /(-basic, (ft + 1) -basic, or 
(ft+2)-basic according as 

X = l, =2, or >2. 

For Gauss shows (D. A., Art. 91) that the group of totitives of 2^ is 
dibasic, the bases being 6,-1. If, however, X=2, the group with base 
5 reduces to 1 ; and, if X = 1, both groups i*educe to 1. 

Notation of Qrowps. 

43. It is convenient to have a notation which will indicate both the 
base and the order of a simple group. For this purpose I write the 
order as an exponent, so that a group is in fact represented by that 
power of its base which is congruent to unity. H a group is not 
simple, it is represented as a product of simple groups. Clearly, any 
monobasic group can be denoted similarly. 

The actual value of the group symbol, considering it for the moment 
as a number, is Xn + 1, a unilinear function of n. Any every uni- 
linear function of n when separated into factors, which are then re- 
placed by their residues to modulus n, gives either a representation 
of a group of the totitives of n, or it expresses that the simple groups 
symbolised by it are not independent. It is, I think, suggestive that 
the group of the unilinear functions of n should be so intimately re- 
lated to the groups of the totitives of n. 

Exa/mple. (Ai^. 4Ai 6.) 

44. I conclude this section by applying some of the methods de- 
scribed to the group of totitives of 205. 

The factors of 205 are 41, 5. 

The totient of 41 is 40, and, since the group is monobasic, (r,, G^ 
must be simple groups. Thus the group of totitives of 41 is of the 
form a\ 6*. Similarly for 5, we have a simple group c*. 

Here the group for 205 is of the form 

a^ 6», c*. 

To determine the bases, we try the orders of different totitives, and 
find that 2 is of order 20, which gives at once the values of b (=2^), 
and c (= 2'). The element 3 is of order 8, and this may be taken for a. 



(L) (Tiii.) (iv.) ( 


viii.) (ii.) (viii.) (iv.) (viii.) 


13 9 


27 81 38 114 137 


32 96 83 


44 132 191 163 79 


204 a02 196 


178 124 167 91 68 


173 109 122 


161 73 14 42 126 
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Wriiiiig the groups at length, they are 

(1, 3, 9, 27, 81, 38, 114, 137)(1, 16, 61, 201, 141)(1, 32, 204, 173). 

45. Next, to determine the groups which are factors of 0. The 
only group to be examined is O^. To obtain all the elements in 0, 
I form a table of the product^ viz., 



(i.) 
(iv.) 

(ii.) 

(iv.) 

The Boman numerals at the top and left denote orders, the order of 
an element being the greater of the two orders (line-order and 
column-order) assigned to it. 

I note that this table is not merely a table of elements, bat also a 
table of simple groups. If, for example, we start from any element 
and gd*two places to the right, we come to element nine times the 
fiMt. If thence we go one place downwards, we i^ach the second cle- 
ment X 32, or the first element multiplied by 83. Hence a step, so 
many places to the right and so many places down, means multiplying 
the initial element by a certain number ; which number is at once 
determined by starting from 1. Hence, by repeating a step antil we 
come to the initial number, we get a group. Of course, the table may 
be conceived to be repeated in adjacent rectangles to allow of the 
steps being continued ; but, equally of course, the actual repetition of 
the table is unnecessary. In this way we can easily form all the 
simple groups in 67,. To form a jfroup of order 8, for instance, we 
start from 1 and make a step to any element of order 8 ; the con- 
tinued repetition of this step gives us the elements of the group. 

46. I now give the table of simple groups of (?, as described in 
Art. 37. Some modifications have been made. The line of 81' has 
been divided ; the groups in each line having a group of order 4 in 
common. The groups are not given in full, only the elements which 
would do for bases being named. Finally, the absolute minima are 
used instead of the minimum positive residues — 

(9, -91)*, (-3, -27, -38, 68)^ (3, 27,38, -68)», 

8P, 

.( -9, 91)*, (96, -44,-14, - 79)», (14, 79, -96,44)«, 

(-81)», (83,42)*, (-83,-42)*, 

(-!)•, (32, -32)*, (73, -73)*, 

VOL. XX. — NO. 348. 
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Here there are 13 simple groups. These may be combined with Gj, 
giving 13 more, and 0^ may be taken by itself. Altogether, then, 
there are 27 monobasic gronps of the totitives of 205. 

There are 8 dibasic gronps contained in 0^, Namely, 

of order 4, 81«.(-1)* 1 

8, (-1)".9*, (-1)>.83*, (-81)'.32* 3 

„ 16, (-l)^3^ (-'l)M4^ 32*. 9* 3 

„ 32, 3^32•(=G,) 1 

8 

8 more dibasic gronps are formed by combining 0^ with the 8 
already fonnd ; so that, in all, there are 16 dibasic gronps in 0. 

I note that a sjzygy such as 

81' . 83* = 81" . (-83)* = (-1)" . 83* = (-1)' (-83)*, 
is at once recognized on writing ont one of the products. For example, 

(-1)«.83*= 1, 83,-81, 42, 

-1, -83, 81, -42. 

Now this is the same as 81' . 83* (say), for it includes both the bases 
81, 83, and is of the right order ; it is not equivalent to (—81)' . 32\ 
for it does not include the base 82. 

[47. I have to thank Professor Cayley for the suggestion that " a 
preferable mode of treatment might be by means of the decomposi- 
tion of the n^ roots into factors depending on the prime factors of n 
thus, in the example (Beuschle, p. 385, n = 91), writing r = aj3, 
a^ = 1, /3" = 1, the period of 24 terms is 

(1, 6)(1, 8, 12, 5), read (a-fa«)(/3-f/?+i3"+/3^) 
-f(3,4)(6,9, 7,4) -f&c&c., 

+ (2,5)(10,2,3,11), 

formed by means of 3 a prime root of 7, and 6 a prime root of 13." 

The necessity of attending to the point raised by Prof. Cayley was 
forced upon me as soon as I began to apply the theory ; and, following 
the lines of Arts. 35, 36, 1 considered in connection with any group 
0, of totitives of n groups derived by substituting for each element 
o£ O ita residue with respect to a factor of n. For instance, the 
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gronp of indioes of the 24-tenn period qnoted from Benschle is 

(1, 27)(1, 8, 64, 57)(1, 74, 16), n = 91. 

The derived groups are 

(1,6)(1,1,1,1)(1,4,2), mod. 7, 

(1,1)(1,8,12,5)(1, 9,8), mod. 13, 

and the nse of these is substantially equivalent to the introduction of 
o, /3, where a^ = 1, /S" = 1. 

48. I should like to state here a theorem which 1 had not obtained 
when this paper was read. The group (0) of all the totitives of n 
can be decomposed, in one way only, into groups, so that each factor 
group corresponds to one only of the prime or prime power factors 
of It. In &ct, if n = |>* . P, where 2> is a prime not contained in P, 
the group corresponding to|f consists of the i>*— j>*~^ totitives of n, 
included in the formula 

XP+l, X = 0, 1, 2, ... p--l. 

This group is further decomposable, and generally in ono way only, 
into simple groups. In the exceptional case (viz., wheni? = 2, a >2) 
the group is dibasic, and the decomposition becomes determinate if 
we take the two bases to be = — 1, 6 (mod. 2*) respectively. When 
O is decomposed into simple groups in this way, every group cor- 
responds to one, and only one, of the prime factors of the totient of n 
For example, n=91 ; the group is 27* . 53* . 8* . 22', where 22* means 
the group 22, 22*, 22* (= 1), mod. 91, 

n=:96, G=31^37^65^ 

n = 205, G = 42M6\96^ 

Jan., 1889.] 

Section n. Periods of the n^ roots of unity. 
1. The n^ roots of unity are defined by the equation 

and include every power of x. If x satisfies any equation of the 
same form and of lowest possible degree 

«^ = 1, 

we shall, in analogy with the nomenclature of the preceding section 
(I., 6), call it a root of order d. The primitive n^ roots will thus be 

2 
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roots of order n. It is known that, given a root, x, of order n, all the 
roots are expressible as powers of x ; and in particular all the roots 
of the n^ order are the powers of x whose indices are totitives of n, 

2. The roots of order n may be arranged in sets, which will be 
called periods^ if the following conditions are satisfied : — 

1. Each period consists of a snm of roots of order n. 

2. In the whole system of periods each root of order n occars 
once and only once. 

3. Every symmetric function of the periods is a symmetric 
function of the roots. 

The period which contains x in the first power will be called the 
leading period. 

3. The third property of periods requires that the interchange of 
any pair of roots should either interchange some of the periods, or 
not change them at all. Suppose, then, that the leading period, which 
contains x, also contains sf and x^. If x be changed into ic", the leading 
period is changed into itself (for no other period contains the root x*"). 
Now a?*, of become aj*", x^ respectively. Hence, if a, 6 be any two of 
the indices of the leading period, a\ ah are also included among these 
indices. It follows, therefore, that the indices of the leading period 
form a group of the totitives cA n. 

4. Next, suppose that a is a totitive not included in the indices of 
the leading period. Then the change of x into x*' changes the loading 
period into one of the other periods. The indices of this other period 

are a, aa, a&, ..., 

and, as in (I., 16), these are all different from each other and from the 
indices of the leading period. 

5. It is an immediate consequence that every period in the system 
has the same number of terms ; a number which, following the 
notation of Gauss, will be denoted by /. The number of periods, on 
the same authority, is called e. And it follows that 

e ./ = rn. 

6. Conversely, when the indices of the one set of roots form a 
group, and the indices of the other sets are derived from those of the 
leading set by multiplication as in (I., IG), these sets are periods. It 
is only needful to prove that the sets have the third property of periods, 
for the other two are already assured. Now, if we change any 
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primitiYe root af into another, a^, the change is equivalent to 
replacing » by 0*, where e is nniqnely determined by the oongrnence 

oe = &, mod. n. 

This 18 equivalent to multiplying every index by the totitive c, and, as 
remarked in (I., 17), the system of a group and its multiples is not 
altered. The interohange, therefore, of any two of the roots does not 
alter the value of any symmetric function of the sets of roots. These 
sets are therefore periods. 

7. If n is a prime, the totitives of n form a monobasic group ; so 
that the indices of the leading period, being a group of the totitives 
of ft, also form a monobasic group. Also, when / is prime, the indices 
of the leading period form a group which is necessarily monobasic, 
since its order is prime. 

8. If the indices of a leading period be multiplied by a number 
which is not prime to n, we obtain the indices of what may be called 
an imprimitive period. The number of different roots in an impri- 
mitive period is a factor of / (including / itself and 1 as extreme 
cases), so that each root, in effect, is multiplied by an integer, the 
same for all. 

9. The f andamental properties of periods are— 

(1) They are roots of an equation, in which the coefficient of 
the highest power of 17 is unity and all the other coefficients 
are integers. 

(2) This equation is irreducible. 

(3) The product of any two periods, including as a particular 
case the square of any period, is expressible as a linear function 
with integral coefficients of the primitive and imprimitive 
periods. 

10. We proceed to show that these properties are true of periods 
as above defined. The proofs are precisely the same as the proofs 
given in the text books (for instance, Bachmann*s Kreistheilimgy which 
I follow) for the special case of monobasic periods. 

11. The proof of the first property depends on the fact that the 
primitive roots themselves satisfy an equation of the kind specified 
Hence every rational integral synmietric function of these roots is an 
integer ; therefore every such symmetric function of the periods is 
an integer ; and therefore the periods are roots of an equation the 
coefficient of the highest term in which is unity, while all the other 
coefficients are integers. 
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12. The proof tliat the equation in qnestion is irreducible is likewise 
based on the fact that the equation Fx = 0, whose roots are the 
primitive roots of unity, is irreducible. For, let /ly = be the equation 
satisfied by the periods, and suppose that fy contains a rational factor 
gri. The equation ^17 = must therefore be satisfied by some of the 
periods 17. Replacing 17 by its expression in terms of the roots, the 
equation grj becomes an equation in a;, which has one, and therefore 
all its roots in common with the irreducible equation Fx = 0. Hence 
gri is not alPected by any transposition of the roots Xy and therefore it 
is not changed when any period of the set considered is replaced by 
any other period. Thus, either ^17 = must be an equation satisfied 
by all the periods or by none of the periods, which is tantamount to 
saying that/v; is irreducible ; or some at least of the periods must be 
equal. In the latter case it can be shown that all the periods must 
vanish; so that the cyclotomic function /17 reduces to a single 
term ly*. 

13. To prove the third property, consider the product of the two 
periods whose indices are 

1, d, 6 ... Cj 

a, aa, ab, ... , ac, 
respectively. This product is 

i7ii7.= (aJ-|-af-faJ*+...+af)(aj»+aj~'-f «^-f ...-f«^) 

and consists of /' terms. It is to be shown that these make up 
/./-nomial periods included in the set derived from 171. In fact, if we 
multiply any one term, say x, of the period rj^ into all the terms of the 
period 17^, we shall obtain one term for each of the / periods in the 
product. For example, we have 

and I say that the period whose indices are. 

1+aa, a(l-faa), & (1-f aa) ... c (1-f aa) 
is contained in the product 171 i/a* For 

a^ c?j ah, ... ac 
are contained in the group of indices (1, a, b, ... c), 

therefore aa, aa', aa5, ... aoc 

are contained in the indices of the period 17^. 
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Henoe we have 

These periods are not always primitiye periods nor all difEerent. 

Historical Note, 

14. Ganss, in his Disquisitiones Arithmeticae, Arts. 46, 343, starts with 
the consideration of a geometric series, and is therefore led to mono- 
basic periods. These are indeed the only periods that can occur in 
the cases considered by Ganss, viz., when n is a prime nnmber. Bnt 
when the case of n, a composite nnmber, was investigated by Knmmer, 
the monobasic period seems to have been regarded as the only period. 
For instance, in Benschle's Tafeki (1875), which are based npon 
Knmmer's theory, all periods except monobasic periods are expressly 
excluded. For example, on page 885, there is an '* Anmerkung zu 
n = 91. Es gibt hier Summen von 24 Wurzeln welche cine 
eigenthiimlicbe Bedeutung haben, ohne Perioden zu sein, und der 
wirklicben Berechnung der Gongruenzwurzeln bin und wieder zu 
Ch-unde liegen, namlicb," .... and then he gives the periods derived 
fipom the dibasic groups 27'. 8* . 16' and 27' . 8* . 9», which he gives at 
length. He also gives the corresponding cycle tomic functions 

^»-„«-30,, + 64, „»-,,«-30ij-27. 
He alludes to such aggregates of roots in connection with 

n = 24, 40, 48, 56, 60, 84, 88, 91, 105 ; 

but the enumeration is not, and probably was not meant to be 
complete. 

15. The only reference I have found to periods other than mono- 
basic periods is in an Excursus of Prof. Sylvester '* On the Divisors 
of Cyclotomic Functions," (American Journal of Mathematics, vol. ii.). 
He gives some periods which are not monobasic, for instance (p. 378) 
the period whose indices are 1, 8, 13, 20 for n = 21. And on page 
380 (top) he expressly draws attention to the fact that the indices of 
his period need not necessarily include any primitive root. But the 
theory of the periods is not given, and 1 have met with no further 
statement on the subject. It was the attempt to reconcile Professor 
Sylvester's remark with the usual theory of periods that led to the 
research now communicated. 
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On the Equilibrium of a Thin Elastic Spherical Bowl 

By A. E. H. Love, B.A. 

l£ead Dee. nth, 1888.] 

1. In a recent paper {Phil, Trans,, 1888) I have considered the 
deformation of a thin elastic shell, and have obtained the general 
equations of motion and equilibrium, under any system of applied 
forces and edge-tractions, subject to the condition that the displace- 
ment of any point of the shell is always small. In the present com- 
munication, the theoiy there developed is applied to some cases of the 
equilibrium of a spherical bowl.* 

In the paper referred to, it was shown that the potential energy of 
deformation of the shell consisted of two terms, one depending on 
functions ^i ^|, v defining the stretching of the middle-surface, and 
the other depending on functions k^, X^, jcj defining the bending of the 
middle-surface. Of these the first is proportional to the thickness of 
the shell, and the second is proportional to the cube of the thickness. 
It was shown to be inadmissible to suppose the middle-surface un- 
stretched, because the boundary conditions cannot then be satisfied ; 
and it then appeared that, in case the boundary conditions can be 
satisfied, it is legitimate to neglect the term of the potential energy 
depending on the bending as unimportant compared with the term 
depending on the stretching. It is only for certain distributions of 
bodily force and edge-traction that the boundary conditions can be 
satisfied. These will be the cases here treated. I may remark that 
the problems solved are of comparatively little physical interest, 
but I think the differential equations whose solution is obtained 
justify me in bringing the results before the society. 

The bodily forces acting on any line- element of the shell, which is 
normal to its middle-surface, can be reduced to a force and a couple 
at the point in which the element meets the middle-surface. The 

* In Lord Rayleigh'fl paper on the '' Bending of Surfaces of Revolution " {Pro- 
eeedingB, Vol. xiii^, a different theory of the behaviour of a strained elastic shell is 
advanced. Lord Kayleigh has also extended his method to the case of cylindrical 
shells, in a paper read before Uie Boyal Society^ in December, 1888. I have dis- 
cussed Lord Kayleigh's method of procedure in my paper on the '' Small Free 
Vibrations and Deformation of a Thin Elastic Shell/' in the PAt/. Trwi»,, 1888. I 
do not regard the question as yet settled, nor do I think the present occasion 
approprii& for its uscossion. 
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components of the force along the lines of cnrvatnre and the normal 
are taken to be X, Y, Z, the components of the couple abont the lines 
of curvature are taken ix)he L, M, These are estimated per unit of 
area of the middle-surface. 

In like manner, the edge-tractions can be reduced to a force whose 
components along the lines of curvature and the normal are A, B, 0, 
and a couple whose components about the lines of curvature are Uj V, 
These are estimated per unit of length of the curve in which the 
middle-surface cuts the edge. 

There is no couple about the normal, because all the forces com- 
pounded meet it. 

It appears from the boundary conditions given in the paper referred 
to, viz., equations (33), (34), (35), on pp. 519 and 520, that the last 
two of these contain only terms depending on the bending, and on the 
force- and couple-components 0, U, F, X, M; and we may therefore 
neglect the terms depending on the bending, and form approximate 
equations of equilibrium depending on the stretching only, if the 
quantities (7, Z7, F, L, M all vanish. 

This is the case when the bodily-forces and edge-tractions, acting 
on a line of the shell drawn normal to its middle-surface, have no 
moments about any line in the middle-surface, and when there is no 
edge-traction along the normal to the middle-surface. 

2. In the equations obtained in the paper referred to, the displace- 
ment of a point on the middle-surface is estimated by its components 
along the lines of curvature and the normal. We suppose the lines 
of curvature to be drawn, and to be given by parameters a, /3 ; we 
further suppose a system of orthogonal surfaces constructed of which 
the middle-surface is one, and the lines of curvature are its intersec- 
tions with the other two co-orthogonal families of surfaces. The 
parameters of the three families of surfaces are a, /3, y, and y = const, 
is the equation of the middle-surface. Writing 



^■=(t)'*iky<i)'' 



3y- 

the element of length is 

(«fa/A.)*+W/ft,)'+(dy/A.)'. 
The principal radii of onrratore of the normal sections throngh da, 
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and dfitaepifPf, where 



The displacement of any point of the middle-snrface is taken to be 
u along fi = const., v along a = const., w along the normal outwards. 

The extensions of the line-elements initiallj lying along the lines 
of carratnre are ^„ ^„ where 






(1). 



and the shear of these two line-elements is tf, where 



"H'^-'^tl*^"' 



(2). 



The equations of equilibrium become, by the omission of the 
oonples X, If, and of the terms depending on the bending, 



*,*,+ 



L 3j3l A, m+n ' m+n V 3 



Z . g 7 r 1 / ^^ a^JUlIIHL \ 
hihi Lpi Vm+n * m-fn '/ 



1 / 2m ^ w— n ^\1 2 _Q 



(3), 



where 2& is the thickness of the shell, and m, n are constants of 
elasticity, viz., n is the rigidity and m = ^+in, where /; is the re- 
sistance to compression. 
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The boundary conditions become 

V W. 

L \m+n m+n / J 

where X and /i are the cosines of the angles which the normal to the 
edge, drawn on the middle-surface and outwards from the edge, makes 
with the lines of curvature j3 = const, and a = const, at the edge. 

3. I propose to apply these equations to the equilibrium of a thin 
spherical bowl bounded by a small circle. The poles of the small 
circle define a system of meridians 6 = const., and the parallel small 
circles a system of parallels ^ = const., and these are lines of curva- 
ture, so that we may take 

a = a, ^ = 0, y = *•, 

where r is the radius of the sphere concentric with the middle-surface 
and passing through any point, aud r = a is the equation of the 
middle-surface. The values of A, /i at the edge are X = 1, ^ = 0. 

In this case, we have 

1/A, = r, l/^=rsina, l/A, = 1 1 

Pi = »» f>s = a 3 

1 du , ti; 

fl^i = — 5- + — 

a 00 a 

_ 1 ^V . U ^.g. . iff I 

flr, = — r-s5-H COtan y /gN. 

^_l3t?, 1 du V , a 

AT = — ^ + r-T. X cot a 

a Q$ a sm Q^ a 
and, if we write for shortness, 

a*Z/2nA = jr, a*Y/2nh=zT, a*Z/2nh:=Z' (7), 

equations (8) become 

X+|j+cot6^+-As |l+t.(l-cot«a)^2c^ ^ 

, 3m— » 9 r9u , X n I 1 3t> . ft 1 
wH-n ddLde sinO 3^ J ^ "^^ 
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do sin* a a^> 



9^ 



3m— n 



T — ^-z 5-U:,+«*cota+-T-T r-+2uf =0 (9), 

+n sinO df Ldo am 6 9^ J 

jy«2?5^r^+«ootfl+-Ar|^+2ii;1==0 (10). 

Hence « and v mnst be foHnd from the equations 



+ OOt0 5-+-T-j-r ^- +tt(l-COt'a) r-r^ ^5-- 

3© Sin' 6 3^' sin' 6 9^ 



dd* 



.aBv , 1 3't; , /, ^ i.j/iv , 2co8fl 3i4 

V ^ 2 8in« 3^/ 
and then to is determined by (10). 



89* 



...(11). 



4. To solve these equations, we suppose u oc cos s^, vcc sin 0^, 
where « is an integer, then (11) become 

^ +cota ~ +u {2-(H-fi') cosec'a} -2«; oottf . oosec 



30* 



30 



=-{^^»f) 



. ...(12). 



^+cota ^ + t;f2-(H-5')cosec'a]-2«t*cotacoseca 

36" 3a ^ ^ 

= -(r+icoBece|') 

Putting tt-f V = yj, u — t; = y„ 

(13); 



do 

these become 

^ +oote^^ +tyi r2-(H-«») cosec'tfl - 2*cosecacotayi = Y^ 
dOr dO *- 

^ +cot e ^ +y, [2-(H-«») coserfO] + 25Coseca cotay, = Y, 



cW 



da 



(14). 
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5. We can solve these equations completely when we know a 
particular integral of eacli of the equations derived from them, by 
making F^, F, zero. 

Now, from the way in which the equations were formed, it is plain 
that one particular solution of the system will be derived by putting 
flTp flr,, «r = 0. Hence, to find a particular solution for u and v, 

we have ^r- +w = 

dd 

^ |£-fw+i*cota = Ol (15), 



sind d^ 

1 ^Ji + ^^^oote^o 



(16), 



sin6 d^ dd 
the equations of inextensibility. 

From these A ( JL) + sina|- (-?-)= 

dip ^ainO' od ^sin0^ 

|.f-i!-)-Bina^(-ii-)=0 

3^ Vsina/ 9a Vsina/ 

so that u oosec and v cosec $ are conjugate solutions of the equation 

|^ + sina|.(sina|?) = (17); 

hence particular solutions are 

tt = sin 6 tan' |d cos ^, u = sin cot' ^0 cos f^,* 
V = sin tan' |6 sin 6^, t; = sintfcof ^sin 



We may show that sin tan' ^6 is a particular integral of the 
equation for y^ when F^ = 0, and sin cot' |0 is a particular integral 
of the equation for y^ when Y, = 0. 



Writing tio = sin 6 tan' 1$ 






(18), 



and Vq = sin 6 cot 2 

we have, by equation (17), for u^ and t;^, 

dS C 9tf VsmO/ ) sm6 

Hence -^^ +f*^ = cot 6 3-^ +u^ («* cosec' 6— cot^ 6), 

* cy. Lord Rayleigh <* On the Infinitesimal Bending of Sorfiicee of Bevolutioo," 
'Fto€9€dingtf Vol; xin. 
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also j^ = «^oot6+|««o8eo' J6 cotid = ti^(«+cosO)co8ecO; 
ao 

^^ ^ +^0 = cot e^ + vo (fi'cosec'a-cjot'O), 

also ^= t7oCot6^i«VoCOBec*^0tan|d = t;o(co8d--5)co8ec6; 
thus :^+cx)tO^ 

= «,[-l-coi? 6+5*00800*6+2 cot'0+2« cot a ooBOca], 

and 4!Si+oota'^^ 

cJ6* (W 

= ro[-l-oot'e+«* 00800*6+2 cot* 6-25 cot a cosece], 

coinciding with (14). 
We can hence deduce the general solutions for ^p y,. 

6. Let ffi = yu^ 

Writing y for -^, and multipljing by w^, we have 

-^ — (8in6v')+ — (2sinat/'ttJ^= T, tt^. 
sineda^ ^^ sine^ ^ '^ (id ^ * 

Put cos 6 = ft, then this is 



|.(t*j8ineyO = -yi«o, 



80 that «*J sin*a^ = J YiU^BinOde+Bl 

Hence integrating. 

In like manner, writing y^ = zv^ we find 

In these solutions ili, il„ JSI, ^ are arbitrary constants. 
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Now to find the integrals 

J ttj'* cosec BdO, J vj* cosec dd, 
put log tan \d = «, 

then I coi^\e cosec* 6 dO = — J coseo* 600^16(^(008 6) 

= J e""* cosh* zd (tanh z) 
= Je'**"cosh*»d« 

= -icot^ie[l + -i^cot40+^tan4e] (21). 

In like manner 

f tan'-IOcoseo'a da = itan^-^a [— + -^ tan* |a+ -^ cot^s] 

(22). 

Thus 

yi = A^ sin tan* ^6 + B, sin 6 cof.^e [— + -i- cot'^e + -i- tan' \e\ 
4-sin a tan* ^6 J {cosec* cot^'ia J (F, sin' 6 tan- Jtf) da} eW ... (22), 

y, = ^ sin acof i6+B, sine tan* ia [— + -i-tan^aH- -i- cotH^l 

H-sinacofiaJ{cosec«atan»'iaJ(r,8in'acof ia)da}da (23). 

This is the complete solution of the sjsteiH of differential 
equations (14) in the general case. 

7. When « = 0, or « = 1, we get failing cases, 
(i.) When « = 0, the equations for y^, y^ are 

^ 7cot a ^ + (2-cosec« a) y, = Y, 



de^ dO 



^ +cot a ^ + (2-cosec« a) y, = Y, 

and sin a is a particular integral when Fi, 7, are zero. 

Thus, proceeding as before, we obtain 

yi =sina [^1+jB; Jcose<^a(WH-J{coseo'aJri8in*ada}da], 

and a similar expression for y,. 



(24), 
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Hence 

yi=^iSinaH-Bi(cote— sinaiogtanie)-fsin0j(coBec»0jr,8iii«tf£?a](Z(?'^ 

y,=^,8m6+J5,(cottf-8inSlog tan id) + siii6|{cosec»dJr,8in*(? (Z6](io3 

(25). 

In tbi8 case we conld find w, v immediately from (12), putting 

— - = on aocoant of the symmetry. 

Thus, or by (25), we obtain 
1* = ill sin 6 + jBj (cot e— sin log tan \Q) 

+ sinef[cosec»6f-8in«e^r-hA^')^}^«j 

^^ • • • \"'^/* 

*t> = J, sin d-\-B^ (cot 6— sin 6 log tan \d) 

+ sin e f (cosoc* [ -sin* Q TdO] d$ 
(ii.) Wben a = 1, we write /i for cos 6, and the equations become 

I" >* ** ■ (27). 



^[(i-/,&]*2„(,-J=^,) = r.; 



An integral of the first is 

y^ = l—fj. = 1— cosO = 2 sin* ^0, when Y, = 0, 
BO y, = 1 -f-/i = 1 + C0S tf = 2cos* |tf, when Tj = 0. 

Hence the complete primitives 

yi = 2 sin' ^6 [-ki' + ^I J cosec d cosec* j0cW] 

+ 2 sin* Jf? J { cosec cosec* 1 J fj sin sin* i^ i0 } dO, 

y, = 2 cos* ^6 [J2+^2jcoBec0 sec^i^dO] 

+ 2 cos* ^0 J (cosec sec* ^0 J Y, sin cos* ^0 de}de. 
Observing that 

2-COS0 



1 



cosec cosec* ^Odd = log tan |0— 



(1-costf)*' 
2+COS0 

(1+COS0)*' 
VOL. XX. — NO. 349. H ^* 



cosec 6 sec* |0 cZ0 = log tan \d -f- 
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we see that these may be written 

y, = ^1 (1 - cos 0) -h^i [2 sin* {d log tan ifl- ^"""^^^^ l 

L 1 — cos a J 

-f-2 8in«iOj {cosececosec*-itfJrisin0sin4O(ZO}dd (28), 

y , = ^ (l-f cos 6) 4- J?, [2 cos'ifi log tan ^0 -f fi^^5?^f 

L 1 + cos o. 

+2cos40j{cosecesec*i(?jrssinecos*^6(26} dd (29). 

By equations (22) and (23), (25), and (28) and (29), we have 1/1, 2/3 
in all cases ; u and v are then to be found from 

and w is given by equation (10). 

To satisfy the bonndary conditions, we shall require to know <Tj, 0"^, tsr. 
These are to be calculated from the values found for u, v, w by means 
of equations (6). 

On substituting in the boundary conditions (4), we shall be able to 
determine the arbitrary constants. 

8. We proceed to consider some examples. 

Example I. — A spherical bowl, bounded by the horizontal plane 
=: a, is acted on by a normal pressure on its middle-surface every- 
where proportional to ibe depth below the bounding plane, and is 
supported by forces app'*ed to the edge in the directions of the tan- 
gents to the meridians on the middle-surface : it is required to find 
the displacement. 

This is the case of a bowl filled with liquid, since the state of strain 
in an element of the bowl, produced by surface tractions applied to its 
curved surface, is the same as when corresponding bodily forces are 
applied to its middle-surface.* 

In this problem 

X = 0, r = 0, Z'^G, (cos ^-cos a), 

where C^ = gp'a*/2nh 

in the case of a fluid of density p'. 



* The method hy which M. Boussinesq has proved this result for plates holds 
equally for thin shells, see Liouyille*s Journal de Math., 1871. 
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Since all tlie conditions are symmetrical with respect to the axis, 
V is zero, and u and w are independent of ^, and the proper solution 
is (25). Hence, observing that 

J (cosec* 6 J sin* 6 dO] dO =: ^ cosec' t^-log sin 6, 

we find 

u = A' sin 6+ V (cot 6— sin B log tan^tf) + i^(7i (cosectf — sin 6 logsin B). 

To make this finite when = 0, we mnst take 

thns we have for the tangential displacement 

t« = ^'sintf-fi(7i [tan|e-sintflog(l + cosd)] (30). 

By (10) we find for the radial displacement 
w = — ^'costf+^(7i [costflog(l + costf)— H-tJcos^] 



7?l + » 

Hence 
aa 



+ j??L+»(7(co8tf-cosa) (31). 

m— ?i 



om — n 1+cosa 

— i:^?L±^rr /^«/.«/3 «^« \_i_ 1 n ( 2-f cos g)(l — cos^) 

om — n li-cosa 

Hence af^,+ ?^^,) = ,u !?-H.^ g^ (24-co8 a)(l-co s_cO ^g^^ 

\ 2w V *^ 2m * l+costt ^ ' 

when = a. 

Seeing that nr vanishes identically, the second of the boundary con- 
ditions (4) is satisfied identically, and the first gives for the edge- 
traction that must be applied to the bowl 

i4 = 2 A -^— -L- "^I^— n (2 + cos q)(l— cos n) 
w-fn 12a 2m * 1-hcosa 

_ 471^ p (2 -h cos g) ( 1 — c os a) 
12a * 1-fcosa 

and this is A = \gpdf (2±cos "Klj-cosa) ^33^ 

1 + COS a 

in case the bowl is subject to fiuid pressure. 

H 2 
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It is easy to verify that the resultant upwards traction is equal to 
tlie weight of the liquid, for this resultant is 

, / o (2-f cosa)(l— cosa) /o • \ • 
■^gp a: ^ — ^ ^ (zira sin a) sin a, 

1 -h cos a 

or iS^pVa' (2 -f cos a) (1 —cos a)', 

which is right. 

The terms in A' represent a rigid-body displacement. The rim to 
which the supporting force is applied may be supposed to suffer no 
tangential displacement ; in this case u vanishes when = a, and we 
determine A' by the equation 

-4' sin a = 2^-- [sina log (l + cos a)— tan |a] ; 

and the displacements at any point are 

w = 2|-- [[log(l + cosa)-^sec'|a] sintf 

-[sintflog(l-hcosO)-tan|tf]} (34) 

along the meridian, and 

w = 2^-y {— [log (1 +COB a) — I sec'|a] cos 6 

-h [cos e log (1 +COS S) — 1 -f I cos 0] } 



/«» 



._m±n gpa (o^g^j.^osa) (35) 

m—n onh 



aloncr the normal. 



In the particular case of a hemisphere supported by a uniformly 
stretched vertical membrane in the form of a cylinder, wo find that 
the vertical displacement of the lowest point is 

fl^p'tt' [-flog 2—^ (m-fn)/(w— n)]/4wA, 
and the tension of the membrane is 

Example II, — A bowl supported in the same way as before is 
deflected by its own weight. 

In this problem 

X = '-2gph sin tf, F = 0, Z = 2gph cos 0, 

X-hi ~ = --Zgph a^mx e/2nh = -igpa" sin O/n. 
od 
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Writing this —■ JrOiSin 6, for shortness, we have, jnst as before, 

tt= i4'8mtf+iai[tanitf-log(H-costf)] 

w== -il'cos tf+i Cj [cos e log (1+cos 6) -i+cos 6] 

m 

+ J- — 2— ii^-— cos^ 

where the last term comes from the Z' term in equation (10). 

Hence aa, = ^ ^"^^ 2£^'co8 tf-h ^ (2-hco8^)(l-co8g) 
^ *3m— n n 12 l4-cos0 



(30) 



a^ = 1 ^^^ 2££^ cos e- ^ (24-cos^)(l-cosg) 
' 3m-n n 12 l+cos^ 

Thns 

af(r,+ '!^A=:i^aP^cos6-^^,V}p: (2-f cosg)(l^cosg) 
V * 2m V * 2m n 12 2m l-fcos^ 

Now the boundary condition gives for the edge-traction 

, , , (2 -I- COS a) (1— cos a) , ^ 
= gp ah cos a -{-go ah - — ■ — - — ^ ^ when ^ = a, 

1+COStt 

m 

or il = 2<7pa^/(l+cosa) (37). 

The resultant upwards traction is 



2gpah 



2t a sin^ a 



1+cosa 
= 2h . 2ira* (1 — cos a) gp 
= weight of shell, as it should be. 

Example III. — If we change the sign of g, the above analysis 
applies to the case of a hemispherical bowl, resting with its vertex 
upwards on a smooth honzontal plane. 

We have to put t* = when ^ = ^tt ; thus 

A' = ga^p/27if 
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and the displacements are 

^cosd-2^ 
2n 2n 

.2 



w = -^ COS 0- ^ [cos tf log (1 + COS tf)-l + ^ COS 6] 



qa p m-\-n ^ 

— ^— -^ cos d 

4n ovn — n 

u = ^|'^8ind-^[tani^-sindlog(H-cosO)] 



..(38). 



2n 2h 

Hence, if 2h be the thickness, the deflection at the vertex is 

[i + log2 + i (tn + n)/(3m-n)] WjSwnh (39), 

where W is the weight of the bowl. 



A Method of Transformation with the aid if Congruences of a 

Particular Type, By J. Brill, M.A. 

[Read Dec. 13M, 1888.] 

1. Suppose that we have a family (A) of surfaces. The orthogonal 
trajectories of this family will form a congruence (a) of curves. On 
one of the surfaces belonging to the family (A) draw a family of 
lines. The curves of the congruence (o) that meet each of these 
lines will form a surface ; and the curves of the congruence (a) that 
meet all of these lines will form a family (B) of surfaces, which is 
such that the members of it intersect orthogonally the members of 
the family (A). The curves of intersection of the members of the 
family (A) with those of the family (B) will form a congruence (c). 
This congruence will possess the property that it is possible to draw 
within it* two families of surfaces, viz. the families (A) and (B), 
such that the members of the one intersect the members of the other 
orthogonally. Further, since the family of lines drawn on the selected 
surface of the family (A) are altogether arbitrary, it is evident that 
they may be chosen so that at least one other selected property may 
- belong to the congruence. It is, however, conceivable that cases may 

flik expression it ia intended that each surface is the locus of some singly 
' %A the curves of the congruence in question. 
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arise in -whicli one other property may be selected, the choice of 
which property may not be altogether arbitrary. 

2. We will take a and )3, the pai'ameters of the families (A) and 
(B)^ as the coordinates of the curves of the congruence (c). Then 
we have the three equations 






Sx 9j5 9^ dy dz Sz 



2 ^ 



1.2 



= 



(I). 



We proceed to discover what conditions must be satisfied by the 
families (A) and (B) in order that, if any family (C) of surfaces be 
drawn within the congruence, it may be always possible to draw 
another family (D) within the congruence, such that the members of 
it intersect orthogonally those of the family (C). 

Suppose that i and 17 are the parameters of the families (C) and 
(D). We have the equations 



(II.). 



(ir^(|)"-(i)'=^- 

9£95,9i9i79£95_Q 

Ox ox oy oy oz oz 

If -we substitute for 9f /9a', &c., their values in terms of 9£/9a and 
d£/d/3, and make use of equations (I.), we easily deduce 

';(!)■+': (|)"=M (nu 

j2^l 9»7 ,29{ 9i/ _^ 

If we are given that 4 =/(a, /3), and if we substitute the al of 
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34/ 9a and di/dft given by this in the third of equations (HI), wo 
see that this equation will enable us to determine ?; as a function of a 
and /3, provided that Jc^/k^ is expressible as a function of a 
and fi. 

The geometrical interpretation of this condition is easy. Draw two 
consecutive surfaces belonging to each of the families (A) and (B). 
These will enclose a space or filament whoso normal sections at all 
points of its length are rectangles having their sides in a constant 
ratio. It follows, when this condition is satisfied, that any two sur- 
faces drawn within the congi*uence cut at a constant angle all along 
their line of intersection. 

The above reasoning, of course, breaks down for points on the focal 
surface of the congruence. 

3. The simplest case of a congruence belonging to the type dis- 
cussed in the preceding article, is that of one consisting of parallel 
straight lines. 

A series of cases may be produced in the following manner. In a 
given plane draw a family of parallel curves, and with these curves 
for bases draw a family of cylinders having their generators at right 
angles to the given plane. The intersections of these cylinders with 
a family of planes parallel to the given one, will constitute a con- 
gruence of the type we are considering. The simplest case of this 
series is that of the parallel sti-aight lines mentioned above. The 
next in order of simplicity is that of a congruence of circles having 
their centres disposed along an axis and their planes at right angles 
to that axis. 

A second series of cases may be obtained by drawing a family of 
parallel curves on a sphere, and through them drawing a family of 
cones having the centre of the sphere for vertex. If we cut these 
cones by a family of spheres concentric with the given one, the inter- 
sections will constitute a congruence of the required type. 

A third series of cases may be obtained by drawing a family of 
plane curves possessing the property that, if we draw a normal at 
any point of one of them, the length of the portion of this normal 
intercepted between the curve and its consecutive is proportional to 
the distance of the point from a fixed straight line. If we revolve 
this figure about the fixed straight line, the congruence formed by 
the curves in their consecutive positions will be of the type in 
question. 

Wo are not concerned with the question as to whether it is always 
possible to obtain a congruence of the type in question contaiuiug a 
given family of surfaces, nor with the problem of discovering the 
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said congraences in cases where it is possible. It is sufficient for our 
present purpose to know that examples of this type of congruence 
do exist. 

4. Since Icjk^ is expressible as a function of a and /3, it is evident 
from equations (III.) that hj\ may be also so expressed. From the 
same equations we easily deduce 

'3a_ '3/3 I '\hJ *\dfl) ] _.,_;,. 



fc.H? 



a/3 '3a l'\dJ^'W^ 



Thus we should have either 

h,lc,% = lHlA and Kh,^±=-Kh?^-, 
da d/3 Ofl Oa 

or hK J^ = " ^i^i ^^ ^^^ Kh^ = K^^- 

Oa op d/3 da 

These two forma are virtually identical. In developing our theory 
we will make use of the first form. However, in discussing any 
pai'ticular case, it would be necessary to ascertain carefully which 
parameter should bo taken for £ and which for ?;. 

Now hjh^ and kjki are both functions of a and /3. We will express 

them by the symbols u and v respectively. Then our equations take 

the form 

3£ dri , of Of? 

Therefore ll^Milt = i j « ^ + /25 1 = '1". _ i« ^J . 

vda-^-idfi V I. da dai i)fi 9/3 
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Thus the value of the expression 

udl-^-idri 
vda-\-idfi 

is independent of the value of the ratio da : (2/3. The same will be 
true of the expression 

(m H- in) (udi-\- idri) 

(p + i^) (y da + i d(i) 

Writing / = m-^-in and g = j9-f ig, we will seek to determine / and 
g so that the expressions f(ud(-{-idrf) and g {vda-^-idp) may be per- 
fect differentials. The necessary conditions for this will be 

These equations will enable us to obtain suitable forms for / and g, 
and the solution of each will involve an arbitrary function. If we 
now write 

dw =if(udi-\-idri) and (ff = ^ (vcia-f td/3), 

dw/di will possess a single definite value ; and, if we further write 
w = X-hifx and i = y-ft^, wo see that the value of the expression 

d\-\'idfi 
dy-\-idB 

m 

is independent of the value of the ratio dy : dB, This necessitates 
the I'elations 

;r- = ;r- and •-- =z -^ j^f , 
dy C^ cB dy 

But these are the conditions that X+^f may be expressible as a func- 
tion of y + i^. Thus we see that we can draw within the congruence 
an indefinite number of systems containing two orthogonal families 
of surfaces, which possess properties somewhat analogous to those 
possessed by plane systems consisting of two orthogonal families of 
equipotential curves. All the systems of this character may be ob- 
tained from the expression 



1 



(p + iq) (vda + % dfi) 
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with the aid of the general integral of the equation 

It is to be noted, however, that the families of surfaces of which these 
Bjstems consist are not necessarily equipotential. 

5. We are now in a position, with the aid of congi^uences of the 
type we have been discussing, to develop a method of transforma- 
tion in space of three dimensions analogous to the method of ti'ans- 
formation by means of conjugate functions in a plane. In this method 
the curves of the congruence take the place of the points in the plane, 
and the surfaces of the congruence take the place of curves in the 
plane. 

If we take y and B as the parameters of the two families of surfaces 
constituting a system of the type discussed at the end of the preceding 
article, and if we take A and /x as the parameters of the two families 
constituting another such system, we have X-|-t/Lt = F (y-\-i^). Now 
take a congruence exactly like the one in which thcBe systems are 
drawn ; and make those families of surfaces within it, the ones exactly 
like which in the first congruence belong to the parameters \ and /«, 
correspond to the parameters y and S, Then any surface drawn 
within the first congruence will be transformed into a different surface 
within the second congruence. 

It is easy to prove that any pair of transformed sui'faces will cut at 
the same angle as the original pair of surfaces. Thus, from the 

equation (p-\-iq)(vda-\-id(i) = dy-{-id^, 

we deduce pvda — qdfi = dy and qvda-\-pd(i = dS ; 

from which it follows that 



Therefore 



dy dy 35 oB 

j-=J,„. J-J=-,, ^=,. =y. 



'• (s)'^'' ©'= '!©■+': (|)'= (''^rt '! = "^ »'• 



* The referoo points out that all the congruences of the type considerud can be 
obtained from the equations 

(g)'* (?,r* (^r- (2)'* (ir* m 

and ^^ + ^M + ?2^ = 0. 
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Thns, if p and a be the parameters of the two surfaces in question, 

'- (D'-(|)'-(l)'=''{(|)'-(l)T 
(l)'-(|)'-(s)'="i(|)"-(3^)'l' 

3iB 3aj 3y 3y 82 3« ^ 3y 3y 3^ 3^ ) 

Hence, if be the angle at which the surfaces cnt 

3/9 3g , 3p 3g 

3y 3y 3^ 33 

cos ^ = 



i(|)*-G^)TK|)'-(l)T' 



But we have 



and 3^ Is + 9^ |ii = 0. 

Oy Oy 33 33 

|T-(I)"=-{(D'^(|)T 

H 3p3(T,3p3^ » C 3p 3g , 3p 3<y *) 

^ 3v3v 33 3a" C3a8\ 3L3u) 



Therefore 



cosd = 



3^ Off 3p 3ff 
3\ 3x 3/x 3ju 



{G^'-(|)TKl)'-0r' 



and the second side of this equation denotes the cosine of the angle at 
which the transformed surfaces cut. 

Further, it is easily seen that we may utilise our results to obtain a 
correspondence between two different congruences of the type in 
question, which is exactly similar in character to the geographical 
con*espondence of two surfaces. 
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6. If we apply oar method to the simplest congraence of the specified 
type, viz., the one consisting of parallel straight lines, it reduces to 
the ordinary method of transformation hy means of f auctions of a 
complex variahle as applied to the plane. Also, if we apply our 
method to the congruence of circles having their centres disposed 
along an axis, and their planes at right angles to this axis, we shall 
have a method applicahle to surfaces of revolution having a common 
axis. 

In conclusion, I may state that I think I possess a clue to the 
cstahlishment of a correspondeuce between any two congruences 
whatsoever, and that I hope to make a communication to the Society 
on this subject at some future time. 



TJiursday, January 10/A, 1889. 
J. J. WALKER, Esq., P.R.S., President, in the Chair. 

Mr. G. H. Bryan, M.A., St. Peter's College, Cambridge, and Mr. 
W. W. Taylor, M.A., late Scholar of Queen's College, Oxford, were 
elected members, and Miss Meyer was admitted into the Society.* 

The auditor (Mr. Heppel) made his report, which on the motion of 
Sir J. Cockle, seconded by Rev. T. C. Simmons, was.adopted. Upon 
the motion of Mr. Basset, seconded by Dr. Glaisher, the Treasurer's 
report was adopted. 

Subsequently a vote of thanks was passed to the Auditor on the 
motion of Major Macmahon, R.A., seconded by Dr. Glaisher. 

Mr. Basset made a few remarks on the Steady Motion and 
Stability of Dynamical Systems. 

Dr. Glaisher gave several fonns of expression of Bernoulli's 
Numbers derived from the consideration of Lemniscate pro- 
perties. 

The President read a paper on " Results of Ternary Quadric 
Operators on Products of Forms of any Orders " (Sir J. Cockle 
in the Chair). 

Mr. Jenkins read a note by Mr. Christie *' On a Theorem in Com- 
binations." 



* By an oversight it was omitted to be stated that Mr. R. W. Hogg was admitted 
into the Society at the November meeting. 
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Results of Ternary Quadric Operators on Products of Forms of 

any Orders. By J. J. Walker, P.R.S. 

[Read Jan. lOM, 1889.] 

I. Abstract. 

Considering any ternary form expressed in the quadric shape 

(abcfghja^js)' = «, 

and the explicit xyz replaced by symbols of differentiation 

» by 9« y by 3^, « by 3. , 

the operator so obtained may be termed a " pure " qnadric operator ; 
but, if the variables are replaced 

X by n3y— f?i3, , y by 23,— fi9« , z by m3,— Z3y , 
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If m, n being the constant coefficients of a linear form, say, 

L = Ix+my + nZf 
the latter may be termed a ** mixed " quadric operator. 

The objects of the present Note are to show : — 

(1) How the results of the " pure" operator on the product of any 
two forms — say, v, w — of orders q, r respectively, may be exhibited 
in three distinct shapes, viz. — 

(a) The ** erode " shape ; 

(/3) That from which the first differential coefficients of v, w 
have been eliminated by certain substitutions giving rise to terms 
reinforcing those of the " crude " shape, in which v, w are either 
multiplied by the result of operating on the other, the residue 
being expressed in the quadric shape 

(bOi + cBi-2fFi, ... gfli + hOi-a^i-f^i, ...5a?y«)' (i.), 

wherein -<4i ... F^ „, are the coefficients of the contra variant 
quadric of r, w, themselves expressed in the quadric form ; 

(y) And a third shape from which either t; or w — or both, if 
forms of the same order — have been eliminated : 

(2) How the results (/3), (y) may be extended to cases where the 
operand is the product of more than two forms : 

(3) How the corresponding results may be best expressed when 
the ** mixed " operator is employed on the product of two forms, viz., 
the result (fi) becomes the sum of five terms in three of which 8, v, w 
are each multiplied by the quadric contravariant of the other two ; a 
fourth term in which L' is multiplied by the invariant of svw, 

a^i+... + 2fl^i+... ; 

and lastly, a term in which L is multiplied by the sum of the pro- 
ducts of the first differential coefficients of s with respect to x^y^z by 
those of the quadric contravariant of v, to with respect to Z, m, n, re- 
spectively : 

(4) How the last result is extended to the product of more than 
two forms. 

The only lengthy piece of work involved being the development of 
the expression (i.) above, when the product of two functions is sub- 
stituted for either v or w in it, the investigation of this is made a 
preli minary Lemma, which has a sort of intrinsic interest of its own. 
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II. Preliminary. 

Supposing, then, Vy to to he ternary forms of orders p, q, and repre- 
senting, for brevity, 

dv/p dx by r,, dw/qdx by Wj, dv/pdy by r , ... ^ 

S*v/p,p—l da? by a, ,,. dh/p.p^ldydz by/' ... ^ (1), 

dho/q .q — 1 3*' by a\ ... 3'ti;/g . gr — 1 3i/ 3z by /"... / 

2viWi = 2 (a'x+h'y-\-g'z)(a'x'^h"y-\'g''z) 
= a"t; 4- aw 

+2 {g'hr'\'g''K^ar'-ay) yz 
or, say, = a'v+ow— 5i«'-0iy'+2Piy« (2), 

and, similarly, 

v,t^i+V8M^a=/'v+/'w + -4iy2f + ^i»'— Oi«y— Hi«faj (3), 

where A^ = yc''+6V-2/'/", ff^ =fg"-¥rg'-cK'-c''V^ 

with analogous valnes for 2t^t0, ... i;,t<;i+fit^8 .*- • 

Next, let 1*, t>, w be three ternary forms (in xyz) of orders p, g, r, 
respectively, and 

'9^ 9z' 92;' 9y' 9y9j5 9^9^' 

•*^l — •••9 v^i — .■•! 

IP s= T-^ 9'tg 9*t? 9*117 _ 9^; d^w _ 9'p d^w\ 
^dzdx dxdy dxdy dzdx 9aj' Sydz Sydz 9a?^/ 

/«r(3-l)(r-l), 

while i4, ... H, stand for the analogous functions oiw,u; and A^.„Hi 
for those of u, v. 

Further, let any other form s be written in the shape 

8 = Ba? + hy^-j-cs?+2tyz+2gzx-\'2hxy ; 
then, if in the formula 
[«, v, tv] = (b(7,-hcJ?,-2f^i) «' + ... +2 (gJ3i+hOi-aFi-fu4i) y«+... 



^ ^/'ri^;d^£_^^ (j'tr- g (j't; d'tv\f , -i)(r-l) 
Vdtii 9^' Oz^ 9i/' 9i/ 9^ 9;y 9z/ / 
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the prodaot uv be sabstitiited for v, it may be shown that 
— [*, ut>, w] ^pqtD[8,u, v]/(j>'\-q)(p + q—l) 

-pv [*, w, u']/(p+q)-qu [s, r, w']/(p-\'q) (4). 

To prove this : 

— i — t. = u — +v — +55 

3a^ 3a^ 9aj' 3a; 3» 

(2), = (l> + 5-l)(5wa +pva)-i>3(^««' + C'»y'-2^82/'^) ; 

and (3), 

oyoz 
with analogous vaJnes for 3' (uv)/dy* ... d^(uv)/dxdy. 

K now -4 ... ^... (unmarked) are what -ij ... F, respectively become 
by the substitution of uv for r, and, consequently, oi p-{-q for g, 
writing, as before, 

tTj. .. for 3w/r3»...,o'^.. ./'... for3'u;/r.r— 1 3.c^.., 3'w;/r.r — 1 3y3:? ..., 

-pg (Ay+ ... +2^,/"+ ...)»> 
— 2j9g (-4gWi + Hgt(;j+ G,t(;,) a5, 

(jP+gf)Cp+3'—l)-S = CP+g— l)(3wi?i4-i?t^l?,)-l?gwi^« 

— 2pg (flgWi + l?,^,-!- F^w?,) y, 
(i'+2)(l> + g-l) = (i?+3— l)(3t*Oi+2?i?0,)— jp^wCj 

-i>fl' (Aa"+ ... +2F,/'+ ...) ;5» 
— 2pg (O^w^+F^w^+G^w^) z, 

(i>+2)(p+2-l) ^ = (.p-\-q'-l){quF^-\-pvF^)-pqwF^ 

^pq (^a'+ ... -f 2jP,/"+ ...) yz 

(i>+3^)0?+2— 1) G = (p-hq''l)(quOi-\-pvQi)'-pqwOi 

-pg(^,a"+...+2F,/"+...)«a; 

— i>3{(-4,u;i+jEraW,+ (?,«?,) si-iG^w^+F^w^+CtW^) x] , 
YOL. XX. — NO. 350. I 



114 Mr. J. J. Walker on Results of [Jan. 10, 

-P3(-4,a"+...+2F,/"+...)a;y 

From the above equalities 

-(p + g)(p-l-g-l)(5c+0b-2M) 
= -(p+?-l){3« (bai+ci?i-2f jP,)+i?i^ (bO, + cB,-2f2?^,)} 

H-jpc^u; (b(7,-hcB,-2fF,) 
+2>5(^a"+.,.4-2F,/'+...)(b-5' + Ci/'-2ft/ij) 

-(P+g)(p + 5-l)(f^+g-F-cF-hO) 

■^pqw (f G,4-gl^,-cfl,-hO,) 
4-i>3' (Aa"-h ... +2F,/'+ ...)(-c«i^-f f2» + g!/5?-b2!*) 

-{-pq (G,w;i+F,w;,+0ii7,)(— faj— gy + 2hz), 

-(p+g)(i>+g[-l)(bF+fjH'-b(?-gJ5) 
= -(p+g-l){3t*(hFi+f^i-bG>-gB04-Mh^i+^^«-^Gf,-gB,)] 

+l?5rii; (hF. + iH.-hO.-gB,) 
+pq(A,a''^^.+2F,f'\-..,)(-hzx-^txy^gy^-\'hyz) 

+pq (-4, Wi 4- BfK;, + O^w^) (bz—iy) +pq (H^Wi + 5, w, + F,m?,) 

X (-£a5+2gi^-lu)4-j?g' ((?,U7i-f F,tr,-f 08t(;j)(baj— by). 

The sum of the last three equalities, multiplied by x^ y, z^ respec- 
tively, is 

-(p + q)(p-\'q'-l){ihO-^oB-2fF)x'\'(iO-\'gF-'cH-hG)y 

+ (hF+lH'-b6?~gB);s} 

= -(P + 3-l)5w{(bOi+cJ?,-2fF,)» + (f(?i+gFi-cfl;-hO0y 

+ (hFx-|-ffl,-b6?i-g-B,)2;} 

-(p + g-l)i?y{(bO,+ ...)«+(f6?,+ ...)y + (li^i+...)«)} 
+ i?5w{(bO,+ ...)«+(fG,+ ...)y + (hF,-f ...)«} 

+ (0aWi + ...)(-b«B-f%-gy'4'by«)}. 
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Analogously, 
-(p-¥q)(p+q-l){((G+gF-cH-hC)x-\-(cA-{-a.G'-2gO)y 

= -(p + 2-l)5^{(f<3f,H-...)«+Mi+...)y+(g^i + .-.)^} 
-(^+g-l)pt;{(f6?, + ...)«4-M,H-...)y + (gir,+ ...)«} 
+ l)3rM;{(f(?,+ ...)aj4-M8+...)y + (giy,+ ...)^] 

'¥pq{(A^Wi-\- ...)('-cxy i-izx+gyz—h;;^) 

+ (fl,w,-f ...)(<»*+a2' --2gz«) + ((?,«;, H-...)(-ayjz;—f;c'+g^y + haaj)}, 

and 

- (l>+2')(i?+g-l) {hF-^-m-hO-gB) x-^(gH-\-hG-AF-iA) y 

4-(aJ5+b^-2hF);c] 

-(p+j-l)|w{(hF,+ ...)aJ+(gJEr,H-...)2/+(aI?,+ ...)^} 

+ p^{(hjP,+ ...)aJ+(gfl^5+...)2/ + (aB5+...)2^} 

+i^2{(-4f«^i+— )(— b«B + %— gy'+%^) 
+ (fl,tri4-...)(— aya?— fic'+ga?y + hz«)-|-(6?8M;i+...)(a2/' + ba?'— 21ij^)}. 

Finally, the sum of the last three equalities, multiplied by x, y, z, 
respectively, is 

''(p + q)(p + q-l){(hO+cB-2fF)x'+... 

... + 2(gH+hG-ajP-Ll)2/i5+...} 

-(i>+3'-l)pv{(ba,+ ...)»*+...+2(gIf,+...)y5?-f ...} 
+ pqw{(}>Gi-{-„.) 25* -f ...4-2 (gHs+...) yi2?4-...} ....(4 6m), 

which, divided by (jpH-2)(p+3— 1), is the result (4), p. 113. 

III. Results of operatUig 07i vw, uvw ... toith 
(abcfgh 5 3„ 3,, 3,)'. 

Still employing the notation (1) p. 112, the ^* crude '* shape of 

(a ... f ... ][9„ 3y, 3,)* (vtr) 
= r(r-l)t;(aa"+...4-2f/"+...) + g(g-l)t£;(aa'-f...) 

•j'2qr {afjWx-l- ... 4-f (vjU?5+r,M;,) H- ...} (5). 

Sabstitnting in this for 2viWi ... v^w^+v^to^ ... from (2), (3), p. 112^ 

l2 
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(a...f ...53,3y32)*(i;M;) = (g'-f-r— 1) {rv(a4i'-^ ...)-¥qw (m+ ...)] 

(6), 

wluch is the shape (/3) of the Abstract. 

Between (5), (6), either of the terms 

t;(aa"+...) or M;(aa'4-...) 

may be eliminated, or both if v, w are of the same order, i.e., if g = r ; 
and so the shape (y) of the Abstract be obtained. 

Now, suppose the product uv to be substituted for v in (6), u being 
a form of order ^ ; then, q becoming p-f-g, 

(a...f ... 53,3^3,)* (uvw) 
= (;?+g+r-l) {rttt;(aa'+...)+w;(a...f...][3x3j,3.)^(wt;)/(p + g— 1)} 

''(p-\'q)r {(hOi'cB-2^F) a?-^ ...], 

wherein A...F,.. are what -4^ ... jPj ... of (6) become when v is 
replaced by uv. 

Hence, by (5), (4), using the notation of p. 112, 

(a...f...][3*3»3.)' (uvw) 
= (p-^-q+r—l) [ [pt;u;(aaH-...)H-gt(7u(aa'+...)+rMi? (aa"+...)} 

-2?3[5, M, v]/(i) + g-l)] 
-^-pqrw [«, tt, v']/(jp-^q--\) — rqu [«, v, w]— rpy [«, w, u'] 

= (^H-gr+r— 1) {jpvu> (aa +...) + gww (aa' +...)+ ruy (aa"+...)} 
— gfrw [«, t?, u;]— rpu [«,«;, u]— pgu; [«, t*, v] (7), 

viz., the coefficient of [«, «, «] 

By similar steps, the result of operating on the product of four 
functions may be derived from the case when the operand is the 
product of three. 

Let ^ be a form of order k, and let 

then substituting tu for u, k -\-p for p, and (4) 

kpwls, u, ty(k-\'p){k'\'p-l)-ku [«, w, t]/ik+p)-pt [«, w, u]/(A;+;?), 
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for — [(«, w, w)]i and for — [*, w, r], 

in (7), there results 

(a ... 5 9, 3y 9,)' (tuvw) 
= (Af+jp+g+r-l) [vw (a.. .f... 59,3,3.)' (^u)/(jp + A;-l) 

-*qrut Isvw] —rpvt [swuj'—pqwt [s, «, v] 

But (6)(a...][3,.,.)' W/(A;+p-l) =p^ (aa +...) + Aw (aa'"+...) 

substituting which in the preceding equation, the coefficient of 
vw [Sj u, t] becomes 

{kpr-\rkpq—(k-^p+q + r^l)kp]/(k+p-l) or kp, 

and (a...f ...][3,3y3»)' (tuvw) 

= (A;+p+g+r-l) {A;Mt;u^(aa'"+...4-2f/'"+...) 
+|)rt(;^ (aa4-...)4-gM7ftt(aa'+...)+r^wr (aa'H-...)} 
^qrut [ff, r, w] — rpv^ [«, w, w] —pqxot [«, m, v] 
— fcptni? [5, ft, tl — hqwulsy v, i] — Ajrwr [«, ii;, f] (8). 

From (7), (8) the general law is evident, whatever be the number 
of forms in the product operated on ; and similarly it may be shown 
that, if it holds for the product of t— 1 functions, it will hold for that 
of i functions. 

rV. Results of operating on vtCj uvw ... with 

(abcfgh][n3y-w9,, Z9,— w9„ m9,— Z9y)'. 

In the next place consider the operator formed by substituting in 

s = aa;'+bt/' + C2'4-2fy2 + 2gzaj4-2hajy, 

nl-m^ for a;, Z|--n|- fori/, m^-z|-for«; 

oy cz oz Ox vx oy 

it is evident that the result of operating with this will be deduced 
from the corresponding result of operating with the operator of the 
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first part of this paper by substituting in tbat result 

bn* -f cm'— 2fmn for a, cP + an' — 2gnZ for b, am' -h bP — 2hlm for c, 

— amn— fP + g^m-fhnZ for f, — bnZ-ff Zm—gm' + bmn for g, 

— c^m+fnZ-fgmn— hn' for b. 
Thus (4) 

i"("|-»3')'-^-+^'('|-l;)("l;-'|)+-}*~' 

= (5-hr-l)[rt;{(bc" + c6"-2f/OP+... 

...4-2(-a/"-fa'' + gV'4-h^'')m«+...} 

4-g«7{(bc'+c6'-2f/)Z'+... }] 

-qrl a' {B^ (bZ'+am'-2h7m) + Oj (cP+am'-2gnO 

-¥2F^ (amnH-fP— gim— hnZ)} 
4-a?t/{JP\( — bnZ-ffZm— gm'H-hm») + ^i(— amn— fP + gZm + hnZ) 
■f Cj (cZm— fnZ-gmn+h?i')H-JEri (— am'— bPH-2hZm) } 
-\-zx {fli(— amn— ...4-bnZ)-hi^i(— cZm + ...— hn') 

+ Bi(bnZ+...+hmn) + Gi(-cP-an' + 2gnZ)} 
or, identically, 

-jrS aaj'(JiPH-...H-2Fimn+...) + Z'a5'(J,a+...+22^if+...) 

- 2aTZaj (i4iZ + H^m + 6?in) — 2hajZa; {EJ. + Bim + F^n) 

- 2ga;Zaj ( (^jZ + F^m + Ojn) 
-hhiTi/ (^,Z'H- ... +2Fimn-|- ...)4-Zman/ (-4iaH- ... +2Fif -f ...) 

— (aa^m^ H- hyZaj) (-ijZ -f Him + 6?j70 

— (ha-my + byZa?) (fliZ + B^m -f i^jn) 

■^-^zx (^,P+ ... +2Pimn+ ...) + wZxra; (-ija^- ... -f 21^if + ...) 
— (aajn)5H-gzZa;)(i4jZ-f ...) — (hajnjpH-f2;Za5)(JB",Z+...) 

— (gicnz H- czZar) ( (7iZ H- . . . ) 

or, if «i = dsj^dx ..., 1/ = lx-\-my-\'nz, 



— grS 



«iaj(i4iP+...+2F,mw+...)+XZa;(^aH-...4-2J',f4-...) 
- (aarlr 4- «i Za?) (^iZ +...) + (hajX + «,Za;) (HiZ -h ... ) 

4-(ga!lr+ir,Zaj)(6;iZ+...) 
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whence, finally, 

= (g+r-l)[ro{bc''+c6"-2fnP+...}+j«;{(bc'+ct'-2ff)P+...}] 

-5r[(J,P+..,+2F,«in+...)«+(J,a+...+2f,f+...)i 
-2 {(J,i +F,«»+ G,n) «,+ (ffiJ +B,w+^in) #, 

+ (G,J+2!',m+0,«)»,} L] (9). 

From the foregoing inyestigation it is eyident that (7) 

(l>+g+r-l)[jptni;{(bc+o6-.2f/)P+...}+3tMA {(W+...) ^+...} 

-h2 [ {gru (^iZ+flim+ O^n) -f rpr (A7+ ...) +i'2«^ (^n+ ...)} «i 

(10); 

and that according to the same law the result of operating on the 
product of four, or more, functions may be at once written down. 



A Theorem in Combinations. By R. W. D. Christie. 

[Read Jan. lOM, 1889.] 

Let 2 («iSr)"* represent the sum of the m*** powers of the sums of 
the letters which form the several combinations of n letters taken r 
at a time ; then 

2 (.S,)--? (.S,)-+S (.S.)-5 (.SJ- ... ± S («»,)" = 0, 

where w < », e.g., if n = 6, m ^ 4, 

a*+6«+c«+d*+e*-(a + 6)«-(a+c)*-(a+d)*-(o+eV-(6 + c)* 

-(6+i)«-(6+e)«-(c+d)*-(c+e)*-(d+e)*+(a+&+o)* 
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+ (a + &4-(i)*+(a+6-fe)*+(6-fc+<Q*+(6 + c+e)*+(6+(«+e)* 

+ (c+(i + e)* + (aH-c+d)*+(a + c + e)*+(a+tf+e)*-(a + 6 + c + (i)* 
-(a+6-fc + e)*-Ca+64'(^+e)*-(a + c + ^ + e)*-(6+c + e2+e)* 

4'(o+& + c + ci + e)*=0.. 

Here ^(ti8^y= 5a*+4Sa»6 +62aV +122a»6c+242abcci 
2 (5/84)* = 42a* + 122a»6 + 182a«6' + 242a»6c + 24>l,ahcd 
2 G5,)* = 62a*+122a»6 + 182aV+122a»6c 
2 (5S,)* = 42a*+ 42a»6+ 62aV 

Thus the number of times tliat 
2a* or a\ h*, c* ... will occur will be 4^0-4^1 + 4^^2 -4^8+4^4 = (1-1)*=0, 
42a»6 or 4a»^ 4«»c or 62aVor Sa^t^ ... -,0o-f .Oj-aCj+aC^a =-(l-l)'=0, 

122a'6c ,ao-,Oi + ,(7,= (1-1)^=0, 

242a&crZ -lOo + iOi = -(l-iy=0, 

and there is no term containing the five letters. 

In the general case, the number of times that a*", 6*", c" ... will 
occur, will be 

that — , — ^ — r a^Jy^d" ... will occur, will be 
;p\ q\ r\ 

(-1)'-' [n-»0.-«.»0,+ ...] = (-1)'-' (1-1)-* = 0, 

where i^ + ^+r ... = w, and the letters a, 6, c ... are ^ in number. 

The general explanation is, that the number of ways of selecting r 
things out of n so that each selection shall contain h given things is 

The theorem will enable us to obtain an unlimited supply of 
equations such as the following : — 

Let a = l, 6 = 2, c = 3, d = 6, e = 7, / = 8. 

Then, after cancelling terms like O^ with — (a +6)"*, &o., we get 

0'"-f4"'+9*" + 17'" + 22-H-26- = l-+2'" + 12'"+14-+24"'-f25^ 
irhere m = 1,2, 3, 4, or 5 ; and therefore for the same magnitudes 
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of m 

n-+(n+4)'"+(n+9)- + (n+17)'" + (n+22)'" + (n-f26)* 

= (n + 1)- + (» + 2)- + (n + 12)"* + (n + 14)- -h (n + 24)"' + (n -h 25)"' 
for all magnitades of n. 



Thursday, February Hth, 1889. 
J. J. WALKER, Esq., F.R.S., President, in the Chair. 

Mr. Baker was admitted into the Society. 

The following commnnications were made : — 

On the Diophantine Relation y'H-t/'* = sqnare: Prof. Cayley, 
F.R.S. 

Sur la Transformation des fiqnations Alg^hriqncs: Signer 
Brioschi. 

On Projectiye Cyclic Concomitants or Surface Differential In- 
variants : E. B. Elliott, M.A. 

On Secondary Invariants : Prof. L. J. Rogers, M.A. 

Remarks npon Algebraical Symmetry, with particular reference 
to the Theory of Operations, and the Theory of Distributions : 
Major Macmahon, R.A. 

The following presents were received : — 

Proceedings of the Royul Society," Vol. xlt., Kos. 273 and 274. 
Educational Times,** for February. 

'* Greek G^metry, from Thales to Euclid,'* by Dr. G. J. AUman, Bvo ; Dublin 
and London, 1889. 

'* Bulletin des Sciences Math^matiques,** Koyember and December, 1888, and 
January, 1889. 

'* Beiblatter zu den Annalen der Fhysik und Chemie,** Band xn., Stiick 12 ; 
Band xui., Stiick 1. 

" Bollettino delle Pubblicazioni Italiane, ricevute per Diritto di Stampa," No. 
73 ; Index to Ditto, for 1888 (part only). 

"Memorias de la Sociedad Gientifica — 'Antonio Alzate,* *' Tomo n.. No. 5; 
Mexico, 1888. 

"Atti della Reale Accademia dei Lincei— Rendiconti," Vol. it., Fasc. 6, 7, 
8, 9. 

« Annalesde I'Ecole Polytecbnique de Delft,*' Tome it., liTittiBon 3«* ; Leide, 
1888. 

** Annali di Matematica,*' Tome xti., Fasc. 3. 

''Journal fiir die reine und angewandto Mathematik," Band 104, Heft. ii. 

" Abhandlungen der Eoniglich S&chsischen Gesellschaft der Wiisenschaften," 
Band 14, Nos. 10, 11, 12, 13; Leipzig, 1888. 
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On the Diophantine Relation, y'+y'* = Square. By Prof. Cayley. 

[Read Feb, \Uh, 1889.] 

The diophantine relation y'-fy'' = Sqaare, where y is a function of 

aj, and y denotes ^ , is considered bv Prof. Sylvester in his paper 

dx 

" On Reducible Cyclodes," Proc, Lond, Math, Sac., t. i. (1865-66), 

pp. 137-160. It is at once seen that there exists a solution 

y = (x+ay (x-^-hy (x+cy (x+dy..., 

where the roots a, 6, c, (2, ... are essentially unequal, and the number 
of simple factors aj + a, a? + 6, aj-fc, aj-fc?, ... is even; the exponents 
^t /^> y> ^) ••• &^ taken to be positive integer numbers. Sylvester 
assumes, and it will be shown, that the factors must separate them- 
selves into two sets, or, as he calls them, diptychs, each containing the 
same number of simple factors, and such that the sum of the ex- 
ponents for the one diptych is equal to the sum of the exponents for 
the other diptych ; viz., the form is ^ = CTlTi, where 

U= (« + «)•(» + 6/..., U^ = (a5-fa,)-'(» + 6i)''*..M 

with the same number of simple factors, and with the relation 
a+/3 + ... = ai+/3i + ... between the exponents. Hence, if the num- 
ber of simple factors be called the class and the sum of the exponents 
be called the order, the class and the order are each of them even ; or, 
what is the same thing, the semi-class (say ft) and the semi-order 
(say y) are each of them integral. 

The separation of the factors into two diptychs is a remarkable 
theorem. I consider the analytical theory ; for greater simplicity, 
first in the case, class = 2, and secondly in the case, class = 4 ; but 
it is easy to see that the like process is applicable to the case of any 
even value whatever of the class. 

I write as usual i = v^— 1 ; the equation y'-ft/'* = square, implies 
y ^%y' =z square, and y—iy'=z square ; at least this is so, save as to a 
common denominator, as will appear. 

First, if the class is =s 2 ; we have 

y^(x+ay(x+hy; 
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hence y+iy'= y (l + -%- + -?^), 

/^ 2a 2/3 \ 

say these are = ^ ^ , and ^ — ^ respectively ; 

aj+a.aj+o aj+a.a5 + 6 

and, this being so, we have 

It is to be shown that the assumed relations lead to a = /3. Re- 
solving the last mentioned expressions for y-hiy', y—iy each into 
simple fractions, we have 

la (6-a) = (2-6)«, -la (6-a) = (m-6)*, 

1/3 (a-6) = (i-a)', -1/3 (a-6) = (w-a)». 

Hence (Z-6)« + (m-6)' = 0, (Z-a)«-f (m-a)' = 0; 

these cannot give 

G-6)-f i(m-6) =0, (Z-a)+i(m-a) =0, 

with the same sign for i in the two equations ; for we should then 

have (l + i)(6-a)=0, 

but 1 + t is not = 0, and a, 5 are essentially unequal. Hence, taking 
(as we may do) +» in the first equation, we must have — i in the 
second equation, and the two equations will be 

l-h^-iim-h) = 0, that is Z+»m = (1 +t) 6, 

Z— a— i(m— a) = 0, „ Z— tm=(l— t)a, 

and thence 21 = (l+t)(6— m), 

2m = (l + t)(6+ta), 
Hence also 

2 (Z-6) = (l-i)(a-6), 2t (m-6) = (l-.i)(6-a), 

2(Z-a)=-(l+i)(a~Z»), 2i(m-a) = (l + i)(6-a); 

consequently, 2 (Z— 6)' = — i (a— 6)', = — 2mi (a— 6), 

2 (Z-a)' = i (a-6)*, = 2V/3 (a-6). 

Hence a =^ /3 = | (a— &), and the solution thns is 

y = (a;+a)- («+6)*, o = i (a- 6), 
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Z = |{a+5+t(a-5)j, 
m = J {0 + 6— i (a— 5)}, 

The class is here = 2, and the order is = 2a ; considering the order 
as given, say it i8=2v, we have a = v, and the equation v = ^ (a— 6) 
then shows that one of the roots a, b is arbitrary. Taking it to be a, 
we have 5 = a— 2>', or the solution, class 2 and order 2v, is 

y = (aj-fay(« + a-2v)% 
Z=:a — v + iV, m = a— V— iV, 

Considering next for the case, class = 4, the solution 

y = (x-^ay (x-^hy(x-hcy(X'\'d)\ 

have 3, + ^y' = y(l+4- + -f- + 4_4.-^), 

or, putting these 

^ (^±i)ll£±JEZ__ and (5±^)1M5)L_ respectively. 

aj-f a.aj + o. aj + c.a;-|-a x-jra.x+b ,x-\'C .x-j-d 



we 



iKre have 

^ ^ ^ (aj + a)»(aj + h)\x -h c)*(« + dy ' 

Also, by decomposing the expressions for y + 2y') y—2y into simple 
fractions and comparing with the original values, we find 

ia (6-a) (c-a) (d-d) = (a-0'(o-p)», 
1/3 (0-6) (c-6) (d[-6) = (6 -0'(2> -!>)', 
iy (a-c)(5-c) ((i-c) = (c-O^ (^ -l^)', 
i^ia-d) (b-d) (c-d) = (d-Z)« (d-py, 

— ia (6— a) (c— a) (d— a) = (a— m)* (o— g)', 
-t/3(a-6) (c~6) (d^h) = *(6-tn)«(6-e)«, 
— ly (a— c) (6— c) (<i— c) = (c — m)' (c— g)', 
-i^ (o-cJ) (5-cf) (c-(i) = (d-m)* (d-^5)'. 
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Hence (a-Z)*(a-i>)»+(a-w)«(a-g)' = 0, 

(c«Q« (c-.p)H (c - iii)« (c-g)« = 0, 
(d-Z)V-p)'H- (d^- w)« {d^gy = 0, 
and we cannot from these obtain three equations 

{a—m) (o— g)— t {a'—l) {a—p) = 0, 
(6-m) (6-5)-i(6-Z) (6-i?) = 0, 
(c-w) (c-5)-i(c-Z) (o-^) = 0, 
with the same sign for % ; in fact these would give 

(1+i) (6-0) {c-a) (a-h) = 0, 

bnt 1+t is not = 0, and the a, 5, c are essentially unequal. Hence 
we must have equations such as 

(a— m)(a— j)— t(a— OC®"!^)^^; (c— m)(c— gf)-f i(c— i)(c— ^)=0, 

(6-m)(6-g) -1(6-0(6-1?) =0; (d[-m)(d[-g)+i (d-0(^-l>)=0, 

two of them with — i, and two of them with +i; viz., the a, 6, c, d 
divide themselves into pairs which are taken to be a, 6 and c, d. 

We hence easily obtain, 

+ 6— m— g— t (a-f6— Z— 2^) = ^> a6— wg— i (a6— Zp) = 0, 
64-<i— 1»— 2— i(c+(Z— Z— 2?) =0, ccZ— m^— i(cd— ^) = 0, 
and thence a-h6— c— (i = i(a4-6+o + d[) — 2i(Z-|-2'), 

a6 — ccZ = i (a6 -f cd) — 2iZp. 

Forming from these values of l-\'Pf Ip the expression for 
2i(a— Z) (a— 2>), we find 2i(a— Z) (a— 2?) = (i + l)(a— c)(a-(Z); and 
we have thus the set of equations 

2t(a-Z)(a-2>) = (*'+!) (a-c) {a-d), 
2*(6-Z)(6-2?) = (»+l)(6-c) (6-cZ), 
2i (c-l) {c-p) = (t-1) (c - d) (c -6), 
2t(cZ-Z)(cZ-2^) = (t-l)(cZ-a)(£Z-6). 
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Hence also 2 (a— Z)* (a— p)* = —i{a—cy (a — d)', 

2 (c - 0' (c-1?)' = t(c-a)» (c-6)^ 

2 ((i-Z)» ((Z-i?)* = I (d-ay (d-^hy ; 

and, snbstitnting these yalnes in a former set of equations, we obtain 

2a (6— a) = -—(a — c) (a—d), 

2/3 (a- 6)= -(6-c)(6-d), 

2y((Z-c) = (c-a) (c-6), 

25 (c-cZ) = (d-a) (d-h) ; 

and thence 2(a+j3)= a-^b—c—df 

2 (y + ^) = -(c+d-a-6) ; 

that is, a-f /5 = y + <! ; viz., there are, in this case also, two diptychs. 
If, as before, the order is taken to be = 2v, then a+/3 = i/, y-\-S 
= y ; supposing that y is a given positive integer, and that a, /3, y , S are 
positive integers satisfying these equations a+j3 = i', y + ^ssj', then 
the last- mentioned four equations between a, /3, y, 5 and a, 6, c, cZ are 
equivalent to three relations serving to determine the differences of 
a, 6, c, cZ (say a— (Z, 6— cZ, c—d) in terms of a, /3, y, 5. And we then 
further have 

(a— Z)(a— p) = — (1— i)a (6— a), (a— m)(o— g) = — (iH-t)o (6— a), 
(6-Z)(6-^) = -(l-t))8 (a-6), (6-m)(6-g) = -(1 +t) /3 (a-6), 
(c-Z)(c-p)= (l + i)y(cZ-c), (c-m)(c-g)= (1-t) y (c-(Z), 
id-l)(d-p) = (l+i) a (c-(Z), (cZ-m)((Z-5) == (1-t) 5 ((Z-c), 
each set equivalent to two equations ; or, as these may be written, 
2 (l+p) = a+6+c+(Z+i(a + 6— c-(Z)', 
2Zp sz ah+cd +i{(ib~'cd), 

2 (m-k-q) = a-j-6+cH-(Z— * (a-f 6— c— cZ), 
2mq =: a& + ccZ — i(o6— ccZ), 

serving to determine Z, p, tn, g in terms of a, &, c, eZ. 
Observe also that, u being arbitrary, we have 
2 Ot-Z)(ti-p) = (1-f t)(tt-a)(M-6)-f (l-t)(tt-c)(n-(Z)» 
2(t*-m)(t*-g) = (l-i)(u-a)(tt-6)-|-(l+i)(u-c)(t*-£Z), 

(which equations, writing therein tt = a, &, c, or cZ, in fact reproduce 
the two systems of four equations). 
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We have also 

l+p-\-fn+q = a-f 6-hc-h(i, l-^p-m—q = % (a+t— c— <?), 
Ip-^-mq :=ab'{'Cd, Ip — mq =: i (ab—cd) ; 

and moreoyer 

4,(1 -!))«= 2i{(o-6)«-(c-d)«}4-4(a+6)(c+(«)-8(a6+(^), 

4(m-5r)« = -2*{(o-6)«-(c-(«)'}+4(a+6)(c + d)-8(a6+cd), 

which equations, combined with the foregoing values of 2 (l-^p) and 
2 (m-hj), give the values of I, p, w, 9. We have thus thecomplete 
solution for the case class = 4, order = 20 ; saj 

y = (x + ay (x-^hy, (x + cy (x-^dy ; a-^fl = y + B = v, 

X (oj-f-Z)' («+py (x-^my (x-^qy, 
with the foregoing relations between the constants. 



Stir lu Transformation des Equations Algebriques, 

67 Signor Bbioschi. 

llteadFeb. 14M 1889.] 
1. Soit / (x) = une equation du degre n et a;^, a;, . . . aj„_i ses racines. 

Si Ton pose : (1) ./(«) = («— ajr) ^ (i»), 

^tant x^ nne quelconque des racines, et : 

/(«t))/'(«l) .../(«-!) = ^/> 
on trouve que : Ay = ( — l)**'* ^* (x,) \, 

lequel resultat pent s*exprimer comme il suit. L'invariant (dis* 
criminant) Ay du degre 2 (»— 1) do la forme/ est 6gal k un co variant 
de Tordre 2 (n— 1), et du degr6 2 (n— 1) de la forme <p. 

Or un theor^me analogue se v^rifie pour chaque covariant et pour 
cbaque invariant de la forme /, comme je vais demon trer. Soit F un 
covariant de la forme /, covariant de Tordre m et du degre p» Le 
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coyariant F doit satisf aire lea trois Equations difEerentiuiles : 

dans lesqnelles : 

/»=/(*). /. = V(»), /. = r7^r(«). 

Mais, en posant : 

de la relation (I) entre/ et ^, on dMnit 

/o («r) = 0, /, (a;^) = — ^._i , 

et en snbstituant ces valenrs de/o, /| ... dans le covariant -F, les trois 
equations difEerentielles snp^rienres se transforment dans les sui- 

vantes: (2) "2,^..,g'=0, 'x,^,^=pF, 

«-l AT? 

O^f 

on en reti*ancliant de oelle-ci la seconde : 

(3) sl«^.g = i[(«-l)y-(»»+i,)]P. 

Les trois equations (2), (3) d^montrent qne le covariant ^de Tordre 
m et du degr6 jp de la forme / dans leqnel on pose pour x uoe qnel- 
conqne Xr des racines de I'^quation / («) = 0, pent s'exprimer par un 
covariant de la forme 0, covariant de Vordre m-^-p et du degr^ p. Si 
F est un invariant de la forme /, Ton a m = 0, et on retombe dans le 
th^oreme demontr6 pour le. discriminant. 

2. Je vais donner un exemple de ces relations en me limitant pour 
le moment au cas de n = 5. 

La forme ^ a trois covariants : 
et deux invariants ^„ ^„ liees entre eux par la relation : 
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La forme / a dix-nenf covariants, qaatre invariants, mais ponr le but 
que i'ai en vne, il me snffit de considt'rer lea quatre covariants 
lin^aires, les trois qnadratiques, les trois cubiqnes, et lea invariants. 
En posant : 

w*=2(l>P)i» n = (Z7n), 2' = (/p), T=:(mp), 
« = (^)t» /3 = (M, y = (wia), 8 = («a), 

on obtient 

1. Les qnatre invariants A^ B, (7, D des degres 4, 8, 12, 18. 

2. Les qaatre covariants lin^aires a, /3, y, ^ des degres 5, 7, 11, 13. 

3. Les trois covariants qnadratiqnes Z, m, n des degres 2, 6, 8. 

4. Les trois covariants cnbiqaes p, q, r des degres 3, 5, 9. 

En consequence du th^rdme d^montr^ an s* 1', les covariants Z, m, n 
sont des covariants de ^ des degres 2, 6, 8 et des ordres 4, 8, 10. On 
trouve en eff et : 

« = 3^ [l44<7,A-5i7;^] t. 

Les trois covariants p, q, r s'ezprimcnt en fonctions de covariants 
de ^ des degres 3, 5, 9 et des ordres 6, 8, 12 ; ct une calculation 
tr^s-facile donne : 

4 4 

3^ 5V r == (5^ (^^+2 . 3^ 4V (tJ) ^»-8 . 9 [66(7,(7,^*+ 7(/; ^10-240(7,^'] ;i. 
On aura de m6me : 

« = - If?.'. /3 = |- [l2i7,^,^'-7^',A^ + 144j,.A'], 

2 1 

dana laquelle on doit poser pour r, m les valeurs snp^rienres, et enfin : 
^ = 3^ < [288g\g,<^h-l2S (g'^+54g\) V+25gyl 

TOL. XX. — NO. 351, K 
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A =y [3g,,^-8g,h], 



On voit qne qnatre de ces covariants a, B, n, p ont ponr facteur le co- 
variant gaacbe t; les antres sont fonctions de ^, h, g^j g^. 

Quant anx invariants on trouve directement : 

12 
5^ 

et Ton dednit B de la relation entre les discriminants : 

16 {g\-27g^) 0« = 5» {A^- 144B). 

La valeur de C pent s'obtenir directement, on plus simplement de 
la mani^re suivante : — En posant : 

L = 4(2AJ5-27(7), 

on a, comme il est connu, la relation : 

LZ = j3«-|-i4a', 

le second membre delaquelle, en substituant les valeurs de a, ft^ A, est 
divisible par h on par Z, et Ton dednit ainsi la valenr de C. 

3. Entre les covariants consider^s dans le s. pr^cMent le senl q 
jouit de la propn^t^ d*avoir comme facteur ^ ; mais on voit tout-de- 
suite qu*on pent par des combinaisons des antres covariants obtenir 
des expressions qui aient la memo propriety. 

Une premiere combinaison est la suivanfe : 

(4) 54r+Z/3, 

qui donne un covariant de/ de troisi^me ordre et du neuvi^me degr^ ; 
une seconde et une troisidme, les 

(5) 5^r-h47Mi, 25^V+8a'/3, 

d'ordre 3 et des degr^s 13, 17. 

li!videmment cbacune de ces quatre expressions ^tant divisibles 
par ^, en se rappellant que =/'(;c^), donnent quatre formules de 
transformation de T^quation f{x) = 0, et dans chacun des quatre cas 
la transformee a le coefficient du second terrae egal a zero, et les 
coefficients des terraes suivants seront des fonctions entieres de A, 

En posant : y = iq -^ = 10 ^-^ 

les valeurs de q^ A donn^es an s. precedent, conduisent aux relations 

6' 5* 

suivantes : (6) g^h = - -^- ^, (3y-4il), gr,^ = -— ,(12y- J), 
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et de la relation entre les discriiniiiants on obtient, k cause de cette 
derni^re: (7) g^^^'^ = JL [5(12y-.l)« + 27(il«-144B)]. 

Enfin de la valenr de L on d^dnit 

(8) 9\h* = - ^ [870/ + 165.4y'-40^«y-4050%+J5M* 

-^-2l6ilB-4^3^c]. 

An mojen de ces qnatre relations on arrive k exprimer les (4), (5) en 
fonction de y, A, B, C. Mais anparavant il importe d'observer qn'en 
mnliipliaint les denz demi^res (7), (8) entire elles, on a, k canse des 
(6), qne le premier membre est nne fonction de y et de ^4 ; une trds> 
simple calculation conduit k I'^quation : 

y»-10By»~40ay* + 6 (bB'+iAC) y- (V^'a4-i^B*-216BO) = 0, 

transform^ en y de T^qnation / (af) = 0. ' 
On tronve pour le covariant (4) : 

(10) ^^^ = 9y'+iAy-36B, 

et analognement on aura pour les covariants (5) deux polynomes du 
troiaidme et du quatri^me degr6 en y. 

En multipliant y et les trois poljnomes en y des degr^s 2, 3, 4 par 
des indetermin6es, et en nommant avec z leur somme, par Texpression 
en gf analogue k celle de Tcbimauss, on transformera Tequation 
/(«) = dans une autre, pour laqnelle le coefficient du second terme 
est 6gal k z^ro et les coefficients suivants seront fonctions de Ay B, G 
et des quatre indetermin^es. 

Je d^montr^rais dans une procbaine occasion Tapplication de la 
m^bode expos6e k la transformation des equations du septieme degr^. 
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I. 

1. In analogy with Professor Sylvester's nomenclature in con- 
nection with Reciprocants, I propose to give the name Projective or 
Principiant Cyclicants to those Pure Cyclicants* which areDifEerential, 
Invariants for all homographic transformations of the three variables 
of the second and higher derivatives of one of which with regard to 
the other two they are functions, t.e., to those which have the property 
of persistence in form, but for a factor not involving second and 
higher derivatives, when the variables undergo any such transfor- 
mation as 



X 



1 



(1). 



Ax-^By+Oz-^D 

It will be remembered that all pure cyclicants persist for the included 
most general linear transformation, in which the -4, J9, of (1) 
are zeroes. 

Projective cyclicants obey of course all the laws of pure cyclicants 
in general ; i.e., they are homogeneous, doubly isobaric, and subject to 
annihilation by the four operators (see Proceedings, Vol. xviii., 
pp. 142, 164). 

0, = a [(m + l)«^,,.,.,-^} (2), 

♦ Of, Froceedingtf Vol. xix., pp. 377, &o. 
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0, = S {(«+!)*— .-5£;} (3). 

F, = 2 [a(«!„*«„.,.,..)^J (4), 

F.sS j2(.av.«-r,.M-.)^j (5), 



'MM 



in which tmn denotes — ; — , , ^ , ■ for all values of m, w, and in 

ml n\ dy^dz'* 

which the limits of the summations are adequately expressed bj 
sajing that in every derivative z^, which occurs, whether in a 
coefficient or in an operating symbol, p and q must be positive 
integers, or a positive integer and a zero, whose sum is not less than 2. 
We shall presently see that the further conditions, necessary and 
sufficient, for a pure cyclicant to be projective are, that it have the two 
additional annihilators 

«, = S [im+n-2)x^,^.^ ^J (6), 

«.= 2 [(«t+n-2)x^.,.. ^1 „ (7). 



It will be noticed that I am, for subsequent convenience, using a 
notation which regards y and z as the independent variables, and x 
as the dependent. In passages where this is not the case, Oj, O,, 
Fy Vf, irf„ wj will still be used to denote the operators (2) to (7) with 
the dependent variable, whichever it may be, written in them for x, 

2. The formulsB of trausformation (1) may be replaced by the 
succession of the three following substitutions 

Oxz:z(Ga,-c,A)X-\-{Gb,-c,B)Y-\-(Gd^-cD)Z+CcA 

Oy = (Oa,-c,^) X-f (06,-c,JB) r+(Cc7,-c,D) Z+Cc, I ... (8), 

Cm = (G<H^c,A) X+(06,-c,JB) r-h((7ci,-c,D) Z+Gc^) 

X T 1 "" Z' ^ ^' 

r= y (10), 

the only case of failure being when = 0. In this special case A 
and B cannot be both also zero without the transformation (1) 
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degenerating into a merely linear one. Suppose then that B, for in- 
stance, is different from zero. The transformatiou (1) may now be 
efEected by the series of transformations (8), (9), (10), altered only by 
the interchange of 0, Cj, c„ c„ and B, 6„ i>„ 6,, preceded by the particu- 
lar linear substitution of x for y and y for a*, and followed by that of y' 
for x' and a;' for y\ In all cases, therefore, the homographic transforma- 
tion (1) may be replaced by a succession of linear transformations 
and a transformation like (9). 

II. 
3. -We have, accordingly, to study the transformation (9), or say 

^=iL=^=J, (11), 

X y 1 z 

with a view to determine differential expressions which persist in 
form after the transformation, and in particular cyclicants which 
have this property of persistence. There are advantages of simplicity, 
as the sequel will make sufBciently clear, in regarding y and z as the 
independent variables, so that the relation, of course perfectly un- 
i*estricted in form, which is supposed to connect a;, ^, z, is regarded as 
one expressing the first in terms of the second and third of these 
variables. Similarly, of x\ y\ z\ the two last are taken as the 
independent variables. In this and the following nine articles, forms 
of persistent expressions for the transformation (11) are investigated 
without any special reference to the theory of cyclicants. 

A reason for the greater simplicity gained by regarding x and x as 
the dependent variables in the two sets is, that the formulas for the 
transformation of the independent variables 

y = jC. 5=4 (12), 

z z 

or y'=^, «'= — (13), 

z z 

are thus quite unencumbered by any presence of the dependent. 
Thus we obtain from them at once the equivalences of operators 

— - — A -/A (\L\ 

dy" z dy'^ dy ^ ^' 

d if_ jd 1_ d^ » d ^ d nK\ 

dz ^ dy' ^ dz dy dz 

from which also "V^-i «'t- = -n (1^)« 

dy dz dz 
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The completely reciprocal relations between the accented and un- 
accented lett-ers in (11), and its consequences, are of fundamental 
importance. 

It is to be remarked that the operative symbols in (14), (15), (16) 
are symbols of total and not partial differentiation, so that, for in- 
stance, if the function opei-ated on involve the dependent variable x 

or x' explicitly, j- stands for N" p"^io (7" ) ^ which ( y J i^ ^^® 

symbol of differentiation with regard to 2; in so far as it is explicitly 

involved, and -- that for all those parts of the operation -^ which 

if J 

ignore the explicit presence of ar. We shall be in little danger of 
confusion in this matter, for it is only at the outset that we shall 
have occasion to operate on functions in which the dependent variable 
explicitly appears. 

It is easy from (14) — (16) to obtain two independent linear 
differential operators which persist in form after the transformation. 
From (16), by aid of (12), 

^#=^'*-f (17), 

and by subtraction of (16) fi'om z' times (15), and use of (12), 

yi^'4—{yi'''''i'} ^''^- 

It is clear, then, that we are to expect two classes of persistent 
functions — a class which persist absolutely, and a skew class which 
persist but for a change of sign. They may be called persistents of 
positive and negative character respectively, and the operators (17) 
and (18) may be called, respectively, positively and negatively per- 
sistent operators. 

Other persistent operators, equivalent of course in the aggregate 
to these two only, may be with ease written down. Thus the sum 
and difference of (15) and (16) give us, respectively, the positively 
and negatively persistent operators 
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and, again, the sum and difEerence of (16) and » times (15) give as 

and ^},1h-(. + 1)|-| = -.'.{,'^, + (. + i4} (22). 

It should be remarked that in (17), and either (19) or (21), we have 
two independent positively persistent operators. 

4. The persistent operators arrived at in the last article enable us 
at once to write down any number of persistent functions of the 
variables and derivatives, when we notice that the formula) of ti^ans- 
formation (11) may themselves be written in persistent form. Thus, 
in the independent variable z only, we have the porsistents, not of 
course independent, 

«-hl = ;!j+4 (23), 

z z 

;5-*(«4-l)=/-*(^' + l) (24), 

«-i(;5-.l) = --5'-|(«'_-l) (25), 

log«= — logaf'= w, say (26), 

Ac., &c. The two first of these are of positive, and the third and 
fourth of negative, character. 

Again, in both independent variables y and ;;, we have the persistent 

z'^y = z'^y =t;, say (27), 

and in the dependent and independent variables 

z'^x = z'^^x = w, say (28), 

or, again, y'^x = y'^x' (29). 

In (26), (27), and (28), we have in persistent form the exact equiva- 
lents of (11). 

By operation on (28) or (29) with any one of the persistent opera- 
tors (17) to (22) we get a linear persistent function in x, x^q, a*,,,, or 
some of them, the coefficients involving one or both of y and z. By a 
second operation with the same or another of the operators, wc get a 
new persistent linear in x, Xi^, x^^, x^ x^, a^, or some of them. In 
fact, we get a linear persistent after any number of repetitions of 
such operations. Let us choose two independent persistent operators, 
(17) and (18) say. By use of them as thus indicated, noticing that 
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the effect of the compound operation 



H^^iWi) 



is not altered by reversing the order of its component simple opera- 
tions, we obtain a perfectlj complete system of linear persistent 
functions by assigning to m and n, in 

all zero and positive integral values in succession. The functions are 
positively or negatively persistent as n is even or odd. 

For the explanation of (30) we have not far to seek. The relation, 
whatever it may be, which connects », y, z, may be expressed in tenns 
of the elementary persistent functions w, v, w, of (28), (27), and (26). 
Thus we have 



« = e* 



y^^^ \ (31), 



X = u^ 



and the companion formoke 



z = e-"" 



y^ve-^-\ (32). 



X = i*e"** 



The first two of each of these groups give ns 

dv dy dy 

= ^|. = /*A, (33), 

dij dy 

J d m d . -i ^tc d -im d I ^,^-4ir « 

and -— =:e*_ H-^te**'--- = — e "^T-^-t^e * —, 

dw dz dy dz ay 
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Thus the two sides of (30) are merely equivalent expressions for 

2"-^ — ^ (35), 

and the completeness of the series of linear persistent expressions 
given by (30) or (35) lies in the fact that these are constant multi- 
ples of the entire system of coefficients in the expansion of an incre- 
ment of u or z'^x in terms of increments of v or z'^y and to or logz. 

It is at once clear that a complete system of persistent functions, 
with y instead of x taken for dependent variable, is afforded in like 
manner by the series of derivatives 

^ — 1 (36). 

The case when z is taken as the dependent variable has less simplicity, 
for Uy r, and w all involve Zy while only one of them involves x or y, 

m 

5. It is not to be assumed that the complete system of linear per- 
sistents for the transformation (II) given by (30) or (35) is the 
simplest in form of all complete systems when written explicitly. 
This statement may be illustrated by writing down the complete 
system for the first two orders. 

Operating on (28) with (17) and (18) in turn, we get the com- 
plete system of the first order 

dU , ^0»7\ 

^ = «io = «io (37), 

2 ^ = «-* (yx,,-^2zx,,-x) = - «'-* (yx{o'\'2zXi-x) ...(38). 

An equivalent pair, obtained by operating on (28) with (21) and 
(22), and remembering (24) and (25), is 

yi«io+(«— l)iPoi-« = y'«lo-|-(«'— l)iBoi-iB' (39), 

yx,o-^(zi'l)x^,-x=:-{y'x[o-^(z'-\'l)4^-x'] (40). 

Note that the formulee giving a^^ and x^^ in terms of accented letters 
are (37), and 

«oi = « — y «io— «'«o'i (41). 
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The complete aet of linear persisients of the second order are 

i|^ = ^^« = *'*^; (42), 

= yj?jo + «'n = — (y''4-l-«''«n) (43), 



dvdw 



= + (the same expression in accented letters) ... (44). 

Now, the last two terms in (44) are themsulvcK positively persistent 
functions, by (27), (37), and (28). So too is its first term, by (42) 
and (27). Thus our simplest complete system of the second oi*der 
consists of (42), (43), and the remaining terms of (44), i.e., 

«* (2^11 + 2x103^) =/*(y'af;i + 2/aj;) (45). 

There are advantages, however, as will be seen pi-eseiitly, in not 
omitting the fii*st term of (44), bat in taking, rather than (45) the 
somewhat less simple persistent 

2'Ky'«*»+2zy.ij„ + 42;Vo,) ==/-*(y''oj.i + 2zya:;, + 4«'«a4) ...(46). 

Again, note that the formulae for a^ Xn, x^^ in terms of accented 

letters are 

/ / 

«n = — «'(2/j4 + ;3'a!u) [ (47). 



6. In the last article we have found a complete system of three 
linear persistents of the second order, which do not involve the 
dependent variable x nor the first derivatives «io» ^oi- Now the per- 
sistent operators (33) and (34) cannot produce functions involving 
Xj aj,o, iBoi fro^ functions which are free from them. It follows that, 
from the second order onwards, a complete system exists which only 
involves the independent variables y, a, and second and higher deriva- 
tives. It will now be proved that the type of such a complete 
system is 

«.„ = «*^*"''"-'V*"'^-»*>^*Jaj (48), 

where w + n<t:2, and Wj, Q^ denote the operators (6) and (2). 

We have already a complete system of the second order which 
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accords with the type in (42), (43), (46), i.e., in 
u„ = «*«» (42), 

='['^i^i:h • • ^^''^^ 

of which the first two are ?rr -r-r , ; ■ , , , , , , and the third differs 
^ 2! CUT 1! 1! dvdw 

from — --^ by a persistent of the same character. The general law 

will be proved to be that u^ and t*„i are — r —— and — — -, - ^ , , 
'^ w! au"* m! 1! dv'^aw 

while, in general, i*„„ differs from — ; — r - — ; — by a persistent of the 

ml ni dv'^dvf 

same character not involying x^^^ . 

1 d^u 
In the first place, that u^ is the persistent — : -j-^ is proved in- 
stant aneoosly as follows ^' ^ 



1 |::^=:i(^^r (,-.«,) =^(-.. 

m! dv"* m\ \ dy/ ' 



^mO 



— ^("•-l)^"*(l + »0i)^ 



mO 



= t*«o (49). 

We proceed to ground a mathematical induction, proving that u^n is 
in all cases a persistent function, upon the actual evaluation of 
d 
dto 

7. The order of the operations of of^ and O^ on any function of the 
derivatives is immaterial, for it is at once clear that the alternant 
identity 

is satisfied. 

Thus (48) may be written 

**--^ ^\r\s\ (2.)-'*'^"»r'"" 

= 2 fv-;5»(2«*"-»-«''-«') — 1 — J'n\\ 
V 2-*V!«! ' V 



^mn 
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= 2 {y'**^*"*— ^-^-••>(w+n-2)(w+n-3)... 

...(m+n— r— l)(m + l)(m + 2)...(m+5) a5«*.,»-r-.} 

\ 2^**r! *! tn! (m+n— r— 2) ! / 

the sninmation being with regard to r and 8, and comprising all pairs 
of yalnes (including zero) of those n ambers whose snm does not 
exceed n. 

It follows that 

- S ( ^M(i«»^^m^i-»r-2«) (m-hn~2)! (m+g)! (n-r-g+1) \ 

" r 2-'r!dm!(ni+n-r-2)! *--.— *»J 

l^ 2'*'**r! 8\ ml (m + n-r-2)! 

I 5f„M(»..«— i-ar-i.) (m+«-2)! (m+a)! ) 

^ l\; 2"'*>r! («-l)!m! (m+n-r-2)! "*•'"-'-)' 

in which the first summation may, by putting r -h 1 for r, be written 

^ f ,,.^{2»+m-i-2r-2,) (m+n— 2) ! (m + g) ! (n—r-g) ^ ^ 

-* [y ^ 2'-*'*Hr+l) ! *! m! (m-hn-r-3) !^— '"— j ' 

and the third, by putting r+1 for r and 5—1 for «, 

5 f ,^^(in*m-i-2r-2,) (m-hn-2) ! (m-hg)l ) 

-2J(y«' 2-'*>(r-hl)!(5-l)!m!(m+n-r-3)! "*•''•-'-)• 

In these two summations the value — 1 of r must be regarded as 
admissible, and in the latter the value of « is excluded. Subject to 
this remark we obtain, then, 

iw "" i* 2'*'*'(r+l)!»!m!(m+n-r-2)! ""•"-'- 

[(n— r— »)(tn+n— r— 2) 
+ (2n+m-l-2r-2*)(r+l) 

+8 (m + n— r— 2) 

+ {r+l). ]}... (61), 
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the value — 1 of r being admitted in the first and third products 
within the square brackets. It is also clear that the admission of the 
same value into the second and fourth products will introduce only 
zero terms to the summation, since r+l is a factor of each of those 
terms, and since (r+1) ! in the denominator is taken as unity when 
r + 1 vanishes. Again, that the value « = is excluded from the third 
product makes no difference, for a like reason. 

Now, it is readily seen that the sum of products in the square 
brackets is (n + l)(m + n— 1) — (r + l)(r+«) 

= (n + l)(m + n-l)-r(r+l)-«(r-|-l) (52). 

It will be convenient to put r for r + li since this may have all values. 
Doing so, we find that 

^w^«= (n-hl)2W«*^'"*'"**-"'-*'^ 
dw C 

(m+n-l)\(m+s)\ 1 

2'-r!»!m!(m+n-r-l) !-"•"*'-'-) 



-l-2r'-2«) 



(m-hn-l)(m-f n~2) ^ (y,^(»n'*m.i 

(m+n--2)!(m-h.)! ) 

2r*'r\8\m\ (m + n'-r -2) ! *— •"'-^-j 

«* 2« l^ 



^2"" 



'—/'!/'! tn"! (m''+n''-r"-2)!'^"^'"''"'-'"-"r-^^^^' 
where 

w' = n— 1, r =r— 2, m^sm+l, n^'ssn— 1, r^'sr— 1, «"=;*— 1. 

Consequently, by (60), 

i-w„^ = („+l)^(«i5Ti.-..i,^-i(^,,oo^ ^^^ 
dw 

_(m^n-l)(m+n-2) tc,^.^.i)^-i^,^^^o 

A Of HI* I, »— I 

-iy«-»(w+l)(m+n- !)«««,,,., (64). 
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It would, at first siglit, appear as if the second and third members 
of the right-hand side of (54) are not complete, but need to be re- 
inforced by the addition of terms corresponding to the valnos —2,-1 
for / in the second, and —1 for r" and —1 for «" in the third 
member on the right of (53). But this is not the case. Values —2, 
— 1 of / would mean values — 1 , of r in (51) and (52), for which the 
term r(r+l) in (52) vanishes. Again, —1 for r" and —1 for *" 
would mean for s and —1 for r, respectively, in (51) and (52), 
values which make «(r+l) vanish. 

A special result of greater simplicity replaces (54) for all cases 
when n = 0, the then meaningless symbols Mm. n-i &nd u^*\,n-\ having 
in such cases to be replaced by zeroes. For, when n = 0, « and r can 
be only zero in (50), and consequently in (52) s can only be zei-o and 
r only zero or — 1 ; so that the first of the three parts of the right- 
hand member of (53) or (54) is the only one that exists. 

This is easy to see by actual operation on u^o without introduction 
of the general notation. Thus 



£«-=K+^^l;)(^"-"'-> 



dy. 

= «•'"*"«-, +HW-1) *»'"-"«•»« +iy«* ""-"(»» + 1) a-««i. 



= ^'-*"{i+i-. + |".} 



»» 



= «., (5.'.). 

8. The materials for a mathematical induction proving u^^ & 
persistent for the transformation (11), whatever numbers (including 
zero) m and n be, provided that m-hn <J: 2, are now ready. By (49) 
u^ is always a persistent. By (55) so is u„ i . Now (54) tells us 
that, if u^M Wi«, M-i and timti, «-i are persistcnts, i*«, „4i must be one. 
Thus, since u„.i, u^oy Um*\,o ai*e persistents, so is ii„.s; since u„i, m„i, 
w«*i.i are, so is n^, ; since t*„s, w^a, tt«*i,2 are, so is u^ <, Ac. Thus, 
finally, u.^ n is one for all values of n as well as for all of m. 

That the general persistent u^n is linear, is clear from the method 
of its formation, kt^ and Qj being lineo-linear operators. That all the 
linear persistents u^^ are independent is also evident, for in the order 
^hoi Wn, «o„ M,o, ti,|. Ml,, ttj^, w^, t*„, Ac, each involves one derivative of x 
which does not appear in any of the preceding. That the system is 
complete from the second order onwards follows from the fact that up 
to any order it has just as many members as there are of second and 
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hiirher deriTatiyes - — ; — or x„. With m, -7-, and -;-, [see (28), 

diT iko^ dv wo 

(37), and (38)1, the sjstem is absolatelj complete. 

9. The absolntelj complete system of linear persistents for the 
transformation (11), which is now before as, suffices of course to pro- 
duce bj combinations of its members every persistent which exists, 
non-linear as well as linear. We now enter upon the theoiy of the 
formation of non-linear persistents. 

It is well known that, if 5 be any linear differential operator, and 
17, y any two functions of the arguments on which it operates, and 
if 5 be called 5| when it and its repetitions act on IT* only, and 5, when 
upon y only, then 

5-{DT) = (*,+*,)-(D'7), 
for all positive integral values of n, and oonseqaently 

e^(t*t;)=:c^»-'^«(t*t;) 
= e^^e^(t*v) 

= e^u.e^v (66). 

Now ^((iii+yO^) is sach an operator & upon functions of the 

second and higher derivatives x^. It follows, from (56) and (48), 
that 

= l^(^'^*»*^'^^^'\^*fQj) (x^^x^^n) (57). 

The right-hand member of this equality is then a persistent. 

The extensions to products of 3, 4, ... , and finally all numbers of 
elementary persistents u^y is efEected in like manner, the general con- 
clusion being that, n^*^ u^ denoting a product of % factors u^^ 

n^'^tt^ = 2*(».H*,^-i)^-i(^+,0i, (n^aj^) (58). 

Consequently, taking any sum of a number of such products of t 
factors for all of which Sm and 2n are constant numbers, tr, and w^ 

respectively, we deduce that, if H^^^^ (u) denote a homogeneous (of 
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degree t) and doablj isobaric (of partial weights ir, and w,) 
function of the second and higher linear persistents »•», and if Hj^ », (z) 
denote the same function of the corresponding derivatiTes jr^, then 

fli;'^(«) = *»*^-- • e"-' -.o. H^^(x) (59). 

The right-hand member is then a persistent. Its sign character 
will be + or — according as it, is even or odd. Thns the identity 
expressive of its parsisiency is 

«*^*''-'' e****i-»*i'Ou H • (x) = (-!)•• r* ^••« - ^ * ->» oi' H ' (a?) 

(60). 

10. The fundamental linear persistents u^ Un, u^ ... u.^, ... are 
free from the dependent variable x and the first derivatives x^^ and x^. 
The same will consequently be the case with the rational int^^l 
persistents of any degree given by (59;. On the other hand, the 
independent variables y and z occur iu all the linear persistents, 
except that y is absent when n = 0. As a rule, therefore, both y and 
z will occur in all the rational and integral persistents (oD). 

Now y and z occur in different manners in u^. This linear per- 
sistent contains terms free from y and terms involving y, y^ >•- y* 
respectively as factors. The leading term z* ^•♦**-i x^ is among 
those which have no power of y as a factor. On the other hand, this 
leading term has for a factor the other independent variable z raised 
to a power which is never zero but always positive. There is in fact 
no term in the expression for u.. which has not a positive power of z 
for a factor, except when m = 0, in which case a single term has for 
its z factor the negative power z~*. Moreover, no other term involves 
so high a power of z as the leading one. 

We cannot expect, then, to find rational integral persistents (59) 
which do not involve z. It is now to be seen that there are, however, 
a vast, and no doubt infinite, number which only involve a single 
power of z as a factor throaghoat, and which do not involve y at all. 
Snch will be called rational integi'al pure persistents. By dividing 
one pure persistent by a suitable power of any other, the z factor may 
be made to disappear, thus yielding us an absolute pure persistent. 
Absolute pure persistents are of necessity fractional. 

Now, in (59), the leading term Jff.\«, (j:) is the one on the right 
which certainly cannot be made to disappear ; for, if it did, so would 
H^^^ (u), and (59) would be a mere identity of zeroes. We seek then, 
in OTder to make H a pure persistent, necessary and sufficient 

VOL. XX. — so. 352. L 
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conditions that all the other terms disappear. These conditions are 
at once seen to be 

a,j5i%.(a5) = 0, andOi<,.(a;)=0 (61). 

The two are necessary, for the coefficients of the various powers and 
products of powers of the independent quantities z and ^ must vanish 
separately, and consequently, in particular, the coefficients of 
^(>.^*if,-.-i) ^Qjj y;g4(>^*-...-2) jj^^g^ vanish. They are also sufficient, 

for, if wi H = 0, and Oj H = 0, 

it will be a consequence that 

w;h = o, u;;o;h=o, and n;ir=*o (62), 

for all positive integral values of r and s. 

Space will not now permit a systematic classification of the pure 
persistents for the transformation (11) to which we thus obtain the 
clue, nor a development of their interesting properties. It will be 
remembered that we have been only seeking them in order to discuss 
the selection from them of those which are also cyclicants, t.e., 
persistents, but for a first derivative factor, for linear transformations 
of the variables. In the rest of this paper they will then be dealt 
with only in their bearing on the theory of cyclicants and kindred 
functions. 

11. It is worth while to remark that I first arrived at the necessary 
and sufficient conditions (61), that a pure function JI be, but for a 
power of iS as factor, a persistent for the transformation (11), in a 
somewhat different manner, by proving that, since 

X = «*^ «, 

dy dy 

J d d jt d 

az ay az 

(-!)"«:« = a**-' eO'-x-^'O-'a-.,* (63), 

* Comparison of (63) with (48) gives us the following rule for deducing Hf^m or 

rather ( — 1)*2*^*****"^^Mw,«, from the value of x'^h in terms of variables and un- 
accented derivatives: — '' Divide by the square root of the multiplier of Xmnt and in 
the quotient replace z by 2e.'* 

For the deduction of Xmn froni <^n the rule is— 

«* Multiply by (-1)" and by (4»)*^*'*'*-*\ and then replace z by i«.*' 
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and conseqaentlj that 

(-l)'^<,.(«0=^*''^-*«^'''"*''°^^-ffi%.W (64). 

The method is on the whole easier than that above detailed, for, in the 
work corresponding to that of Art. 7 above, no residual terms such 
as the (r+l)(r+0 of (52) occur. The advantage of the method 
which I have here followed lies in its incidental investigation of 
complete systems of linear and rational integral persistents which 
are not pure or free from y. 

Combination of the two results (60) and (04) leads to an interesting 
conclusion which might undoubtedly be proved independently and 
made the basis of. a third method. By operating on each side of (64) 
with e<-iw(-»*»Qi), and multiplying by /*««^«*''»-\ we get 

Bnt, by (60), the right-hand member of this identity is also equal to 

We have then the identity of operators 

g(-i/2,)(..*yQ.) _ga^')(-;*y'Q:) (65), 

the function operated on upon the left being any function of the 
second and higher derivatives of x with regard to y and Zy or, more 
generally, of any function of those derivatives and of y and z, but 
not also of z, a^^o* %• ^^^ transform of such a function is necessarily 
free from x\ «[o, a-^. 

12. The results as to the transformation (11) with y instead of x 
taken as dependent variable are, from the complete symmetry of the 
formulsB of transformation in x and y^ at once seen to be deduced 
from those already obtained by mere interchange of the letters x and 
y and of first and second suffixes throaghout. 

For the purposes of the rest of this paper, it is best to state the 
equivalent of this fact in a somewhat dilEerent way. Companion to 
the transformation (11), i.e., 

4 = iL = ^ = -l (11), 

x y 1 z 
we have the transformation 

l2 
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For this transformation as for the other there is a complete system of 

linear persistents of which the type, for values of m and n whose sum 

exceeds unity, is 

y4(a«.+n-i)g(i/2y)(-,*xO^^^^ (67)^ 

and a complete system of rational integral persistents 

yi(2-..^.r.-n^:i,^y)<.^^.n.)^o^ (^) (^^>^^ 

in which a>j, O, are the operators (7) and (3), obtained by inter- 
changing first and second suffixes in Wj and n, respectively. The 
necessary and sufficient conditions that the homogeneous and doubly 
isobaric function H be a pure persistent for the ti'ansformation (fi^) 

are then w,fi^=0 and n,H=0 (69). 

III. 

13. We now proceed to the consideration of homogeneous and 
doubly isobaric functions of the second and higher derivatives, which, 
as well an being annihilated by one or both of the operators o^i, (u,, and 
one or both of Hj, O,, have the further property of being annihilated 
by one or both of the operators Fj, F,. Three classes of these func- 
tions will occupy our attention. The most restricted class is men- 
tioned first. 

A. Projective or Principiant Ctfclicants, as defined in Art. 1. It is 
now seen that the necessary and sufficient conditions which they 
satisfy are that they have all six annihilators cuj, b^,, (1^ 12,, Fj, F,. In 
the next article but one, it will be made clear that their annihilation 
by (1^2 and F, is a mere consequence of their annihilation by the other 
four. 

B. Projective Semicyclicants. — These possess the three annihilators 
Clip O,, Fi- Their property is that they persist in form, but for a 
factor involving the variables and first derivatives, after any trans- 
formation which can be produced by a succession of transformations 
like (11), and special linear transformations like 

y=:rX+m'r+HZ+j)' ( (70), 

z = n'Z-^-p* ) 

i.e., after any special homographic transformation, such as 



a/-|-6y+c«'+d ax-^-hy-^cz-^-^ c^z-^dT Oz-^D 



...(71). 



1889.] or Surface Differential Invariant j^. 149. 

C. Principiant Semicyclicants, the specially interesting class of pro- 
jective semicyclicants which have the fourth annihilator (u, as well 
as the three (Oj, Q^, V^. 

Some projective and principiant semicyclicants are annihilated by 
F, as well as by the operators, annihilation by which defines them, 
and have in consequence additional properties. It is probably 
mnwise, however, to harden the subject with further nomenclature. 

14. The following important alternant identities are easily veri- 
fied : — oijW, — (i)|(ii, =: (72), 

WjOi-n^Wi = (73), 

w,n,— n,w, = (74), 

oiiO, — 0,Wi = itf, (75), 

WjQi — 12^(11, = o), (76), 

"'i-|;"'="' ^'^>' 

w, -T T-w, = fri + 2«r,— 1 (79), 

uz dz 

w, -; r-<^i = 2iOi + i^, — i (SO), 

di/ dy 

«iF,-T>, = (81), 

<^,F,-F^, = (82), 

the function operated on being one of second and higher derivatives 
of X with regard to the independent vaiiables y and z, and in the case 
of (79) and (80), one which is homogeneous and doubly isobaric. In 
case of all but the four (77) to (80), the function may involve also 
the variables. 

A close analogy between the properties of w^, w, and I',, F, will be 
observed on comparing many of the above identities with corres- 
ponding ones obtained in my previous papers in Vols, xvii., xviii., 
XTX. of the Proceedings. It may be well to rewrite these here, 
especially as where they were obtained it was convenient to use x 



III 
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and y as the independent variables instead of y and e as at present, and 
as it is now desirable, in order to use the two sets of results in connec- 
tion, to have them, too, in the present notation before us. They are 

O,Fi-FA = (84) 

O,F,-F,O, = (85) 

0,F,-F,0, = 7, (86) 

0,F.-F,0,= F, (87) 

from Vol. XIX., p. 9, and 

^'£"£ '^> = 2ai,(t'+«;,)+«„n, (88) 

V,£-^V, = x,,Q,+2x„(i+w,) (89) 

F,£-£F,=ir„(t+«>,)+2«^0, (90) 

^•£ ~^ ^' = 2»^0,+«n (t+w.) (91) 

"•|-|"' = '^ ^''^ 

««£ -!"«=« ^''^ 

dy dy dz 

from Vol. XIX., p. 380. To these add 

OiOj-OjOiS Wj-io, (96) 

and F,7,-F,7i = (97) 

of which last, as it is far from obvious, a proof is appended. The 
symbolical notation of my paper in the Proceedingsj Vol. xviii., pp. 

142, <&c.,is used, so that rfC in an expanded result means 



dx, 
Let Ctnn denote the coefficient of i?*"^* in 



(i-^.ov-^xiy = {2 (awf^i?")}', 
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which, for shortness, call fi*. Then 

therefore 4F,F,= {2 [(r+l)c,.„.'»T]} (2 [(« + l)c„,,«,,-r]}. 

Therefore oo. iiT in ^{V^V^-VtV^) 

= {(»+l)2[(r+l)c„,,.a!,.,,,»,..] 

-(m+l)2 [(«+l)c,,.M««.l.r,,..]} 

= (n + 1) 00. i|"f"*' in I- (u') ^-(m + 1) CO. i|"*'r in — W h 

dri drf 

= co.,-ri» (2,||*,. 11-2,1 *.,.^J 

= 0, for all yalnes of m and n. 

Hence (97) follows. We have thus evaluated all the alternants of 

pairs of J-, — -, Wj, w„ Oi, 0„ V^ F„ the only one not written down 
ax (^y 

above being the elementary identity 

d d ^^ d d /% 

dy dz dz dy 

15. A few only of the many conclusions which are involved in the 
alternant identities before us will be added to those detailed in my 
former papers. 

(i.) If a function P is annihilated by w^, so are OjP, ViP, and w,P. 

(ii.) If a function P is annihilated by ta^ so are n,P, V^P, and w^P. 

(iii.) If a function P is annihilated by both itf, and &i|, so are both 
n,P andCl^P. 

(iv.) If a function P is annihilated by F|, so are O^P, WjP, and V^P. 

(v.) If a function P is annihilated by F|, so are 0|P, W|P,and ViP, 

(vi.) If a function P is annihilated by both Vi and F,, so a/re both 
OiP and OjP. 

This last is stated as the companion of (iii.), but I have given and 
applied it in an earlier paper. 
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(vii.) If a function P is annihilated hy (li, so are V^P, -7- P, and ut^P. 

ay 

(viii.) If a function P is annihilated by O,, so are V^P, — P, and w^P. 

dz 

(ix.) If Wj and Oj annihilate a function^ so does w,. 

(x.) If w^ and O^ annihilate a function, so does oii. 

(xi.) If Wj, Fi, Oj, O, annihilate a function, so do Wj and Fj. 

The last fact tells ns, as was stated in Article 12, that annihilation by 
0*1, Fi, Oi, O, is enough to certify a projective cyclicant. 

16. Generation of seminvariants from other seminvariants and in- 
variants. 

From (vii.) above we learn that, operating on any sem invariant 
or invariant of the forms 



&c. <fec. 



(98), 



iiij generates another semin variant of the system. That the operators 

Fi and — have the same property, I have mentioned in earlier papera. 
dy 

It is to be noticed that the three generators produce from any given 

seminvariant other seminvariants of qnite different types. Thns, 

(a) Fj generates from a given seminvariant another of higher 
degree, the same weight (second partial weight), and eventually 
(after a succession of operations) one of a diminished number of the 
forms. 

(/3) — , y being the first of the two independent variables, generates 
dy 

one of the same degree, of the same weight (second partial weight), 
and of an increased number of forms. 

(y) <^i generates one of the same degree, diminished weight (second 
partial weight), and eventually (apon repeated application) one of a 
diminished number of forms. 

I hope on some future occasion to deal with these and other 
simple generators of seminvariants, e.g., separate parts of the above 
generators, at greater length. 
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17. Ckneration of pure persistents for the tranrformation (11) from 
others. 

If kf^ and Hi annihilate a pure function P, then P is a pnre persis- 
tent. Now, bj (77) and (92), w^ and O, under these circunistanceR 

annihilate also -— ; and, by (72) and (76) j they also annihilate w,P. 

dy 

Consequently -y and «„ i.e., «j and 

dy 

-^ = 2{(. + l)...,.£} (99). 

are generators of pure persistents for the transformation (11) from 
other such persistents. 

18. Generators of projective semicyclicants from other projective semi- 
cyclicants or cyclicants. 

If ai|, 0|, and F^ annihilate a pure function P, it is a projective 
semicyclicant ; or a projective cyclicant if it is also annihilated by 0„ 
i.e., if its two partial weights are equal. 

Now (77) and (92) tell us, as in the last article, that (o^ and 0^ must 

dP 
also annihilate — ; and (88) tells us that, if only i+tt;, = 0, Fj will 

also annihilate — — . Consequently, the operator —, applied to a 

dy dy 

projective semicyclicant or cyclicant the sum of whose degree and 
first partial weight vanishes, generates another projective semi- 
cyclicant. That from any semicyclicant it generates a semicyclicant 
1 have previously shown (Proceedings, Vol. xrx., p. 382). 

Now, P (t, m;„ w'j) being any projective cyclicant or semicyclicant 
of type i, w^, w^, since o;^ is another, it follows that 

P (t, w,, w ^) 

is one whose degree and first partial weight have a vanishing sum. 
It follows that 

is another projective semicyclicant, which when multiplied by 
^<*«.,)*i produces one that is integral, its type being (t-f 1, w^ + S, w,). 
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Bnt 

-ajjoS [(m+1) *-»• ^— J } -P (*» ^1' ^«) 

Thns the qnadro-liiiear operator 

= %{im+lXx„x^^,,^-x^x„)J-} (101) 

is a generator of projective semicjclicants from other projective semi- 
cjclicants and cyclicants. That it generates semicyclicants from 
semicjclicants, is practically shown in the passage above cited of my 
paper in Vol. xix. 

Two classes of projective semicyclicants have simpler generators 
from other semicyclicants of the same classes. These follow. 

19. Generator of projective semicyclicants having the additional pro- 
perty of being annihilated hy F, from other semicyclicants of the sam^ 
kind. 

If «,P = 0, OjP = 0, V^P = 0, V^P = 0, it follows from (76) that 
Oi . WjP = 0, from (72) that «i . «, P = 0, from (83) that F,.ai,P=0, 
and from (82) that F,.(if,P = 0. Thus oi, is a generator of semi- 
cyclicants of the kind described in the heading from other semi- 
cyclicants of the same kind. 

If P be of type (t, to,, tr,), «,P is of type (t, ti?i— 1, tr,). Thns, in 
particular, if w, exceeds w^ by unity, we may expect a projective 
cyclicant to be generated. 

20. Generator of prindpia/nt semicyclicants from principiant semi- 
cyclicants or from cyclicants. 

Principiant semicyclicants have been defined as those projective 
semicyclicants which or,, as well as ofi, Xl,, F„ annihilates. 

F| is a generator of such from such or from projective cyclicants ; 
for, as in the last article, we see, by means of (82), (86), (83), and 
(97), that if o^i, w„ Oj, Vi all annihilate a pure function P, they all 
annihilate V^P, 

If P is of type (i, w^, w,), V^P is of type (t-l-1, Wi, Wj + l). 
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21. Projective and principiant eocyclicants, 

A cocjclicant is, it will be remembered, a co variant of the cyclioo- 
genitiye forms 

^» = («», «ji. ^m 0(-%» «io)* [• (102), 

•^4 = (^40» %» ^11> ^18» ^045 (— ^Ol> «lo) - 

Ac. <&0. 

whose leading coefficient is a semicjclicant ; and it has been shown 

(Vol. XIX., pp. 379 and 20) tbat, (So, Si, ... /Sf«)(-"%> ^lo)"* ^©i^g a 
coojclicant, 

^01 2/10 

(103), 



a; 



8^ (aj, yz) being the corresponding semicyclicant (in x dependent). 

A projective cocjclicant is now defined as one whose leading co- 
efficient is a projective semicyclicant, and in particular a principiant 
coojclicant as one whose leading coefficient is a principiant semi- 
ojclicant. 

In proving that every projective, or in particular principiant, 
semicyclicant in x persists, bat for a factor involving first derivatives 
and variables only, after the special tomographic transformation (71), 
we have, in virtue of (103), proved the same property of persistence 
to belong to all projective, and in particular principiant, cocyclicants 
in z, 

22. Some instances of projective cyclicants, semicyclicants, 8fc, 

It is a priori clear, and has been noticed by Halphen, that in the 
criteria of developable and ruled surfaces we must have two projec- 
tive or principiant pure cyclicants, persisting for aU homographic 
transformations. 



The two are 



^lO^OJ"?^ 



n 



and 



^» 



X, 



lot 



^» 


»1»> 


^08 


i^ 


«tl. 


*m 


«lll 


a^oi 




*^10» 


»ll> 


^ 




^'lOl 


»ii, 



»0J 



(Cm 



(104), 
(105). 
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Both have been seen in earlier papers to be annihilated by Hj, O^ 
Fj, F3. The farther conditions, that w, and (therefore also) w^ 
annihilate them, are easily verified. ii>i, for instance, produces the 
fourth row of (105) from the first, and the fifth from the second. 

The operator (7, (101), annihilates (104). By repeated operation 
on (105), it will however produce a succession of projective semi- 
cycHcants. 

23. The simplest of all semicyclicants is x^. This is annihilated 
by *^ii (^r ^^^ ^s* ^t is, then, a principiant semicyclicant having the 
additional property of being annihilated by F,. Consequently, the 
quadratic cyclicogenitive form 

(««. «ii, ««X""^<n» ^o)' = ""^ (^^^) 

is a principiant cocyclicant with the additional Fj property. 

The other cyclicogenitive forms are not cocyclicants at all. 
The generators Oy «„ F, produce nothing from the principiant 
semicyclicant o^^q. 

24. Of the other simple semicyclicants and cocyclicants given in 
my last paper (Vol. xix., pp. 392 — 398), most are projective and 
indeed principiant. This is not the case with 3a;,oii4,— 2a^ie,„ which 
w, does not annihilate. It is easily verified, however, that the semi- 
cyclicant of Vol. xrx., p. 395 (59), viz., (^x^x^i—^x^o'^i), or 



Q = 



2«», 


«ii 




3««, 


«ii> 


^ 


4»40» 


««, 


2x^ 



(107), 



is annihilated by both nfj and or,. This, then, is a principiant semi- 
cyclicant, and the corresponding covariant in z of the cyclicogenitive 
forms, viz., 

(q, 1-o.Q. 6^"'<2. - ^"'<2) (-«...«..)• (108), 

is a principiant cocyclicant. 

O, Q*t (?', ..., operating on (107), produce other projective (not 
necessarily principiant) semicyclicants of higher degree and first 
partial weight. Again, Fj, Fj, FJ, ... operating upon it produce a 
limited number of other principiant semicyclicants. 

The family of surfaces whose criterion is Q, or the left-hand mem- 
ber of (108), has been alluded to in Vol. xix., pp. 395, 396. It is now 
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seen that the family includes more than has been there stated, viz., 
in fact, surfaces which cnt planes parallel to « = in curves in per- 
spective, and not merely in homothetic curves. 



25. The semicyclicant 



^hfin 


*fO 




^i» 


^in 


^10 


*Ui 


•''otj 


«n 



(109), 



of Vol. XIX., p. 397, § 18, or p. 13 (10), jis annihilated by w, and w, as 
well as Oj, Fj, and F,. It is then a principiant semicyclicant having 
the extra property of being annihilated by F„ and its corresponding 
cocyclicaut in 2, 

(110), 



'Ml 



Z, 



SO) 



^«> ^11 > 



'SO) 



^12» ^OJ? ^11 » 



'OS* 



8 

3^10^01 

3 

^01 



is a principiant cocyclicaut whose leading coeiiicient is annihilated 

by v.. 

Operation on (109) with 0, (?*, 6?*, ... produces other projective, 
not shown to be principiant, semicyclicants. The other generators 
(n^ F, are here annihilators. 



26. Of the semicyclicants and cocyclicants discussed in Vol. xix., 
pp. 398 — 4^5, which are of second partial weight zero, and one of 
which is obtained from every Sylvesteidan pure reciprocant, all are 
projective, being annihilated by oij, and not merely those which ai*e 
obtained from projective or principiant recipix)cants. These last have 
the pix)pei*ty of being also annihilated by w^. It is this fact which 
has led me to distinguish between two classes of projective semi- 
cyclicants, and call the more i*estricted class which m^ annihilates by 
Professor Sylvester's second name principiant. 

The present conclusion may be stated concisely by saying that 
homogeneous and isobaric functions of the cyclicogenitive forms 
^„ ^„ ^4, ..., which have the annihilator 

^? :4+5i;,is'3:ii+6(i;,i\+iA^;) A+7(2?,^^^ 



2 dE^ 



dE^ 



dE, 



dE, 



(107), 



are projective cocyclicants ; and that principiant cocyclicants which 
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are functions of E^^ E^y E^, ,,, liave also the annihilator 

^^A-^'^'A^'^^A^ ^'''^- 

27. Formation of projective or princijnant eyclicants. 

It will now be proved that — Every invariant of a principiant co- 
cyclicant whose semicyclicant source is also annihilated by F^, considered 
as a quantic in — %, i^io, is a projective cyclicant. 

If 8 be the semicyclicant source ^f such a cocyclicant, it is 
annihilated by w^, oi,, O,, F^, F,. ^S has then the annihilators ai„ 

<^j, Vi, F„ by (75), (74), (87), (85). n\8 has the same annihilators 
by the same identities, and so on. Thus all the coefficients of the 
cocyclicant have the annihilators Wi, w,, V^ Fj, and consequently any 
function of them has the same. Now, an invariant of the cocyclicant, 
being an invariant of the cyclicogenitive forms of which that co- 
cyclicant is a covariant, is annihilated by H^ and £2,. The invariant 
has then all the annihilators aij, ci/,, Fj, F„ O^, O^, and is consequently 
a projective cyclicant — a persistent or differential invariant for the 
general homographic transformation. 

It may happen that a seminvariant of the cocyclicant occurs which 
is annihilated by 0„ through breaking up into factors, one of which 
is a function of second partial weight zero, and the other an invariant 
of the cyclicogenitive forms. Such seminvariants, with the first 
factor rejected, also give projective eyclicants. 

We have examples of cocyclicants which yield principiant eyclicants 
in this manner in the quadratv; jyclicogenitive form and in (110). 
For their discussion, see Vol. xix., p. 16. 

Other principiant eyclicants with the property in question are to 
be expected to be produced from any homogeneous and doubly isobaric 
forms of which Wj, ai„ F,, F| are annihilators, as in Vol. xix., p. 14. 

I am not sure that this method will be very productive. 

28. The following two propositions afford other methods for the 
production of projective eyclicants. 

(a) If S he a projective semicyclicant of type i, Wu w^y which is anni- 
hilated hy Fj as well as by «i, Dj, F„ then ta'^^'^S is a prqjective 
cyclicant, 

(6) If S' be a principiant semicyclicant, i.e., one annihilated hy w, as 

well as hy Wj, Oi, Fi, of type i, w^, w„ then V^^'^^'S' is a projective 
cyclicant. 
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By Art. 19, if <■>„ Hi, F„ F, annihilate 8^ they also annihilate (i»,S, 
fi»]fif, Wjfif, dxs., &o. Now, since the operation (a^ diminishes u'j, by nnity 
ftnd leaves ir, nnaltered, the two partial weights of iSl^'^'S are eqnal. 
Consequently, by (96), O, annihilates tMt^'"^*S ; and hence also, by (75), 
so does «,. J^^^^*8 is then a projective cyclicant. 

Again, if Wj, w„ Oj, Fj annihilate S", they annihilate F^jS', by 
Art. 20. In like manner they annihilate Fj/S', FjiST, &c., &c. Now, 
F, increases ir, by nnity, and does not alter Wi. Thus the two partial 
weights of F^'^'^^'iSr are equal; so that, by (96), n, annihilates F"'"'"fir, 

and consequently so does F„ by (87). Thus Vl^''"^'8' is a pix)jective 
cyclicant. 

The only possibility which may interfere with the success of those 
methods is that «*'"*^' and F^'""* be annihilators under the circum- 
stances considered. I cannot see, however, that the complete system 
of alternant identities (72) — (96) gives us any reason for fearing this 
to be generally the case.* 

29. One more method for the systematic calculation of projective 
semicyclicants and cyclicants will be exhibited. It has been shown 
(Vol. XIX., pp. 22, 23) how to obtain all the linearly independent 

pure cyclicants of a given type ( ^ -q" » "o" ) » ^^^ ^^® method has 

been extended (Vol. xix., p. 379) to the obtaining of all the linearly 
independent semicyclicants of a given type (i, tt\, tr,). It has been 
proved, also, that a superior limit to the, and it may be the exact, 
number of these pure cyclicants or semicyclicants is the excess of the 
number of seminvariants of type (i, u'l, w^) of the cyclicogenifcive 
forms over the number of type (t-|-l, M?i-f 1, m?,). 

Now, let 8i, Sj, iS,, ... be a complete system of semicyclicants, or 
pure cyclicants of the type (i, w^, w^) thus determined, and let 
8'i, Sa, 8i, ... be a complete system of type (i, w^, m?,— 1). By (73) 
and (84), the operation of Wi on a semicyclicant generates another 
semicyclicant. Thus we must have 

w,(ai/Sf,+a,Sf,+a,Sf,+ ...) (109), 



* Shoifld it bo tho case, we are none the less helped in our search for projective 
cyclicants. Suppose, for instance, that u'^S = or V^S* -■ 0, m being not greater 

than tt^i — u?j. Then «*J'"^ «S' or T^''^^, as the case may be, is annihilated by a>i, wj, 

^i» ^a» flp in virtue of Art. 18 or 19. Consequently wj*""*^, or f^''^^, as the case 
may be, is the leading coofiicient of such a cocyclicant as has, by Art. 26, the pro- 
peiiy that any one of its invariants is a projective cyclicant. 
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equal to such an expression as 

( Ztti + 7na^ -h na^ + . . . ) 'J^'i + ( ^'^ "i" ^^'^ + ^'(h •¥»»») Si 

-h(rflPi-|-m"a, + n"a,+ ...) Si+.... 

For bij to be an annihilator of the sum on which it operates in (109), 
we must have simultaneonslj 

Ztti + woj + na^ + ... = 0, 

l\ -i-ma^ -f n'oj-f ... = 0, 

V'a^ -h m"a J -f- n'a^ + . . . =0, Ac. Ac. , 

a namber of equations for the determination of a^, 0^,0^, ••• less than 
the number of those coefficients by the excess of the number of 

Si, Si, ... over the number of S{, Si, 

By this moans are found all the functions of the type (i, w,,*w?,) 
which ut^ as well as Hj and V^ annihilate, i.e., all the projective semi- 
cyclicants of the type. If Wi = w^, then, by (96), A, is also an 
annihilator, and the functions are projective cyclicants. 

If N (t, Wi, tr,) denote the number of linearly independent serain- 
variants of typo (t, Wi, w^) of the cyclicogenitive forms, it is thus 
seen that the number of linearly independent projective semicyclicants 
of the type, or cyclicants if Wi = w„ is likely, though not certain, to 
prove to be 

N(i, Wi,Wi)-'N(i-\'l, M^i+1, Wi) — N{i, Wi, t(?,— 1) 

■f^'(i + l,u;, + l,»r,-l) (110). 

« 

30. The resemblance of the operators Wj, Wj, O^, O, to Mr. Forsyth's 
A], Aj, A^, A, which, annihilate functions *of the derivatives that are 
invariantic for homographic transformations of the independent 
variables only, is striking, but must not mislead. The distinction be- 
tween oil, uti and A^, A„ though at first sight slight, is essential. It is 
a remarkable conclusion from one of Mr. Forsyth's theorems that 
none of his invariants can be pure cyclicants, for all of them involve 
first derivatives. The important memoir here referred to is published 
in the Phil. Trar^s., Vol. CLXXX., pp. 71—118. 



1889.] On Secondary Invariants, 161 



On Secondary Invariants. By L. J. Rogers. 

[Head Feb. Uth, 1889.] 

Contents. 

§ 1. Properties of the coefficients A^^y A^ ... 

§ 2. Generators and Protomorphs. 

§ 3. Third grade-equation. Ultra-homogeneons Secondaries. 

§ 4. Fourth grade-eqnation. Ultra-secondary Invainants. 

§ 5. Double or Ultra-primary Invariants. 

§ 6. Satisfied Secondaries. 

§ 7. Their grade-equation. 

§ 8. Satisfied Double Invariants. Minimum leading power of 
letter of highest suffix in a satisfied invariant of given 
degree and order. 

§ 9. Further Generators. Covariantive form of Ultra-homo- 
geneous Invariants. 
§ 10. Algebraic significance of Double Invariants. 

In a paper I had the honour to read before this Society two years 
ago, I showed the existence of a certain class of reciprocants to which I 
gave the name ** homograph ic," inasmuch as they were unaltered except 

for numerical factors and powers of ^-^ when the variables x and y 
were affected by homographic change, that is, when x became 

— ^, and y became ^OlL, 
x + c y-fy 

In other words, the equating to zero of such reciprocants led to 
complete primitive equations of the form 



y-l-y \ x-\-c / 



where /was some self-reciprocating function. 

The peculiar outward properties of such reciprocants were : 
(1) homogeneity, (2) isobarism, (3) annihilation under two differ- 
ential operators, none of which properties were tests for reciprocance. 
In fact, all the properties held good irrespective of any reciprocaut 
ideas, provided the complete primitive was similar to that written 
above, where / might be any function whatever. In this case 
the homogeneous, isobaric, and doubly annihilable functions of 

VOL. XX. — NO. 363. M 
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^, --^, ... are called donblj homographic invariants, and have been 

investigated by Mr. Forsyth in the Messenger of Mathematics^ for 
February, March, and April, 1888. There, by the simple snbstitn- 

tion of a^ a„ aj ... for --«f, .-— • --2., -— i^ ..., snch homographic 



invariants become homogeneons. and isobaric functions of the a's 
annihilable by 

OoT-+2fl4T- -h3a,— - -h..., 
aa| oaj oo, 

which I propose to write Oj, and by 

** aO} OO] aa^ 

which I shall call 0,« 

d 



The symbol ^„ will also be nsed for 



da^' 

The coefl&cients in 0, are easily seen to be the coefficients of ascend- 
ing powers of aj in (a^ -f a, aj -|- OjOj' -}-...)'> *^^ ^<^^ brevity will be written 
-^0, ^„ -4, ... Thus Oj will be written 

Since donbly homographic invariants are annihilable by Oj, their 
form is identical with that of algebraic semi-invariants, or, as Prof. 
Sylvester calls them, ordinary invariants. 

I propose to call all homogeneons and isobaric functions of the a's 
primary invariants if annihilated by O,, secondary if annihilated by 
0„ and double invariants if annihilated by both Oj and 0,. 

If invariants are also annihilated by an operator of the form 

»wti^o-H(«— 1) a,^,-h(n— 2) 0,8,+ ..., 

Prof. Sylvester calls it satisfied for the order n. 

The existence of satisfied doable invariants, t.e. snch as are anni- 
hilated by 0„ 0„ and 0„, has been proved in Mr. Forsyth's paper in 
the Messenger^ in which he has shown that 

a^a^'—a^, af^a^a^'\-2a^a^a^^af^a^—a^a^^a^^ 

and in fact all the catalecticants of even-ordered quantics from onr 
present point of view, give, on being equated to zero, the complete 
primitives 

(aaj + 6) y = aj+c, (aaj*-f 6aj-fc)y = «* + (!» + «, Ac. 
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These are known to have the forms of satisfied invariants, while the 
donble liomographic propei*ty of their primitives proves their anni- 
hilation by Oj. 

1. It will be necessary first to consider the result of operating on 
the coefficients Aq, A^^ ..., with the two operations 

and ai^o'^"*«^i^"^^j + '»» • 

Consider the identity 

(ffo + ajaJ + aja^-h...)* = A^^'^A^x-\-,,, . 
Now, a change of 

F(aft, Oj, a, ...) into F(ao, ^i ...)-|-X (a,8u-h2a,^i-h ...) ^ 
denotes a change of a^ into a^-l-Xa,, 

a, „ rti-|-2\ff,, 
flj >j a,-|-3Xa3, 
where \ is so small that we neglect X', X', <&c., and consequently 

o^-f a,aj-f-... becomes (aQ-f-Xai)-f (a,-|-2Xaj) ar-h..., 
I.e., ^o + Oi (aJ+X) + a, (a7' + 2Xa*) + ..., 

which is equivalent to saying that x becomes x-\-X. But this will 
make A^'\-A^x-^ ,,. become ^o + A (^ + ^) + -«» 

that is, . (^o-hXi4i)-f (^, + 2X^3)0!+.... 

Consequently the operation of ai^o + 2^j^i + '" 

on A^ gives A^^ 

A^ „ 3-4,, Ac (1). 

Similarly, for the second operation, we change Oq into ao+Xfl^, a, into 
Oi+Xo,, Ac, so that Aq-^A^x-^-... becomes 

{(aa+Xaj) + (oi-hXaj) a5-f ... }* 
= {(a.+ a..+«.^+...)(l+^)_^^|' 

= iA,+A,x + ) (n-^)-?"»K+a,a!+a,«'+...) 

\ X / X 

= (^^ + 2XJi-2aoa,X)-|-(-4,-|-2Xi4,-2(/oa,X)aj+... . 

m2 
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so that the operation of a|^o"i"^^i + ^A"i"''* 

on Af^ gives 2-4, — 2aoa„ 

A^ „ 2J,— 2aoa„ 

A^ „ 2^,— 2aoa8, Ac (2). 

The effect of 0, operating on A^^^ ^4, may also be found thns. 
We have identically 

Change x into «— X, where X is very small. Then 

\ X JT sf I or «• 

Hence the effect of a^\ + 20, ^, + . , . 

on i^Q is nothing, 

-4, is 2i4o» 

^, is 3i4„ &c (3). 

These results are of the ntmost importance in the following pages. 

2. Oenerators. 

In my first memoir on Reciprocants, I showed the existence of a 
generator for differential expressions which were not essentially 

altered when y became ^ . This generator was 

d . 

and this becomes, when the y's are changed into the a's, 

Oo(2ai<^o+3a,^i-h...)-2a, (flro^o+<'i^i+ •••)» 
which will therefore be a generator for secondary invariants. 

The fact that this is a generator is very easy to verify. We merely 
have to show that, if 0,/ = 0, (so that / is a secondary invariant), 
then also will 0^0 J = 0, i,e. (00^—0^0) / = 0. Now this alternant 
operation is snch that all differential operations of the second order 
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cancel, and by § 1 (1) and (2), we easily get 

(G0^-0,G)J=2a,0,J, 

wliicli is zero by hypothesis. 

Tbongb this i& in form the simplest secondary generator, yet for 
onr present purpose it is not the most interesting. 1 sball, in fact, 
make exclosivo ase of the expression 

ao(2ai^o+3a,^i+...)— -4i^o— -^8^1^ W> 

which I shall call F. 

We have first to show that it is a secondary generator, t.e., that if 

0,J = 0, 

then also O,rJ=0, or (0,r-rO,) J= 0. 

Now o,r-ro, = (i4o^i+i4i^-h...) {ao(2aiao+...)-A^o-...} 

= 2[0, {(n + 2)aott«,,— ^.,u} — {«o(2«i^o+-')--4i^o— .-) ^h-i] ^« 
= S [(n-h2)ao^n-2.1o<^„-2^ia„.i-...-2^„ao 

-ao(2ai^o + 3a,^i + ...)-4„.i 
-|-2^ia„.i-f 2^1,a„.2-f ...-h2-4^ao] ^h 
= 2 [(n + 2) a,A,"2A,an-a^ (20^^^-^.,.) A^^i] a„ 
which, by § 1, (I) and (2), reduces to 

2 [(n-h2) ao-4«-2i4oa„— nao^«-2aoJH + 2a^a«] ^« = 0. 
Thus r is shown to be a secondary generator. 

Now let aoO,— Oi = K^, 

and 2X, = rX„ 

3Jir, = r^, (2), 

whence we can easily find 

2 3 

-^8 = ao^~2aoa,a,-hOi, 

3 1 2 2 ^k 2 4 

iCi = ao<*4"~2aoaia3— Ooaj + ottoajaj — «!, 

iCj = a*aB— 2a^r7,a4— 2a*a,aj+3a*aiaj + 3aaaia,— ^OoaiOj + ai ...(3). 

&c. ^ Ac. 
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Moreover, any secondary invariant can be expressed in terms of these 
protomorphs. We can also see that the suffixes of the K's are 
identical with the weight and degree of their expanded equivalents.' 

In fact, we have, as in all homogeneous and isobaric functions, the 
two grade- equations 

and ai^,-|-2a,5,-|-... = w, 

3. There are, however, a certain class of secondary invariants which 
have a very remarkable third grade- equation, viz., 

Vo-l-A«i + M+ (1)» 

which I shall call E in the following pages. 

If wo take the alternant of T and JE?, i.e., the operation EF — VE, 
we get, by § 2, (1), 

= S [i: {(n+2) aoa.„-^«.,} - {a, (2a,^,-h ...)-' A,^^-...} A.] a,, 

just as in the last section, by § 1, (1) and (2), 

= 2 [(n + 2)(^o««+i+«o-4nM)— 2i4oa„^,— 2i4,a„-...— 2J„ao 

-OoinTi il„^, + 2^„^,— 2aoa„+i) + 24,a„+...-h2.4„ao] ^„ 
= S [(n-|-2)^a„^.,-ao^„+i] K = a^F (2). 

Thus the operation of ET—TE is the same as that of a^T. Now, 

by trial, we find that 

EK^ := 3a()£), 

and, by (2), E . r^,-r . Za^K^ = %TK^ = 2a^K^, 

therefore 2EK^ = Sao^,, 

t.c, EK^ = 4aoZ,. 

Similarly, by (2), 

^r^,--r . 4aolf, = a^TK^ = ^a^K,, 

whence EK^^ha^K^. 

By this process, we can easily induce that 

EK,= (n-\-l)a^K, (3). 
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This is a very remarkable equation, as it shows that some, but not 
all, secondary invariants have a third grade-equation, and that we have 
an easy test for distinguishing such. In fact they will consist, and 
consist only, of those invariants which can be expressed as homo- 
geneous functions of the K^a. We have already seen that £^-f unctions 
most be isobaric, though they need not be homogeneous. Thus 
ir4-|-^ is the secondary invariant Cq (aJa4—2aoai 0,-1-0^0,), but E is 
not a grade-equation for the latter, since 

On the other hand K^K^—Kl, which 

= ao(aoa,a4-|-2aiaja,— Ooa,— a^a^— a,), 

has E for a grade-equation, since 

In fact, E gives the degree -h the weight of the E'-fanction. Such 
secondary invariants I propose to call uUra-homoge^ieous, 

4. There is also another set of X'-functions which overlap this last 
set, and are characterised by the property that the operator 

aj^i-|-2aia,^,-f (2aia, + aJ) l^-\- (1), 

which we shall call F, reproduces the JT-function multiplied by a, 
and a numerical constant. 

It is easily seen that F is equivalent to 

A^^,-\' A^\-\- ... — 2ao (aiOo-t-a,Oj-|- ...), 
t.6., =ao(a,a,-t-2a,a, + 3a,a,^....)-r, by § 2 (1). 

Alternating F and r, we get 

= Soo [n (nH-3) aoa„+a— n^«+g— (n-t-2)(n-fl) %a^^i-^(n-\-2) A^^^ 

— 2^«+,-t-2a^a„+j]a„ 
= identically (2), 

Now FK^ = (aja,-|-2a,a,aj) K^ = a^wK^ = 2aiir,, 

and, by (2), FTK^ = r^j^, = r . 2a, J&T, . 

Now VK^ = 2jK„ 
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and Taj = a^a^-^a^ = Z,, see § 2 (2), 

therefore 2FK^ = 4ai Z^i -h 2KI 

therefore FK^ = 2a, K^-^-K], 

Again, by (2), FVK, = VFK, = F (2a,K,-^Kl), 
therefore 3FK^ = Ga, IT^ -f 6K^ K^, 

therefore FK^ = 2a^ K^ -h 2 A'j iC, . 

Similarly, we shall get 

FK,^2a,K,-^2K,K,^Kl, 

Now, su ppose FK„ = 2a^ K^ + 2ir5ir«_i + 2^j lf„_2 -h . . • , 

where the terms after 2a^Kn have the same form as ^^-s in the opera- 
tion Oj, viz., 

2aoa„.8-|-2aiaw_4-t-... , 

Then FVK^ = r^j^„, 

or mFX«^i = r (2a,Z^, 4- 2^,^„.i ■+-...). 

Now r acting on a jE'-fnnction is equivalent to 

by § 2, (2), so that its effect on 

2^jJ5l„-i + ... 
is the same as that of 

2a^- — l"3aj-r — h... on -4„.,, 
aa^ aoy 

which, by § 1, (1) and (2), is 

(n— 2) ^n-2 + 2.4„_j— 2ao«H-3 = nA^^2-2a^a^.^, 
while the operation of V on 20, J5l„ is 

2nai^„^i-h2JEr,JBr.. 
Hence riFK^^x = 2?iaiir„+i-t-n (expression corresponding to -4„-a)i 
therefore i'ir„+, = 2a^ K^,, -\-2K^K^-\-2K^K^.i-\- ... , 

Thus we have proved inductively the general expression for the efPect 
of F on K„. 
The result of the above investigation is, of course, that^*will leave 
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nnaltered any J^-function (bat for a power of 2a^ which has the 
form of a secondary invariant in £,, iT,, X^ ... . Thus 

Sach invariants we may call ultra-secondary, 

5. Let ns now consider the conditions for a JT- function's being 
annihilable by 0,. 

Now OiT-ro, 

= S{(n-hl)(n-h2)aoa«-(n-h2) J„-n(n-hl)(ioa„-hnX] K by § 1 
= 22{(n + l)a,a.-^„}a, 

= 2a^{i-\-w)-2E=:4Ki^i^2E (1). 

Now O^K^ = 0, by trial, and by (1), 

Oi VK, = 8a^K,^2EK, = 2ii, K, by § 3, 
i,e.j Oi iCj = a^ iC, . 

Again, 0,TK,^rOiK, = 12aoA'a-2JE;iC, = 4aoiCp 
therefore SO^K^^a^ TK^ -f 4ao JT, = Ba^ K^, 

therefore 0, X^ = 2ao£,. 

And, inductively, we get 

0,i^«= (n-2)a,ir,., (2), 

so that the effect of 0, on a iC-function is the same as 

d . ..,, d 



^«(^«^/*^^'di:"^-v)- 



Thus the condition required is that the X-function should have the 
form of a primary invariant. Such we may call ultra-prinMry, 

Collecting the results relating to J^-functions, we see 

(1) A general isobaric X-f unction is a secondary invariant, 
t.6., is annihilated by 0,, and has two grade-equations, giving its 
degree and weight. See § 2. 

(2) If the X-function is also homogeneous, the corresponding 
a-f unction has a third grade-equation giving the degree -f- weight 
of the JE'-f unction. See § 3. 
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(3) If the iC-f unction is a primaiy invariant, so also is the 
a-function. See § 5. 

(4) If the ^'-function is a secondary invariant, the o-f unction 
has a fourth grade-equation. See § 4. 

The last three kinds we call ultra-homogeneous, ultra-primary , and 
ultra-secondary, respectively. We now come to the class of satisfied 
invariants for any order. 

6. Satisfied Secondary Invariants. 

Such invariants are to be annihilated by 11, and by On which stands 

for nai^Q-|-(n— 1) a,5i-t-(n — 2) aj^j-f... . 

Hence 0,0„— O. 0, = 

= (-4o5i-t--4i^, -+-...) (noi^o-f (n— l)a,^j-|-...} 
-(nai5o-t-...)(-4o^i-h...) 

Now 0„ = (n + l)(a,^o+«f^+...)-K^o-l-2a,ai + ...), 

so that its operation on A„ gives, by § 1, 

2(n-t-l)il,„+i— 2(aon4•l)Oo«-+l-"(»»+l)^-.+l• 
This makes the above annihilator reduce to 

nM+{2(n + l)ao^-(»*+2)^i}^i 

+ {2 (n-f 1) aoa,-(n-t-2) A^} S,-h ..., 
t.e., making the first term similar to the following, 
{2(n-hl)a;-(n + 2)i4o}^o+{2(n-M)aoa,-(n + 2)^,}ai-h... =0, 

i,e., (n-h2) {^o^o+A^i + ^i^s+...} =20o(» + l)(aoao-hai5i+..0> 

i.6.,by§3, ^ = a;ao+2aoMi+.. = ^S(^ + ^)^ (1) : 

w-f- ^ 

a very remarkable equation, since it shows that, in a satisfied 
secondary invariant, 2t must be divisible by (n-|-2), since the whole 
operation E is integral. 

Such is found to be the case in all the catalecticants. 

For instance, the efPect of E on the third-degree invariant of a 
quartic is equivalent to multiplying it by 



2a.x^ = 5«., 



as can easily be verified* 



1889.] Secondary Invariants. 171 

We see moreover, bj § 3, that all satisfied secondaries are ultra- 
homogeneoas. 

7. We can obtain a series of other grade- equations in the following 
manner. 

The alternant operation JHQ^ —^hE 

= (n-hl) {(2aoai-^,)^o-l-(2ao»j-^)^i-l--l as in § 2 
= — (n-hl) {aj^,-f 2a,a,5,-|-(2aia,-t-(jJ) Cj-|-...} 
= -(n-|-l)-P, see §4. 
Now, EQn = 0, obviously, while 

0.J! = (»aA+ ...) ^^^^^^^3^^* by § 6 

H ~t" ^ 

__ 2fl4n (n-hl) I 
n-h2 

Hence aj^i-l- 20^0,^,-1-... = — *-^- (1). 

From this wc see that satisfied secondaries are also secondary in- 
variants in the £^s, t.e., ultra-secondary. 

Alternating this last operation with n„, we get 

aj^, + 2a,a,^j-|-(2aja4 + a!)^4-|-... =a\S^-\-a^ ^ \ _ ^ , 

and 80 on, but these grade-equations become too complicated to be of 
much interest. 

In § 6, (1), let a^^ = 0. Then we see that the part of a secondary 
invariant annihilated by Q„ independent of a^ is annihilated by 

ai^j-f-2aiaj^8-|-..., 
i.e., has itself the form of a secondary. 
Thus the quartic catalecticant becomes 

— (aj«4— 2aia,a,-f-aJ), 
which answers to the secondary 
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Again, in (1), in this section, if a^ = 0, we have 

which shows that in a satisfied secondary, if Oi = 0, all the coefficients 
of the powers of a^ have the form of secondaries if the suffixes be re- 
duced by 2. Thus the quartic catalecticant becomes 

8. Satisfied Double Livariants, 

From the relation § 6, (1), we shall be able to deduce the fact that 
the catalecticants are the only possible satisfied double invariants. 

Let us consider what the highest power of a^ will be in a secondary 
invariant JT, where 

(n-f2)^/=2ao(n-hl)i/. 

Let /= Cyjao-I-... terms containing lower powers of a^, where (7o 
and the other coefficients are independent of clq. Now 

E= — aj^^^-f 2ao (ao^o+«i^i + ^^j+— ) 

-haj^j-f... terms not containing a^. 
Operating on /, we get 



Equating coefficients of Oq , we see that 



2i 



(1) 



n+2 n+2 

By the symmetry of a satisfied invariant, we know that the highest 

2t 
power of a„ in a satisfied double invariant is also 



n-t-2 

Now, let us consider what is the smallest power a^ can have in a 
satisfied invariant of order n and degree t. (w = ^m.) 

Let / be the invariant, and written in full let it be Z^^ai-h... , 
where K^ does not contain a^. 

Since K^iH-2ai^j+...)(-^oai+-) =0 identically, 
we easily get that (a^^i-\-2€^^^-\- ...) K^ =3 0, 
f.6., K^ is a semi-invariant. 
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Moreover, since 

we easily get ^„«i X^ = 0, 

i.e., JST^ i3 of order n— 2. Its weight is, of conrse, 

W'^nh or »(it— A), 
while its degree is i—h. 

Now, in an unsatisfied invariant, 

n% > 2ti7, 

so that, in K^, (n— 2)(t-/0 > n (i-2fe), 

an inequality which reduces to 

'>^2 <2)' 

except when ni = 2u?, when it becomes an equality. 

2{ 
Conversely, if h = -, then (w — 2) (i—h) = w (t— 2^), so that 

JETq is a satisfied invariant. 

We see, then, that a satisfied double invariant of order n and degree 
i has the minimum leading power of a„ and a^. 

Now, since (aj ^i -h 2aoa, 8, -h . . . ) (^o^^J -h .••)== ^> 

we easily get (aj^i -h 2^0 a, ^j + . . . ) ■'^o = ^> 

so that JSTq is a satisfied double invariant of order n— 2 and degree 

*— A = — _. 
w + 2 

Hence the highest power of a„.| in K^ must also be the minimum, 

2(t-A) _ 2t . ;^ 
*•*•' n ~n+2' *•"•'*• 

Moreover, there is no a„_3 in the leading term, and similarly the 
power of a„_4 occurring in it must also be h. 

By this inductive method we see eventually that the leading term 
is {a„a^.2 ... Co)*, which necessitates that n be even. 

Now by symmetry the minimum power of a^ in a satisfied invariant 

(2i \*** 
I , and such can only occur when n is even. 
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Now we know of the existence of one snoli invariant for order n, 
namely the catalecticant, in which a^ occurs in the first power. Let 
US write this K%-\-Lf where K and L are independent of a,,, and 
suppose that / is another invariant with minimum leading power in 
a^, which expanded in powers of a^ is 



Then 






is also an invariant of same degree as /, but with leading power of 
a^ equal to (X— 1), i.e., less than the minimum, which is impossible. 
It is, moreover, impossible to reduce Ki—XX^'^L to the necessary 
form kK^~^, for fe would have to be a factor running through the 
whole derived invariant, and hence be itself an invariant. But this 
is impossible, since it is independent of a^. 

From this we see that, excepting the catalecticants, there are no 
satisfied invariants of any given order which have the leading power 
of Oq a minimum. Hence there are no satisfied double invariants 
except the catalecticants. 

We can now express the catalecticants as Z'-functions. We easily 
get, by direct calculation, that 



a" 



ao Oj a, 
^ Oj a, 
a^ a^ a^ 



= (K,K,-Kl), 



which verifies the results of the previous sections. For, since the 
catalecticant is a double invariant (see Mr. Forsyth's paper, Messetiger, 
Feb. 1888), and is known to be satisfied for order 4, we know that 
E and F are grade-operations, so that the right side would be 
homogeneous (§ 3), and a secondary invariant (§ 4), and a primary 

(§5). 
Similarly the catalecticant, ao o^ a, a, 

Oi a, Oj a^ 

a^ Oi a^ a^ 

Oi a^ a^ a^ 

multiplied by some power of a^ must = some primary (§5), homo- 
geneous (§3), secondary (§ 4), function of the ITs, of which the 
leading term must be K^^K^, § 2, (3). This function must be that 
similar to the quartic catalecticant after reducing the suffixes by two, 
and we easily see (since w = \ni) that it is satisfied for degree 4. 
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Hence 



a: 



% 


«i 


«j 


aj 




a, 


«j 


Oj 


^4 


^ 


«j 


«8 


^^4 


«6 




«8 


a. 


«6 


flfl 





iT, iTj K^ 

= ^8 ^4 ^5 

K^ K^ K^ 



Similarly the catalectioant 



jf. 



K, 



K. 



2h 



= ar-* 



a, 



<*2»i+2 



9. O^A^ Generators . 



There are other generators of secondary invariants, but perhaps the 
most remarkable is 

«o (a,^o+2a,ai-|-3flf,^,+ ...)-^ -E7, 

which, it may bo observed, is integral, since the result of operating 
with E always brings in a factor o^ (see §3). Let us call this 
generator L. 

To prove its generative properties, we have, as in §2, to show that 

(LO,-0,L)/=0 if O,.7=0. 
Now 



-ajO,(n + l)a,,i + -^ O^J^. + ao-E? 






fl^o ( — 2iloa„.i-... 
= 0, 

therefore 2/ is a generator. 



2^o»i.-i+2ilia„.j+... 2-4„.ia, 



2^ 






a. 



The remarkable property of L is that it will produce the same set 
of protomorphs as F although algebraically independent of F. This 
will depend on the fact that the alternation of L and E reproduces 2/, 
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I.e., 



= 2[(n+l) ooiln^i- ^JB?^-(n + l) oJa,,i-(n+l)aoJ«+i 

= S {oi^„— (n + 1) aJ^«*i]^H = — ao^- 

Hence EL-^LE = OoL. 

For instance, ELK^ = L^^,+aol^^, = 4aoXir„ by § 3. 

Now we know LK^ is a secondary invariant, and therefore can be 
expressed as a X-fonction. Moreover, since ELK^ = Asa^LK^y we 
know it mnst be homogeneons in the JETs. Bat, by inspecting the actual 
effect of L on K^, we see that LK^ most be of degree and weight 3, 

and its leading term is Sa^a^, 

Hence LK^ = SK^ + other homogeneous terms. But it is obvionsly 
impossible to have other terms. Therefore 

Similarly LK^ = 4K^ + homogeneons and isobaric terms, 
therefore LK^ = 4iK^, 

and generally LKn = (n-\-l) K^^i (1). 

From this we deduce the equation 

(2/— r) Kn = jsr„^i, 

which leads us to a proof of the interesting fact that all the terms 
in ^„+i are integral. For L—T is a numerically integral operator, 
and consequently £,, £4 ... are all integral, i.e., every term in PK^ is 
divisible by n, and every term in LKn by (n-|-l), see §2(2), 
and §9(1). 

The actual calculation of the protomorphs or of any homogeneous 
function of the K*s can be easily calculated by means of the formula 
E = aQ(W-\-I), where W= weight and / = degree of the ^-function, 

so that TT = ti7 = 1. 

For ^ = -aJao+2aoi+aJa, + 2o,a,a,+ (2aia,-|-a5)^4 + ... 
= — a* J^ + 2a^t + M say. 
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ni 



m-1 



•H~2 



Let the K function = G^a^ -h G^^a^ ' -h (7,a^ ~ + ... . 

Then (-a;ao+2aot+10(<7oOo" + ...) =«o(^^+^)(0oao" + ...) 



therefore 



m-l 



JlfO,ar+lfC,ar-'+... 



m-fl 



—ma^ Oo-(m— l)ao Oi— ... 



m+l 



+ (2t-F-I)(ar*0.+ ...) = 0, 
.*. m = 2t— PT— 1= t — I, .•. degree of 0, is /. 

MO^ = {{m-\)-{2i-W-I)} G, = -0„ 
2f(7, = -20„ 
JtfC, = -3C„ 



• t* 



whence the K function 



ThuB 



(e"''"o) Of^a^ where Gq is the leading coefficient. 



^.= 



.-*•„ » 2 



e -■'0 0^0,= Coaj— aoAfaj-t-^ATa, 
<fec.| <Sks., 



while JTjZ^j— Zj = c-^^oaj (aja*— aj) 

as we have already seen. 

The most interesting examples of ultra-homogeneons secondaries 
are the catalecticants, which, by applying the above formula, give 
the relation 



Oq, Oj, U^ Og, 

ch, fl>» o,> . . 

a,, . 
VOL. XX. — NO. 354. 



= e-^/«o 



«o 






K 
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whence it follows that 



(al^,-t-2axaj8,-t-...) 



a>i 



a, 



8* 



►41 






a. 



0, ttj, a,, a, 
«!> «i» Obi 

for any degree whatever; an identity which is interesting in its 
generality. 

It is to be noticed that all nltra-homogeneons secondaries have a 
covariantive form. In fact, if we depress every snffix by nnity, and 
put X for ao, we get a qnantic in x, 

such that O^Oq = Oj, 

0,Oi = 2(7„ &c., 
t.6., we get a secondary covariant. 

It may be useful to notice the similarities and dissimilarities 
between secondary invariants and their cognate functions, primary 
invariants and pure reciprocants. 

In all three classes of functions we get a system of eductive proto- 
morphs, but only in secondary invariants do we get two generators 
yielding the same set of protomorphs. 

In all three classes we have two grade-equations, one for the degree 
and the other for the weight, but only for certain secondaries is there 
a third grade-equation E. Of course' there are primaries with this 
property, viz., the double invariants, but they are only a subdivision 
of secondaries, and I have not been able to discover any pure recipro- 
cants with an analogous property. 

The existence of these ultra-homogeneous forms seems to me to be the 
most interesting fact in the theory of secondaries, but I have not yet 
been able to discover any internal property of such invariants, t.e., any 
property belonging to their complete primitives. The complete 
primitives of the protomorphs are not easy to obtain. 

JT, = gives y (ax-^h) = cx-j-d, 

Z, = gives -4y-fB = tan((7aj-hI>), 

E^K^-KI^O gives yiaaf-j-hx+c) ^dstf-j-ex+f, 
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and K^ depends on elliptic functions ; but, beyond these and the other 
catalecticants, I have not been able to get any complete primitiyes of 
nltra-homogeneous invariants. 

10. Double invariants may be looked upon as a class of algebraic 
invariants, annihilated by a second operation 0,. 

Suppose, for instance, the sextic 

a^af-h^Oi x^y -f 15a,ajy -f SO<Hsfy* -f 1 Ba^a^y* -h Q(hxy^ + aeV* 

= i3i(aJ-a,y)«+/3,(aJ-a,y)«-t-/3,(«-a,y)*-h/34(«-«4yA 

Then, by evaluating a^, o^, ... in terms of jS's and a's, we easily get 
the identical relation 

z ST sT «— aj js— a, z—a^ z—a^ 

Now a change of o^ into a^+XAf^ a, into a^+XA^j &o., denotes a change 
of u into tt-f^t**, or - — — , where u is very small, i.e., 

/Si(g-gi)(g~a»)...H-... i^^ ft, (g~c^)(g~a,)...-f ... 

(«— Oi)(«— a,)... («J--ai)(«— Oj)...— ^A («— a,)... 

_ same numerator 

-(-,-ai-A/30(«-a,-A/5,)...' 

which may be shown to be equivalent to changing 

Or into a^-t-X/3^, 

and /3, into /3,-|-2X/3, 1 -A— + -^ + ...], 

f.e., the change in the a's can be expressed as a definite change in the 
a's and jS's, and is independent of the number of a's and /S's. 

For instance, the condition for reducing a sextic to the sum of three 
sixth powers will be a secondary invariant, for then 

z sr 2 — a| « — a, « — a. 

Changing a^ in a^-^-XA^, <&c., we still get on the left side three frac- 
tions similar to those we had before, so that we can still reduce the 
sextic to three sixth powers. Hence the condition is not altered by 
changing ai into ai + X^q, <&c., t.e., it is annihilable by O,. It is, in fact, 
the equating to zero of the catalecticant, which we have already seen 
is a secondary invariant. 

N 2 
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** Acta Mathematica," xii., 2. 
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Th^ Characteristics of an Asymmetric Optical Combination, 

By J. Laemor. 

[liead March lith, 1889.] 

1. The general properties of optical combinations which are sym- 
metrical ronnd an axis, such as ordinary telescopes and microscopes, 
have, as is well known, been analysed by Ganss ; and the perform- 
ance of these instraments, when aberrations are left out of account, 
has been shown to depend simply on three constants — which may be 
taken geometrically as the coordinates of the two principal points 
and the two principal foci, between whose mutual distances one linear 
relation exists. 

It is now customary, and it conduces to clearness of view, to throw 
the theory into a geometrical form in the manner first completely set 
forth by Maxwell (Quarterly Journal of Mathematics, II, 1858). To 
effect this, without entering into details of the construction of the 
special insti*ument, we are confined to the use of only those properties 
that are characteristic of rays of light in general. For the purposes 
of the problem, when restricted to symmetry round the axis, these 
properties may be stated in the simple approximate form that (i) all 
rays proceeding from a point go to form the image of that point, 
(ii) for all such rays the time of passage from point to image 
(2/i^«) is the same, because they belong to the same wave spreading 
out from the object point, and finally, after passing through the in- 
strument, converging to the image. The application of the former of 
these principles requires that the rays are everywhere inclined at a 
small angle to the axis, as is usually the case m i^T^ct\c^. 
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2. It will be convenient to begin by briefly analysing the parts 
played by these two fundamental principles in the theory ; the follow- 
ing mode of procedure is simple and comprehensive. 




% 



2r. 







K 



Let P|, P, and Q„ Q, be two pairs of conjugate foci on the axis, and 
let the linear magnification transverse to the axis (appropriately called 
simply the magnification) of small objects at Pi, Qj be m^, m,, respec- 
tively ; these are clearly the same in all azimuths round the axis. 
Draw any ray ^lEjjJi meeting the planes through P^ Q„ transverse 
CO the axis in p^, q^^ and meeting the axis in Bi ; after passing 
through the instrument let its path be q^BtPr Then, by the principle 
of images, Qtqt = mg. Qi^i, P,p, = Wp . P^pi (if the image were in- 
verted, the sign of m would be negative) ; so that 






(1) 



This law of simple pioportions determines absolutely the relative 
positions of conjugate foci i^^, 12,. To find the corresponding magni- 
fication m^, it is only necessary to draw a ray through Q^, meeting 
the transverse planes through 1^, P^ in pi, tTj, and passing out at the 
other side through Q,, p,, tor,. Then 



w. 






(2). 



The principle of images is thus sufficient to determine completely the 
performance of the instrument. 

3. But hitherto no notice has been taken of the nature of the optical 
media in which the object and image lie. We may introduce this 
consideration by aid of the second general principle. It can be 
applied by comparing two similarly situated rays, which have there- 
fore the same value of 22/1^8 in passage through the instrument. Two 
such are the rays through ji, one, q^p^, through JSj, the middle point 
of QiPi, and the other qi^i, parallel to the axis. The expression 
lifxSs has the same value 8 from pi to p^ as from ts*! to ts*,, because 
these points are symmetrically situated above and below the axis. 
Hence, consideriDg the two rays from q^ to g,, we have 

^1 . ?i l>i + S - /I, . ^, 1?, = /ii . gi Wi + S - /I, . g, tar,. 



1889.] 
therefore 



an Asymmetric Optical Combination, 



183 



Therefore, approximately, since the transverse distances are supposed 
small compared with the longitudinal, and PiPi = Pitorj, we have 



/»! 



4_ _ (m,+m,)*—(m,-m,y 



Qt-P. 






G.-P, 



.mpW^ 



(3), 



The results (1) and (2) give the position and transverse magnifica- 
tion of the image of a small object anywhere situated. The result 
(3) forms a very elegant expression (given by Maxwell) for the longi- 
tudinal magnification (termed by Maxwell the elongation) of any 
object not confined to be small, viz., it is equal to the ratio of the 
indices multiplied by the product of the transverse magnifications- of 
its extremities. 

It follows from (3) that mp = | ^lli j ^ where aj, a, are the incli- 
nations of the ray to the axis. \ri^i 

It is also clear that (3) includes (2), so that (1) and (3) form a 
complete system of fundamental formulas. The points P,, Qi may be 
taken as the origins of measurement ; and then three observations 
suffice to determine all the constants of the instrument. 

4. The scheme introduced by Gauss makes use of the principal 
points -4i, A^ for which w» = H-l, and of the principal foci F^y F^. 






The image of a point p^ may now be constructed by drawing rays 
PiO^ parallel to the axis, smd p^F^ai through JF\, and tracing them on 
from their points of emergence on the other principal plane to their 
point of intersection at p,. Since 

(because m = -hl) it follows that the instrument behaves as if the 
principal planes through Ai^ A^ were coincident, if we leave out of 
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acconnt the shifting of the image system along the axis consequent 
on moving A^ into coincidence with Ai, With the exception of this 
shifting, the instmment therefore behaves as a single thin lens whose 
principal foci are at distances from it eqnal to -4i^i, A^F^. In fact 
it follows in a well-known manner from the diagram that, if we con- 
sider lines measured from a principal point or focus as positive when 
awaj from the instrument, 

J^iP,.F,P, = F,Ji.F,u!l, = constant (4), 

the generalisation of Newton's formula for a lens ; which also leads to 

4ili^4ill=:l (5). 

The principle S^3« = constant for all rays from Pi ix) p^ requires in 
the same way as above that 

A^i =: AslIa (6). 

hi IH 

. Thus when /i^ = /m„ A^Fy^ = A^F^ =/, 

where / may be called the focal length of the instrument ; for it is 
the focal length of the simple equivalent lens, convex when / is positive, 
which, as we have seen, is equivalent to the instrument in all respects 
except as regards the situation of the image system along the axis. 
The instmment has, in this case, an optical centre^ which is the 
middle point of A^A^, 

6. To determine experimentally the constants of the instrument, 
we may proceed by any of the known methods that apply to lenses, 
(i) The positions of the principal foci JP„ F^ may be marked by the 
aid of a parallel beam ; then the positions of any pair of conjugate 
foci yield the value of/* by formula (4). To determine whether the 
positive or negative value of / is to be taken, we must observe whether 
the image is inverted or erect, (ii) The bright point may be moved 
along a graduated scale till its conjugate focus approaches it most 
nearly J the distance between them is then -4i-4,-|-4/, and the centre 
of the instrument is equidistant from them. Another observation 
will complete the determination. This method requires modification 
if J, il, + 4/ is small or negative, (iii) Two conjugate foci at a dis- 
tance c apart being selected, the instrument is shifted along its axis 
through a distance a till they again become conjugate; then, 
if A^A^ = 6, 

a* = (c-6)(c-6-4/). 

Another observation will suffice. 
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6. With an instrument, (telescope) so focnssed that a system of 
rays parallel to the axis emerges parallel to the axis, the magnifica- 
tion is obviously constant at all distances. Therefore so also is the 
elongation, by (3). The value of the magnification is now the 
essential constant of the instrument ; the exact position of the image 
system along the axis being, as before, a thing inessential. 

7. This brief sketch has shown that a symmetrical optical combin- 
ation may usually be replaced by its simple equivalent lens, so far 
as regards the relative position and magnitudes of the images formed. 
It is easy to see that it may be replaced by two lenses so as to 
give their exact positions on the axis. 

The principal motive of this discussion is to inquire how far similar 
specifications hold for instruments not symmetrical. 

The properties characteristic of a ray system now take a more com- 
plicated form, viz., that elaborated by Sir W. Rowan Hamilton, from 
the fundamental property that S/i& is stationary along a ray, between 
any two points, whether in the first medium, or in the final medium, 
or situated in any other way, and that it has the same value, propor- 
tional to the time of propagation, for all the rays from one wave front 
to another. 

The general problem before us is, given the path of the central ray 
of a pencil of light which traverses any system of media which may 
be heterogeneous and may be doubly- refracting, but passes from an 
initial homogeneous isotropic medium to a final one of the same 
character, to determine how many and what kind of observations in 
the initial and final media would be necessary in order to obtain a 
complete account of the nature of the change produced by trans- 
mission through the system in any pencil proceeding along this 
path. 

The method of discussing the propagation of a narrow pencil on 
Hamilton's principles has been set set forth afresh by Maxwell {Proc. 
Land. Math. Soc.^ vi, 1874 and 1875) ; in what follows we shall use a 
similar analysis. 

8. Take origins O,, 0, on the central ray in the initial and final 
media, with axes Z„ Z^ tangential to the ray and directed both away 
from the refracting system. Let the valne of the reduced path 
(2^^5) for a ray between points (o^, yi, 0), (a;,, y„ 0) in the trans- 
verse planes through these origins be 

U= const+^a^xl-^-CiX^y^ + ^b^yl+pXxX^+qx^y^ + rx^y^ + syiy^ 

+i<h^l+Cti^yt+\b^y\ ^N 
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As TJ is stationary near the axis, becanse the transverse planes are 
tangential to the wave fronts, there can be no terms of the first 
degree in it. 

The ten constants in its expression may be called the constants of 
the optical combination, when referred to these origins. 

9. The first aim must therefore be to choose new origins which will 
reduce this expression to its simplest form. Taking then the planes 
Z, = Vj'^ Z, = y,"* as new transverse planes, we have for the re- 
duced distance between the points (4i, i?i, y^'O* (^> ^t% fl^) ^^ these 
planes the expression 

F=^x«i+[7+/i,*, (8), 

where ^i = {yr'+(«x-OH(yi-'7i)*}* 

= rr'+ivi (^!+yi)-ri (^fi+yxi?x)+iyx {t\^-n\) (9,), 

«j = yr+¥yt(«!+yI)-yt(«j£f+yj'?«) + Jyi (£!+»?!) (^O- 

We have to eliminate ajj, yy and a;,, y, from F. Now, since (ajj, y,, 0) 
and (a;,, y„ 0) are in the free path of this ray, we must have 

?I=0 ^:=0, ^=0, ^=0; 
3«i 3^1 9aj, 3y, 

therefore (/ij y^ + a^) x^ + c^y^ + j)a5, + qy^ = ^i yj^j 

Ci«i+(/iiyi + &i)yi+ra?, + «y, = /iiyii7i 

g»i+«yi + Cjaj,+ (/i,y,+fe,) y, = ^,y,i7, 

These equations determine the paths in the initial and final media of 
the ray which goes from (fj, i^i, y;') to (^„ i?„ y,"^. 

10. By solving these equations (10) we obtain the coordinates of 
the points in which the ray from (J^, lyj, y^"*) to ({j, ly,, y'*) meets the 
transverse planes through the origins. If, however, the determinant 
A of their left-hand sides vanishes, the system is equivalent to only 
three independent equations, together with the condition 

-4i^iyi£i+C^i/'iyi'?i+-P/^tyj^a+QA*«yf'?t = (ii), 

in which A^^ Gy, P, Q are the minors of the first column (or any other 
column) of the determinant. The three independent equations do 
not now determine the coordinates a^, y^ in terms of (£i, rj^, y~^) and 
(£,, 1?,, yi"0, but merely lead to a linear relation between these coor- 
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dinates, of the form 

Sx^'\-Qyi = coDstanfc (12), 

where Q, 8 are the minors of the terms g, « in the determinant A. 

Also Qa'iH--Py8 = constant. 

The interpretation is clearly as follows. Bj (12) the rays from 
(f,, i7i, y'*) to (£,, >/j, y"') now form a singly infinite system, which 
cut the transverse plane through 0^ along a line, and similarly cut 
the transverse through 0, along a line. For different pairs of points 
subject to the relation (11), on the same transverse planes Zi = y~*, 
Z,=y2 \ these lines form parallel systems. The meaning of this rela- 
tion (11) itself is, that to the point (£i, i?,, yfO there correspond a 
system of points which form a line in the plane Z^ = y^"* ; and that, 
corresponding to different points in the plane Z^ = yj ^ these lines 
are all parallel. 

The positions of the two transverse planes Z^ = yj"\ ^i = y^"^ are 
connected by the relation A = 0, which is quadratic in both y, and y,. 
Thus for a beam proceeding from any point in one of these planes, 
the focal lines lie in the two conjugate planes determined by the equa- 
tion A = 0. For different points in the same transverse plane yi the 
focal lines lie in the same pair of conjugate planes y„'and form two 
parallel systems, each inclined to the corresponding axis x^ at an 
angle whose tangent is (-—Q/P). For all points in either of the 
planes y,, one of the focal lines lies in the plane yi, and is inclined to 
the axis x^ at an angle whose tangent is (^S/Q) ; and this line is 
one of a parallel system in that plane, such that all points on one of 
them have the same focal line in the plane y^. 

11. The equation (11) now shows that all the rays emanating 
from a luminous line or slit whose equation is 

f^iri (Aii + Cfi'?i) = S (13), 

pass through the line whose equation is 

/^ty»(^^+Q'7>)=-S' (14). 

This remark has an interesting bearing on the working of refracting 
spectroscopes. It shows, in fact, that without any special adjust- 
ment of the refracting prismatic surfaces the slit may always be 
rotated into such a position that its image for any monochromatic 
light will be a sharp line. But it will not be an image in the 
ordinary sense of corresponding point for point with the slit. This 
position of the slit is the one inclined to the axis of », at an angle 
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whose tangent is (-^A^d), in which -4i, (7i are expressed as above in 
terms of the position of the image, and the constants of the combi- 
nation. 

12. To retnm to §9, by solving (10) and substituting in the 
expression for F, we obtain the function characteristic of the com- 
bination when referred to the new transverse planes. The work is 
simplified by making use of the fact that F is a minimum as abovOi 
so that 

By Euler's theorem of homogeneous functions 

F = const.+/*iffi+/i,^,+2(§-aji+^-a!i+5--yi+5-y,), 

""Oxi dx^ oyi dy^ ' 

where 5- = 5 /^iTi («i-W» 

dx^ dxi 

dx^ da^ 

dU dV . . 

dU dV . . 

Therefore 

F= const. +/ii«i-h/i,5,-i/iiyiaji (a5i-£i)-i^iyiyi (Vx—Vi) 

-iHirt^t (^f-W-l/^jyii/s (vt-^t) 

= const. +/*iyr*-iAiiyi (Ji«i + »?iy,) +|/iiyi (i\+v]) 

In this expression, which is remark;able as not involving explicitly 
any of the constants, the values of x^, yi, ... in terms of £1, t?!, ... are 
to be substituted. 

13. Before proceeding with this substitution it will be convenient 
to examine how the coefficients p, q, r, 8 may be simplified by rota- 
tion of the axes. Changing to polar coordinates by writing 

ajj = pi cos 61 1 aj^ = p, cos 6, | 

y, = pi sin d^y y% = Pi sin 6, ) ' 
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we bare P^Xa^^qxiyt+^^iVi+^iVi 

= iPiPj {(jP+O cosx—iq-r) sinx+(i>-«)cos^+(5 + r) sin^}, 
where ^=0,-f0„ x = ^i-^r 

= Ws{i'co8(x+€)+P' cos (;// + €')} (16). 



The expressions 



P'=(p+sy+(q-r)\ 



P'=(p-sy+(q+ry, 
are therefore invariant for the transformation ; that is, 

(i) l>»+«'+3'+f* (17), 

(.n)ps-qr (18), 

are invariant. 

We cannot therefore make p, q^ r, s all vanish. It is possihle to 
have q = 0, r = ; and then p == 8 will involve a transformation of 
origins such that the first invariant (i) is twice the second (ii). 

Conversely this latter condition by itself gives 

80 that, as the quantities are to remain real, it amonnts to two con- 
ditions ^ = «, 5 = — r, whatever be the directions of the axes. 

14f. We proceed to work out the transformation to new origins. 
It is easy to see that 



7= con8t.+i^,y, (£!+'?!)+^/^,y,(^+'?;)+|Tr (19), 



where 






q 

8 



q « 

Miri+oi Ci 

p r 

q 8 



^ayi + ^ 



w 



p 

r 



q /'irifi 



(20). 
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The coefficients of the terms 

on the right-hand side are twice the corresponding minors in A, the 
coefficient of TT, multiplied by MiViftsyj; they involve, if common 
multipliers are laid aside, only yj, y^ and y^yi, and these linearly. 

We notice that 

The conditions j?'= «', g^= — r, lead to a quadratic equation to 
determine y^, and then a linear equation for y,. If the roots of the 
quadratic are real, there are determined in this way two pairs of 
principal points on the central ray. We cannot then, by turning both 
sets of axes through the same angle round that ray, make g'= 0, so 
that also /= by the relation of invariance in § 13 ; but this can be 
done by rotation through different angles. 

The condition for the reality of these principal points is that a 
certain function of the coefficients, which it is unnecessary to write 
out, should be positive. 

When this condition is not satisfied, we might attempt to make the 
reduction in another way. By turning the axes through different 
angles and moving the origins, we can make p = «', g' = 0, r = in 
an infinite number of ways. The considerations now to be given will 
show that this process leads to the same result as the above. 

The case of imaginary roots may, however, be reduced to the real 
one by the addition of a known astigmatic lens or obliquely-placed 
simple lens, orientated to the proper azimuth, whose presence may be 
afterwards allowed for. 

15. Resuming the original notation, there are therefore, with the 
above restriction, two pairs of origins and axes for either of which 
the function characteristic of the combination assumes the form 

^ = const. + iai«J + Ci «! yi + i2>i yj 

+ 2«i»I+c,a;,y,+i5,</J-f (21). 

This may in a manner be taken as the canonical form of the 
characteristic. 

We can now express very simply in Maxwell's manner the equa- 
tions which determine the form of the emergent beam. Let the 
characteristic functions of the same beam in the neighbourhoods of 
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the two origins Oj, 0, bo 

yi = f^i^+l^xx\ + 0,x,y,'^\B,yl+ (22,), 

Vt=^ f^th+l^t^l + G,x,y,-\^iB,y\+ (22,). 

The other possible quadratic terms are absent because we must have 
identically satisfied the characteristic equation, 

©'-(I)'-©"-- (-) 

The valne of the reduced path from f„ i|„ ^, to £,, if„ ^, is 

^=-(/«i«.+i^i«!+...)+/'i«i+iA«! + ... 

+ l7+/i,z,+i^a!,'+...-(/i,f,+iJ,^+,.,) (24), 

in which, as F is stationary, we most have 

^=0, ^=0, ^=0, ^=0, 
9aJi 9«, 3yx 9yi 

so that (tti + -4i) «i + (ci + Oi) yi +jpar, = 

((h + GO X, + (h, + BO y.+py, = 

^ (25). 

;?a;i + (a, + -4,) a?, + (c, + 0,) t/j = 

l>y, + (c, + C,) «,+ (5,+2?,) y, = 

These equations determine the point o^, y^ which corresponds to any 
point Xi, i/i, in two ways. On solving the first pair for ajj, y^ and 
comparing with the second pair, there result the relations, 

q«-f^i — h^+B^ _ _ c,-f a> _ ^ .ggv 

h, + Bi a,+A, c, + Oi A' ^ ^' 

where A' = (a,+Ai) (6i + 2?i) - (ci + Oi)*. 

These equations determine the constants of the emergent beam. 

When the incident pencil comes from a focus, Ai = Bi, Oi = 0. 
It is easy to verify that {A^—B^jOi is constant for all positions of 
that focus, ouly provided 

it is only under this condition that the focal lines corresponding to all 
foci are parallel. 
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16. By clianging U to polar coordinates, we see that the conditions 
that the combination is symmetrical ronnd the axis, or acts as such 
a one, are ai = 6i, <h = 0, a, = 6„ c, = 0. 

If we add to the instrument a thin astigmatic lens at Oi, of index 
fjL and thickness ^i, whose efEective thickness (/x^/ii) ti is eqnal to 

and a thin astigmatic lens at 0, whose efEective thickness (f(~ft) t^ 
is equal to 

i (oj + X,) ajj+c,aj,yj + i (6, + X,) y\, . 

the total resulting combination will be given by 

Cr=con8t.— X,(»J+yl)+p(aiaJi-M^iy,)-A,(ajJ-fyJ) (27), 

and therefore it will act as if it were symmetrical round the axis. 

A pencil from Oi as focus will not be afPected by the first lens. It 
will therefore reach the second lens with a circular cross section if it 
has started with a circular section in the first medium, and has not 
been so wide as to be partially stopped out somewhere in the instru- 
ment. The (so-called) circle of least confusion of the emergent pencil 
will therefore be at the second lens. 

Now it is to be remarked that a pencil of light rays, though it 
always passes through two focal lines, does not in general possess a 
circular cross-section at any point on its course. It is evident in fact 
that the condition for its having a circular section is that it should 
diverge symmetrically from each focal line. 

Hence to find the position of Oi, place a stop in the path of the 
incident beam so as to make it circular ; and move along the axis the 
luminous point which emits it until the emergent beam is symmetrical 
with respect to either of its focal lines ; as may be tested by focussing 
a telescope on the line, covering it with a cross-wire, and then putting 
the telescope out of focus without rotating the wire. The position of 
0, is then at the corresponding circular cross-section of the emergent 
beam ; or it may be similarly determined by placing the luminous 
point on the other side of the instrument. The result incidentally 
appears that if a conical pencil from 0, has a circular cross-section at 
Oi,* then a conical pencil from Oi has a circular section at 0,. 

Find now by Prof. Stokes'f or any other method, the astigmatic lens 

* This theorem of reciprocity may be proved directly from consideration of the 
general function of ^i^i^i and x^y^^ characteristic of the combination. It is a case 
of the proposition formulated and discussed in Thomson and Tait's Natural FhilO' 
tophff, ii 334, 336. 

t irit. Assoc, Report^ 1849, p. 10; CoUeeted Papers , Vol. n., p. 172. 
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whicli placed in the final medium at 0^, would convert a parallel 
beam into the actual emergent beam ; this will be a lens whose 
principal focal lengths are equal and of opp(>site signs to the distances 
of the focal lines from the circular cross-section of the pencil, measured 
in the direction the light is travelling. 

Proceed similarly with light emitted from the point 0,, and deter- 
mine the corresponding lens in the medium at Oi. 

The combination is equivalent to these two lenses, together with an 
instrument symmetrical with respect to the axis, whose principal foci 
are at Oi, 0,. The principal point Pi of the latter on the side 0^ 
is at once determined as the point at which a transverse plane must 
be placed that the beam from Oi may mark out on it a circle equal to 
its circular cross-section at 0, on emei'gence ; and in the same way 
the other principal point P, may be determined, — or else by the 
relation OiPi//ii = 0,Pj//Lt,. 

17. The experimental determinations here sketched amount to the 
specification of an instrument which is equivalent to the combina- 
tion ; that is, they give the optical constants of the combination. 

The special case in which Oi or 0, is at an infinite distance may be 
noticed. The efEect of the lens at Oi is then to alter a pencil coming 
from a focus to one coming from two focal lines in fixed directions at 
constant distances from that focus. 

A more special case still would be that of a giiim- telescope for 
which all parallel incident pencils emerge parallel. 
• 

18. The positions of these principal points Oj, 0, become indeter- 
minate, in the case of an instrument with a straight axis, when the 
planes of the principal curvatures of the pair of astigmatic lenses are 
parallel ; and in the more general case, when Cj and Cf vanish or 
can be made to vanish by rotating the axes on both sides through the 
same angle. This leads to the condition 

(a,-5,)/ci= (a,-6,)/c„ 

as at the end of § 15. 

This is the single condition necessary that the combination should 
behave as one having a straight axis and symmetrical with respect to 
two perpendicular planes through the axis. In the general notation 
of § 9, it is therefore the condition that P/Q = constant, when il = 0. 

When the instrument is of this simple character the course of any 
ray may be constructed by finding those of its traces on the two pairs 
of corresponding principal planes in the initial and final media, passing 

VOL. XX. — NO. 3.V>. 
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through the axis of the comhination. For it is clear, as Maxwell 
remarks, from the form 

U = const, -h 2 ^1 «i +i?aji ^j "f a ^^^j 

+ 2^y!+*2/iyj+2^82/j (27), 

that in the determination of the path of a ray by the method of § 15, 
the terms containing x^ x^ are now separated from the terms con- 
taining ?/i, y,. 

Therefore the projections of any ray on the planes of x^Zi and x^z^ 
are now related by a construction similar to that which applies to 
instruments symmetrical round an axis, i.e., there are two pairs of 
gfwasi- principal foci in these planes, and two pairs of (/wa^i-principal 
points, by means of which these projections may be constructed. And 
haying thus obtained the traces of a given emergent ray on the planes 
x^z^y y^z^, in terms of those of the same ray when incident on the 
planes ajj2?i, y,Zp the problem is solved. 

This also follows more directly from the remark that the instru- 
ment is essentially the same as a straight one with the principal 
planes of its two terminal aplanatic lenses parallel, and therefore 
planes of symmetry. 

It remains to show how these planes, and their cardinal points, may 
be identified experimentally. All rays incident in the plane XiZi 
emerge in the plane «,«,. Therefore the plane x^z^ must be that con- 
taining the axis z^, and a focal line corresponding to any focus on the 
axis z^ ; there are therefore two such planes, which are the same 
whatever point on the axis Zi is taken for focus, as has been already 
seen. In the same way the two planes XiZi may be found by taking 
an incident focus on the axis »,. These planes may be grouped into 
the two corresponding pairs in obvious ways. The positions of the 
cardinal points in a corresponding pair of planes may be determined 
by methods exactly analogous to those briefly sketched in § 5. The 
optical combination in question will then have been completely 
explored. 

It might at first sight be imagined that the four possible adjust- 
ments of the axes would be sufficient to make Ci, c^, q, r vanish always, 
and so reduce every combination to this type. But from the above, 
these conditions must be inconsistent with each other, unless a special 
relation between the constants is satisfied. 
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On Play '^ d ontrance.'' By Major P. A. MacMahon, R.A. 

IBead March HM, 1889.] 

Suppose two players A and B to have a and h counters respectively 
and to play a number of games, the winner receiving a counter from 
the loser until one of the players is deprived of all of his counters. 
We may consider the probability of all of the counters remaining 
finally with Ay being given the probability of his winning any one 
game. When the probability of A winning each game is equal to a 
constant p, and no game can be drawn, the problem has been solved. 
(See Todhunter's Hisfonj of the Th^^nry of Prohahility.) I introduce 
here the consideration of the effect of supposing that the probability 
of a player winning a certain game depends in some manner upon 
the number of counters which he possesses at the commencement of 
that game. 

In regard to the game which is commenced when the players A 
and 5 have respectively aj and n — x counters (where a-\-h = n), let 
the chances of winning be as <f> (x) to (n—x), where (x) is a known 
function of x, which is finite for all integer values of the argument 
from 1 to n. Further, let u^ denote the chance of A winning the 
"partie** when he is in possession of x counters at the commence- 
ment of a game. 

The chance of A winning the next game is then 

0(a;) 
(x)-\-(j^ (n—x) ' 

and the chance of his losing it is 

<p{x)-\-(l>{n—x)' 

hence the difference equation 

<l>(x) 10 (n-x) 

^ (ir)-f 9 (n— a?) (a:;-f 9 (n— «) 

which may be written ^ = -^ i^, 

g> {n—x) u,+i— tt, 

and thence we obtain 

t.i^'zA} ("" — 2) (n-s) __ tin-.— ^n-.-l 

4>{l) ' 9(2) <l>{8) Un — Un.l 

2 
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Put 1 + ^15^ +li-l^^ 
^ (1) (1) * (2) 

^ (n-1) » (n-2) ... » (n-g) _ ^ . . ^n 
^ (1)^(2)... 9 W ^^^' 

BO that ''''""'*''-^-^ = * (« + 1). 



and thence the two results, 



««— tt. 



i. = *(n-aj), 



t*«— w«.i 



**-"'**-ft-=*(n); 



from these, by division, *"~^* = ^^•""^; ^ 

««— tto ^ («) 

The conditions of the problem are 

t*^ = I, t*o = ; 

, , ^ (n— aj) 

hence 1— «*« = 2 v i 

and since, by definition, 

^ (n— «) H-^ (a;) = * (n), 

we obtain «, = — ^ ; 

this is the solntion of the difference equation subject to the given 
conditions ; that is to say, the probability u, is the ratio of the sum 
of the first x terms to the sum of all of the terms of the series — 

^ »(«-!) »(n-l)»(n-2) . »(«-!) ■ i. 

This reminds one of the binomial series, 

(1+1)-, 

with which it becomes identical when 

^ (x) = X. 

When, in general, ^ (x) = aj", 

where m may be any number, positive, zero, or negative, commen- 
surable or not, we are concerned with powers of binomial coefficients. 
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If we write , . ^ ' ; r = /(»), 

so that / {x) +/ (n— «) = 1, 

the difEerence equation becomes 

and the solution may be written, 

where F(x) - 1 I >'("-^) i /("-l)/(**-2) . 

where J- (*)-!+ ^^^^ + ^(ij^^^j +••• 

J- /(**-!) /(»-2).../(n-a;+l) 
"•"^ /(l)/(2).../(»-l) 

I now suppose that when J. and B have respectively a? and n— « 
counters the chances of winning the next game are as f (x)tof (n-^x)^ 
the most general case. 

The difference equation becomes 

(a?) , / (n— a?) 

(«) 4-/ (n — a;) ip («) 4-/ (n — «) 

or 0W - ^x~ti,,| ^ 

putting « = n— », 

thence » (n~l) ^ (n-2) ... »(n-5) ^ u,,,-ii,_,,> 

/(I)/ (2) .../(.) «.-u.., • 

p^' v/Li-'^ /(I) ^ /(i>/(2) ^- 

. ^(n— 1) ... (n—s) 

'"'*' /(i).../w • 

and then "'"""-'•' =(») , 

^hich gives -!is=^ = ( n . 

and JVZ!^=(5), 



V, = 
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and remembering that u^ = 1, w© = ^* '^e obtain, by division, 

(1) 

or u^=:^J-L'^ 

showing that to obtain Uj^ we have to divide the sum of the first x 
terms of the series, 

by the series itself. 

Similarly, if v, be the chance that B wins the partie when he has x 
counters, 

-lii. 

and since I'x -I- «^h - x = 1 , 

we obtain the interesting identity, 

ill' + U)h.. ^ 1^ 

and the value of w^ maybe presented in either of the forms shown by 

This result may be of service when it is necessary to take account 
of the courage of the two players. Thus putting 

/ (x) = par, 

ij> (x) = g»-^ 

where a and are small quantities determined from experience, we 
would have the circumstance of A plajing better when he is winning 
and of B playing better when he is losing, and doubtless a more 
correct estimate of the probability of either player winning the pai*tio 
would thus be formed. 
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Some Results la the Elemeniary Theory of Nuwbers. 

By C. Leudesdorp, M.A. 

[Read March lith, 1889.] 

It is well known that if ^ is a prime number, all the coefficients of 

the equation 

(x-'\)(x-2)(x-S) ... (a?-jj+l) + l =0 

are divisible by p, and that consequently the sum S^ of the /i^** powers 
of the numbers 1, 2, 3, ... p — 1 is divisible by p unless /i is a multiple 
of /? — 1 (see, e.g.y Serret, Algehre Superieurej Vol. ii., p. 46). And it 
is clear in the same >vay that if S,^^ the sum of the inverse /i'^ powers 
of the same numbers, be formed, the result of the addition will be a 
fraction whose numerator is divisible hy p unless /x is a multiple of 
jQ — 1. Since all the factors of tlie denominator of such fraction are 
prime to p^ we may, for shortness, say that S.^ is divisible by p 
unless ^ is a multiple o^ p — 1. 

But this does not exhaust the whole truth. In fact, if /i is odd, 8^ 
and S_^ are both divisible by p* with certain exceptions. In particular 
the sum of the reciprocals of 1, 2, 3, ... p — 1 is a fraction whose 
numerator is always divisible by p^ except when /? = 2 or p = 3.* 
Results similar in character hold when p is replaced by any composite 
number N^ and the numbers 1 to jo — 1 by the numbers less than N 
and prime to it. The object of the present paper is to prove the fore- 
going statements, and to examine into the divisibility by the various 
prime factors of any number N of the sum of the /*"' powers of the 
numbers less than N and prime to it. I confine myself chiefly to the 
inverse powers, as the results when p is positive are of less interest 
and present less difficulty, since the actual value of S^ can be found 
by summing the series. 

1. Here, and in all that follows, p, "will be supposed to be an odd 
nu7nher. 

Using M (p) to denote a multiple of p, and \p^ (p) to represent 

♦ Tho remark that if the reciprocals of 1, 2, 3, ... ;d— 1 are added together, the 
numerator of the resuhingf fraction is generally divisihle not only by p^ but by 
p^^ when p {» a. prime, was madH t«» me some little time 8ince by Sir. J. M. Dyer, 
jVI.A., of Eton College ; and it is tliis remark which first led me to the subject of the 
present paper. 1 desire also to record my indebtedness to Mr. Morgan Jenkins, 
M.A., for some emendations and suggestions, especially in connection with { 2, 
which have proved very useful. 



200 Mr. C. Leudesdorf on some Results [March 14, 

what has been hitherto called iS.^, we have 

^.(P)= l;+-2^+3;+•••+(^ZT)-- 
=i2( — ^ L-_] from jj = l to « = »— 1 

2 * arCjp-aj)" ^ 

2 C ^^^ 2 aj'O 

Therefore (excluding only the case p = 2) it is seen that }\f^ (p) is 

3f ( j>') if -^ ^,.+1(2?) is ^(jp)» which is the case unless fi -{-!:= M{p-~V 

and at the same time /i is not M (p). Now if /i + l = 3f (p— 1) and 
ft = M (p) at the same time, /i mast be of the form p {(p— 1) ^ "" ^} • 
The couclusion is, therefore, that if fi is odd, \p^ (p) is in general 
divisible bj^ ; but if m + 1 = J/(p — 1), then ^^{p) is only divisible 
byp, except in ihe cases where /x is of the form p ((p— 1) ^— 1]> 
when >/'^ (p) is divisible by p^ as in general. 

Exceptions, — If p = 2, ^^ (p) reduces to 1 and is not divisible by p 
at all, as is indeed shown bv the formula at once. 

And if 2? = ^, /x + 1, being even, must be 3f(p -1) ; therefore 
ij/^ (3) is only divisible by 3' when /i is an odd multiple of 3, and in 
all other cases ij/^ (3) is divisible by 3, but not by 3*. 

2. Let now N be any number, and let /, (Ny n) denote the sum of 
the inverse /x*** powers of the numbers, prime to N, which lie between 
nN and (n-f 1) J^^, where fi is odd as before. Then, since if nN-{-x 
is such a number, (n4-l) N—x is another, 

the summation taking place for every positive integral value of x less 
than N and prime to N ; and the coefficient J being required because 
fiN+x and nN-^-N—x are repeated and interchanged when x is 
chung'cd to N—x. Since /x is odd, /, (N, h) is evidently divisible by 
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n^r+ay + n2V+ N-^x, that is, by (2n + 1) N. So 

therefore ^^Z' (^' **> "/' (^' ^) 

-5^1 2irri i — i 

2n+l 1 

[■-'"■r^'-^l^'"-?--] 

2n+l 



= i2a!- 



= lix-" 



-'-['-'■ f-^^f-"]]. 



The coDstant term inside the brackets vanishes, as also does the 
coefficient of — ; the coefficient of the general term ( — j being 

/i( /x-fl)...(;i + m) f (^-nr*^-(~nr^^ ,^ 

1.2.3... (m + 1) ( 2n + l J * 

It is easily seen that this coefficient is always divisible by n (n+ 1), 
and that (m+ 1 )"••** — (—n)*"** is always divisible by 2nH-l. 

We have then 

+ ^j^/,** w 0)+... I av 
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3. Next, let \//^ (N) denote the sum of the inverse ft*^ powers of all 
the numbers less than N, and prime to it [so that v//^ {N) is the same 
thing as/. {N^ ;]. Further, let a, fe, c, ... be the prime factors of N^ 
so that ^ = a'b^^o'* ... say, where l,m,n, ... are supposed each gi'eater 

than unity; and write — for a^'^b"* c** ... . Then, since any number 

N 
prime to N is prime to — , 

a 
*.W=/.(f.0)+/.(f,l)+/.(f,2) + ...^/.(f..-l) 

«[,.(^,o)-i...iii±iM^)^j/...(f.o) 
..[;.(^,o)-..3'-(£±U&±2«'|/...(5,«) 

+ &C. 

by equation (1) of § 2 ; 

= (l + 3 + 6 + ... + 2S^l)^,(^) 

-(1 . 2 . 3+2 . 3 . 5+ ... +2^^n: . i^i . a) /fi^i±J.)0L+21 

12 

-*-©-'-^i^-<--)f^*...(f) 

-'-f'"(?)! «> 
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Similarly, 

*-(!)->-(.>)=-"-^''^Ji^("'-') 

and so on, until finally 

from which, by multiplying by 1, a', o*, ... a"'*, and adding 

Similarly, 

X j3/(a»6'"'"c'"...) + fi-+-?Jf(a*6'"+»c*"...)l; 

X (jlf((i«*'6'-+'c'»...)+^+^Jtf((i''+'6""+»c*"...)}, 
and by proceeding in the same manner we finally arrive at 

(3). 
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If N^ be written for the number abc ... , this last result is 

(4). 



The determination of the divisibility of if/^ (N) by the prime factors 
of N is therefore reduced to the determination of the same thing with 
regard to \I/^{N^). 

4. Let p be a prime, and N any number prime to p. To obtain the 
numbers less than Np and prime to it we must deduct from the 
numbers less than Np and prime to ^ those which are multiples ot p. 
But these last are just^ multiplied by the numbers less than ^and 
prime to N ; accordingly yj/^ (Np) is equal to 

Making use of equation (1) of § 2 to transform the expression on the 
right-hand side, by a method similar to that of § 3, we obtain 

X { ^^,,, (N)+(t±^M (N*) } - 4:/, (N, 0) 

x[N»^,,»(N) + ('-±^MiN*)} (5). 

By means of this formula we can reduce the determination of the 
divisibility of ^^ (abc ... A;) to the determination of the same thing with 
regard to yp^ (be ... A;), and so, by successive applications of the formula, 
to the determination of it with regard to ij/^ (k), which question has been 
solved in § 1. By means therefore of (3) or (4) and (5), it can be found 
how many times each of the prime factors of N divides \l/^ (^). It will 
be seen presently that ^^^.j (N), where ft -|- 3 is an. even number, is in 
general a multiple of N, so that in (5) we may often write M (N) for 
^M+s (N) » but there are several exceptions to this (see below, §6). If 
N isB, prime number it has been seen in § I that ^^^3 (N) is a multiple 
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of N unless ft-f 3 = -Af {N^l) ; thus, if a and 6 are two primes, 

4'. («6) = ^^,(«)- 'i^^^±^!i±^b^ib'-l)Mia*) (6), 

nnless /i+3 = If (a— 1), when Jf (a*) must be substituted in place 
of M (a*). 

5. In any case, "whether i/r^+a (N) is or is not divisible by Nj we 
have always 

BO that, if a, b, c ... k are prime numbers, 
</-, (abc ... k) = "^^^ f, (be ... k)- M(f* + 'i-)(c + V if(bV ... fc*) 

= ^^['^'l'.ic...k)-^-(li±ME±^Mic*...l^)} 

_ fL(t±mt±?) M (bV ... 1^) 

= &c. 

^ (a^-^-l)(?r-'-l)(c--'^l). . a)^tLit±n(j^±^M(lf) 

(7). 

But by (3) 

«/r^(a'6'"c"...)=a*'"'&"""'c'"-V..^^(a6c...A;) 

_a0i±I)_0i±2) M(a«*»6*-'*>c-'**...) (8). 

24 



• 



Combining this with (7), after interchanging in the latter formula 
a and A: for convenience, 

_t!^i±mi±2lM{a^^') (9), 

24. 

where a is any one of the prime factors of N. 
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Having regard to what has been proved in § 1 as to >^^(a), and 
remembering that /i (a* + l)(Ai + 2) is always div'isible by 6, we deduce 
from (8) the following conclusions : — 

If a is any prime except 2 or 3, \p^ (N) is in general divisible by 
a^; but if ft+1 = 3f (a— 1), then only by a^"\ unless at the same 
time /i = M (a), when \}/^ (N) is divisible by a-' as in general. 

If a is 3, \l/^ (N) is divisible by a" when /i is an odd multiple of 3, 
but in all other cases only by a^''^. 

If a is 2, ^^(N) is divisible by a-'~^, except when the number of 
prime factors of N is less than 2 (i.e., when N = a' simply), in which 
case yp^ (N) is divisible by a''"^ only. This follows since /i-f-2 is odd, 
and therefore b'**^ — l, <f'^—l, &c. are each divisible by 2. 

Should any of the expressions 6'**'— 1, c^*'— 1, &c., or // C/li -h 1) (/u -f 2) 
be a multiple of a, or of a power of a, then \//^ (N) may be divisible 
by a higher power of a than that given above ; and this will 
frequently be the case. 

6. By proceeding exactly as in § 1, it is seen that 

Thus the divisibility of xp^^i (N), where /i + I is even, by any prime 
factor a of N, depends on the divisibility of i//^ (^N) by a, and this has 
been determined in § 5. 

In particular, let /i = 3 ; then 

Now by § 5, \ps (N) will be divisible in general by a", and this will 
be so even if a = 3 ; but if a = 5 it is divisible by a^"' only, and if 
a = 2 by a^~^ in all cases except where N is equal merely to a', when 
\I/^(N) will be divisible only by a*'"*. 

Accordingly, yl^^{N) is in general divisible by a',^ the exceptions 
being when a is 2, 3, or 5. 

If a = 5, \p^ (N) is divisible by a'"^ 

If (i = 3, \!^, (N) is divisible by a'-\ 

If a zz: 2, i/r^ (N) follows the rule of being divisible by a' unless 
^ = a' merely, in which case i/r^ (N) is divisible only by a'"\ 

The conclusion is therefore that \f/^ (N) = -—3- M (N) in every case 

. 5 

except where A"" is simply a power of 2, when 1/^4 (N) = }^M (N). 
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7. I proceed to c<fnsider iu somewliat greater detail the case of 
^ = 1, i.e., thiit of the sum of the reciprocals of the numbers less than 
a number N and prime to it. When N is a prime number, p suppose, 
the result corresponding to that of § 1 may be proved conveniently 
as follows : — 

The congruence 

^;^+l(p_l)](^ + 2(j,-2)}... |«' + £=l£±ij-(;e'-«-l)=0 

(mod. p), 

is satisfied by p—l values of a;, viz., 1,2, 3...p — 1. For a^ i-r (p — r) 
becomes pr when .r = r and p(p — r) when x=p—r, so that it is 
divisible by p in either case ; and j;'*"*— 1 is divisible by p when x has 
any one of the stated values, by Format's theorem. Now, since the 
congruence is only of degree p — S, it must be identical ; therefore the 

numbors l(p-l), 2(p-2), 3 (;>-3), ... (^) (£±1) 

are such that their sum, product two and two, ... * ' and * 
together, are all divisible by p. The last of these gives 

1 . . 1 



^--^ J i (^^i) -^ 2 (v-2) "*" ••• "^ 



l(p-l) 2(p-2) hl±A\lP^\ 
or - N^— i S . H r + -TT H ; + ••• + r-h 




p ] 1 p — i 2 p — 2 p — 1 jpj-1 

2 2 

divisible by p ; so that 

is divisible by p^. 

Since th- congruence is of degree p — 3, p must be greater than S, 
and the a'gument does not hold for p = 2 or j? = 3. In fact, if 
p = S, xpi { />) is divisible only by p ; and if i? = 2, i/^i (p) reduces to 1 
and is not divisible by p at all. 

8. For the case of ^ = 1 the formula (5) becomes 

^.(Ap) =.^S=l^^(^N)-\p^p*-l){N'M^^) + 2MiN*)] ...(10), 
which in accordance with what has been proved in § 6 may be written, 

4'. (A» =^^^'^, W-^'-ii^MC.vo (11), 

p o .4 . o 
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unless N is simply a power of 2, say 2% in whioh case 



p O 

or >/'i(2>)=^— v/'i(2-)-i>'(y-l)if(2*'-») (12). 

P 

9. Writing in (9), ^ = a, p = 5, where a and 5 are primes, 

^1 (at) = —^ ^i (») — ijjr^ ^ (^ ^• 

Again, writing ^= a6, p = c, where a, 6, c are primes, 

oc oUc oU 

Then, writing N = ahc, p = dj where a, b, c^ d are primes, 

,.(^)= (>--'H^-.)(^-i) ,,(„)-yM(.-). 

and by proceeding in the same manner we obtain 

where A; stands for any of the prime factors of JV = ahcd ...h. From 
this formula conclasions may be drawn with regard to ^, {N) in the 
8»ime manner as has been done in § 5 with regard to ^^ (^). It may 
be noticed that the numerator of ^^ {N) is divisible by A;— 1, and so 
by each of the numbers a— 1, fe — 1, &c. ; but the denominator of 
1^, (^) will not in genei'al be prime to these numbers. In working 
out any numerical case in practice the best method will be to make 
use of (8) and of successive applications of (9) or (10). 

10. FormulflB similar in character to the foregoing may in the same 
way be proved for the sum [say 0^ (^)] of the /i*** powers of the num- 
bers less than N and prime to it, /i being a positive odd integer. For 
the reasons explained at the beginning of the paper it may be 
sntBcient to give a statement of the results for this case, merely 
working out the formula corresponding to (1). 
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If F^(Nyn) denote ihe snm of the fi^ powers of the numbers prime 
to A^ which lie between nN and (n-\-l)N, then exactly as in §2, 
using a similar notation, 



N \- 



2n + l 
_ 1^ ( (nN+xY+(nN+N—xY ar-i-(N—xyi 

= ^H 2 J ^-l + (-l)'(l-f) 

the coefficient of the general term 0^-m-i(^O heing 

A^» /i(Ac-l)...Oi-m) C (n + ir^'-(-nr^^ ,] 
2 1.2... (w+1) C 271+1 j' 

Tliis is the formula corresponding in this case to (1). Corresponding 
to the results of § 1, we have precisely similar ones with ft— 1 written 
in place of the /*4-l which occurs there. Corresponding to (2), (3), 
(5^, (7), (9), respectively, we find 

24 ^ 2 J 

0,(a6c...) = a'6V... (l-a'-')(l-6'-')(l-C-') ...^,(A:) 



^^^0llLlHfi:i2)^(;t»), 



VOL. XX. — KG. 35G. 



210 Mr. C. Leudesdorf on «07»c fiesttW* [March 14, 

and <l>, (a'b'<^ ...) = 6'"c^.,. (l-a'-')(l-6''-')(l -C-»)... a*'-\ (o) 

24 

If therefore —ft be written for /i in the conclusions as to ^^ (^ given 
in § 5, these will apply in the case of ^^ (N). 

11. It is necessary in applying the foregoing formulee to bear in 
mind their precise meaning, as otherwise wrong conclusions may 
easily be drawn from them. Such a formula as (11), for instance, 
shows that, if -N'= 2*3^4'a'6'"c" ..., the numerator of the expression 



.8 



-1 



P 

is divisible by 2** ''3*^"^ 5*^'* a** 6*"* c*"... in any case, and by any further 
power of any prime factor of N which may happen to be contained in 
jj'— -1. The formula must not be interpreted as affirming anything 
concerning the divisibility of the numerator of the above-mentioned 
expression by p' or p* — 1, because p' and p' — l need not be prime to 
3, 4, or 5, nor to the denominator of the expression denoted in (11) 
by M (N*), For example, if -^^ = 2* and p = 3, formula (12) shows 
that 

f ^i(4)-t^i(12)=9.83f(2') 

= 9.M(2«), 

and the conclusion is that the expression on the left-hand side is 
divisible by 2^, which is correct, since it is equal to 



26 
3 



(i+i)-(M-i-^) 



_ 35072 
1155 

^ 2M37 
1155 • 

But it would be wrong to infer that the expression is divisible by 9, 

as in fact can be seen at once on going back to formula (10) from 

which (12) was deduced. For ^4 (N), which occurs on the right- 

1 1 82 

hand side of (10), is in this case -^ + rpr or - - , and so involves a 

1 ol 81 
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power of 9 in its denominator which cancels against the 9 arising 
from the factor jp' — l. 

12. 1 add a few numerical examples of the application of the 
formulae. 

Ex. 1. ^-=21, /i =1. 

By (11), ;/., (21) = 2|? v/., (3)- ^^ M(3*) = If (3«), 

and ^, (21) = I ^, (7)- ^ ^ (7*) = M (7«), 

therefore xj^^ (21) = M (3* . 7'), 

and then, by (8), 

v/zj (3*. 7") = 3«-». 7»«-» v//i (21) -^^(3"*^ 7*-*0 

= 3/(3"♦^ 7'-). 

Ex.2. iV'=505, /i = l. 

By (11), 

. /^A^N _ 1030300 , ... 10201^0200 ^..4. ^,.4. 
1//1 (50o) = ^Q^ \pi (5) ^ M (5*) = M (6*), 

and ,Ai (^05) = ^ v/., (101)- ?^3f (101*) = 3f(10P), 
therefore i//, (505) = Jif (5* . lOP). 

Ex. 3. N = 78, fi= 1. 
Here t^, (78) = | >P, (26) - ^ ilf (26*), 

.^,(78) = 2g^;/.,(6)-l^^lf(6*), 

v/'i(26) = |.v/.,(13)-yjlf(13*), 

^i (6) = f i/', (2)-9 . 8 if (2), by (12), 

^i(6)=|v/',(3)-^^3f(30, 

p 2 



■■ 
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by (11)." Therefore 

^,(6)=3f(2), ^,(6)=ilf(3), ^,(26)=ilf(13'); 
and f , (78) = if (2» . 3' . 13») = 3f (78'). 

Ex. 4. N=28, fi = 13. 
By (3), 

i,, (28) = 2»^„ (14) - i^-^ { M (2* . 7') + 8M (2' . 7') } 

= 2'^,.(14)-Af(2'.7'), 
and, by (6), 

^.. (14) = ^ K (7)- — ?^4 — 4 • 3 Jf (70 = M (7'), 

^,. (14) = ?^^-i ^„ (2)- i^ll^ . 49 . 48 3f (2') = M (2), 

therefore .^„ (28) = Jf (2' . 7") - Jf (2» . 7») 

= 3f(2».7'). 

Ex.5. N= 56, ft = 11. 
By (3), 
^„ (56) = 2V„ (14) - i^-^^l^ (Jtf (2' . 7») + 73/ (2» . 7«) } , 

and, by (6), 

9i»_i n v? 1^ 

"^u (14) = ^ ^/'n (7) - ^^^4r^ ^ • ^^^ ^^'^' 

^/'n (14) = ^^ ^/'n (2)- ^^^^^ 49 . 48 M(2^). 

Now ^n (7) is divisible by 7 (not by 7*), since 11 + 1 = M (G) ; and 
2"— 1 = 8191, which is a prime number ; therefore \pi^ (14) = M {7). 
Again, 7"-l is divisible by 2 (not by 2*); /. i/r„ (U) = Jf (2). 

Therefore ^^„ (56) = M (2» . 7) - ^M {2' . 7*) 

= M{2\7), 
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Lame'd Differential Equation, By A. G. Gbeenhill, 

[Read May 10/A, 1888.] 
1. This difEerential equation, iu the form 

J- '^=n(n-Hl)Ar^sn«a;-|-7i, 

employing Jacobi's notation of the elliptic functions, has been solved 
completely by M. Hemiite (Sur quelques applications des fouctions 
elliptiqueSj Paris, 1&85, a collection of articles from the Comptes 
Itendtis). 

But the advantage of the notation of Weierstrass has been pointed 
out by M. Halphen (Mtnioire sur la reduction des equations differen- 
tielles Ufu'aires aux formes integi-ables, Paris, 1884) ; the difEerontial 
equation uf Lame then takes the furm 

i.g = n(» + l)p. + /» (1). 

where pv is Wcierstrass's elliptic function; and the solution of 
Hermite then takes the form 

y = GF{x)-\-C'Fi-x) (2), 

where F(x) is a dmihly periodic function of the second kind (fonction 
douhlement period ique de seconde espece), which, according to Hermite, 
can be expressed in the form 

F(x)=VT'l>(x)-A,I):-'l>ix) + A,D:-'^{x)- (3), 

where ^ (a;), called the simple element, expix^ssed by Weierstrass's a 
and i functions, is of the form 

^(a.)=''j£±i!Oe,p(x_f„)a, (4). 

and Halphen has shown (Fonctions elliptiques) that, when X^O, 
(ji {x) satisfies the differential equation 

— -7^8 = ^— =2pj;+pai (5), 

y dx <px 

Lame*8 differential equation for w = 1. 
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2. In order to obtain the coefficients A^, u4„ ... in (3), the functions 
J?' (or) and px are expanded in powers of x in the neighbourhood of 
»= 0, in the form 

(-l)-'J-(x)=^^i=lll- ^'^",7^)' + ^'^"-^^' - (6). 

03- — JL 4- ^if* -I- 2:£.*+ r7^ 

*"'-p^+ 20 ^ 28 + ^'^^' 

^(») = l+\+(X'+P,)^+(X'+3P,X+P.) |^ + ... 

(Halphen, fonc^zorw elliptiques, i., p. 231), and then, sabstitating 
in the differential equation, we find 

. _(n-iyn-2), 
^•= 2(2«-l) *' 

. _ (»-l)(n-2)(-n-3)(n-4) C , , «(«+l)(2«-l) ^ ") 

"*'" 8(2»-i)(2«-3) r 10 ^'r 

A= (8). 

3. But, if we suppose that a particular solution <^ (x) of (1) is of 
the form 

the product of n simple elements, each of the form 

. / \ a (x-\-a) , yv 



aa 9j; 



and if we seek to satisfy the differential equation (1), we shall have, 
putting 2/ = * (aj), 

y ax ^ ^ 

_« ^5 1 px- pa 

— -*3 , 

px-pa 

\pjc — paj 

* ^ pj' — pir / V px-pa, I 
= 2fip« + S|?a+J2( )( ) 
= n (n + 1) p^+ (2n- 1) i>a, 
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provided that wc can make 

\ px — pur I \ pJ^—fpa, I 
and then ^ = (2n— 1) 2pa. 

The necessary conditions for the above relation to hold are 

2^'a = 0, Spap'a = 0, 2 (p«)* 9^ = 0> ••• 5 (p i)""^ P'« = 0> 
as Brioschi has demonstrated (Comptes Bendus, xcii., p. 325); then 

putting, with Brioschi, h =z n (2n.— 1) p, and then p = pv. 

Here f (pjr) denotes the product O («)<>(—«) of two particular 
solutions * («) and 4> (— aj) of (1) ; and thus 

f(pv) = n(p»-pa), 
and ^pa =^ np ^= npc, 

h = n(2n— 1) po. 

These conditions of Brioschi may be replaced by 

Ipa = 0, 2p'"a = 0, ... 2p'*-'> a = 0, 

and Sp^'-'U = Nf(p) p'v, 

4. In order to compare the two solutions F (x) and <t («) of the 
differential equation (1), it will be necessary to decompose <^ (x) into 
simple elements of the form («) of (4), and of its derivatives 
(Halphen, Fonctio7i8 elliptiques, i., p. 228), and then we shall find 

^1 + ^3 + ^8+ •••"*■«« = W, 

Differentiating * (aj) logarithmically, 

* (a) I V / J 

- "4.R *-UB ^4-B ^'-U 
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where B^ = —Spa = ^npv, 

P, = -2pa = 0, 



and we have 






where P, = Ej, F^ = J?4+3^, 

P, = ^,+ 15P,7?,-|-152?J,.... 

Consequently the decomposition of ^ (a:) into simple elements is of 
the form 

^ ^^ w („-l)! ^2! (n-3)!^4! (h-5) ! 
and J'(a!)=(n-1)! (-l)"-'*(a!), 

P, = —npv, 

^^ = 2;rr3l«(2«-i)r«-i3(n+i)<„} 

• •• ••# ••• ••• ••• ••• ••• 

whence 2pi = ?'p'% 



u ft 



2p'a = -- 

Z7* — O 

••• ••• ••• ••• ••» ••• ••■ 

2pf2ti) ^ being, in general, an integral function of pv. 

5. The differential equation for Y=^f (px), the product of ^ (x) and 
<^(— «), two solutions of Lame*8 equation, is easily formed (llalphen, 
Fonctiotis elliptiquesj ii., p. 41*8). 

For, if we take the linear differential equation of the second order 
in its canonical form, 

1 <l]L^j^ 

y d^ 

and if y and z are two particular solutions, so that 

then, denoting differentiation by accents, 

Y'= y'z+yz, 
r' = y"z + 2yz' + yz'' 
= 2ryz+^Jll'z', 
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or Y"-2Zr = 2?/V, 

and Y"' - 2 ir - 21' F = 2yV + 2yz' 

= 2I(yz+yz)^2IY\ 

or r"-4/r-2rY = o, 

a difFerential equation of the third order for Y, the general solution 
of which is a?/' 4- 2byz -f cz', 

with t/*, yz, and z' for particular solutions. 
6. In Lame's differential equation 

J = 71 (71-f l)p.B + ^, 

Y"-4[uOj-fl)^.i5-f-^] r-2n(nH-l)patY = 0, 

and this equation has, as a particular solution, a rational integral 
function of p.c of the h*^ degree, which is 

Y = / (px) = n (pc-pn). 

Then ^' = 11 + ^=2-^^; 

Y y ;5 px — pa 

also, since y'z—yz*'^ 0, 

therefore yz — yz = C, 



or 



^-l- = ii = 







2/ J5 Y n(|;^jj-pa)' 
and this, according to Brioschi, may, when resolved into partial 
fractions, be replaced by 2 - ""^ — 

Thus f_ = 2i^^^A 

y pjs-pa 

^' — X' 1 p'x — pa % 
— — -* 2 — ~» 
« pjn—pa 

leading to the solution given above in § 3. 

7. For certain particular valuesof h we obtain the solutions originally 
considered by Lame (Ferrers, Spherical Harmonics^ Chap, vi.), which 



■^T- 
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are rational integral functions of px and p'x ; but these have recently 
been shown by Halphen (Fonctions ellipfiques, it., p. 273) to be 
identical with binary forms Z, which are identical with the covariant 

composed of Z and a form <^ of the fonrth degree. 

8. Consider the particular cases of n = 1, 2, and 3. 
Case I., n = 1. The differential equation is then 

y cwr 
the solution of which is 

where F (x) = ^-^ — — exp (—x^v) 

ffXCV 

(Halphen, p. 235). 

Case II., n = 2. The differential equation is then 



and then 



y cte 
F (x) = P,^±^ exp (X-iio) X, 



axffuf 



where ai + a, = w, 

paj + pa, = 0, 

pV — put y * ^ / ^'jy 

X'— 3pw = 2 rp '-- pw) = ^^, <fec. 

Case III., n = 3. The differential equation is 

i-'^| = 12p^ + irpis 
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and then F (x) = DI ''J^±^ exp (X- ^w) x 



ffXtrw 



— ^pv -^ exp (A— fw) a;, 



where a^ -I- a, -|- a, = w, 

pa, + pa, + pa, = Spy, 
pai-fp'a3 + pa8 = 0, 
2p.7p'a = 0, 

^=X2-3p(.;-9py 

= 2 (py-pw) - -^, Ac. 

l?p V 

In interpreting the results of M. Hermite {8nr quelques appli- 
cafiofis, &c., pp. 124-129) in this notation, we must take his 

Q = pw, Oi = ip'w, 

fi, = p''w— i(7j, Oj = ^poi p w, ... 

A = — 5Z = 15py, 

and generally h = n (2)i— 1) pv, 

The cases of n = 4 and n = 5 are also investigated by Halphen in 
his Functions elliptiques, ii., p. 529, but the complexity increases 
very rapidly. 

0. The origin of Lame's differential equation in connection with 
physical problems relating to confocal quadric surfaces was 
explained in Proc. Lond. Math. Soc, xviii., p. 275, employing the 
notation of Weierstrass. 

Putting, in the usual notation, 

a* -f A^ = p/t — Ci, 6' + X = pM — e„ c' -f X = p«4— e„ 

a--|-A* = py— e^, fc'-f/i = pu-e„ c*-|-|a = py — e„ 
a^-fy =ptt. — Cj, fcs-i-v =- pa?— e„ c' + v = pM?— ^'a, 
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then Poissou's equation becomes 

(pO'-pw) -^-\^(piV-pH) -^ -{-(pfi^-pv) ;r-^ = 0, 

dw Ovr Civ^ 

and supposing that tp may be decomposed into terms of the form UVWy 
where U ia & function of w, Kof t', and W of tv only, then 






equivalent to -— — -- = gpu-\-hf 

U dw 

and g must be put equal to n (n-f 1) for the solution of these equations 
to be a uniform function. 

It is usuhI to take Cj > e, > ^.„ so that we must suppose a^ 6^ c' to 
be in ascending order of magnitude. 

10. In dealing with spheroidal harmonics, two of these three 
quantities are equal. 

For oblate spheroids, 6* = c', and e^^= e^; and wo can choose the 
constants so that ' 

pii—e^ = cot' tt, p u — gj = cosec' u^ 

by making e^ = f, c, = c, = — ■^. 

For prolate spheroids, a* = 6', and e^ = e^, and then, by making 

p tt — e, = coth' w, I? w — Ci = cosech* u. 
The corresponding Lame equations are then of the form 

— '--^{ = n (n -h 1) cosec* « 4- ^, 

or ^n^n-^- 1) cosech' u + ^, 

the solution of which can be expressed in Hermite's manner by the 
corresponding dcgcneruto circulai* or hyperbolic functions. 
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11. For iDstiiTice, the solution in general being written 

for the particnlar case of (n = 1) 

-^ — 2 cosec'iB + cot' a 

y dar 

we have F (x) = ^lI*i:l±^e-''^°*« = (cot j; -f- cot a) e"'*^^'"; 

8in X sin a 

and for (n = 2) — ^ = 6 cosec' x + cot' a, 

2/ dx 



aj; ( sm x sm 6 ; 



where cot h = ^ cot a — f tan a ; 

with correspondinp^ expressions when the circular functions are re- 
phiced by hyperbolic f unctiims ; and so on for other particular cases 
which can be indefinitely multiplied. 

12. A still more degenerate case is obtained by supposing that 

e^ = e, = Cj = ; 

then a' = 6' = c', 

and pu = — -, 

and wo obtain the ordinary spherical harmonics as the solution of 
Laplace's equation. 

Then Lame's equation degenerates into 

1^ A _ n(n-fl) ,. 
y dx' x^ 

the differential eiqnation discnssed in Boole's Differential Equations^ 
p. 424 ; Forsyth's Differential Equations, p. 176; also by Glaisher. 

Thus, if we take w = 1 and h = q\ we have 

y = CF(x)-]'CrF(-'x), 

the solution of — -r^ = ~i H"<Z*» 

y dx x^ 

where F (./•) = ( - +g) e-''; 
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while y = f — cos qx-\'q sin qx\ -{-C ( — sin qx — q cos qx j 

is the solntion of — — -^ = -7 — ?*• 

13. The differential equation for the propagation of an irapalsive 
jerk T along a uniform chain lying in a curve on a smooth table is 

and is therefore soluble in the manner explained above for curves in 
which the intrinsic equation 

-— = 7 = 7i(n-|-l)^«-f A; 
P 

but these curves do not appear to possess any simple properties. 

14. Consider the differential equation 

r4 = i sech' X ; 

y dx 

this is the form assumed by the differential equation for K and K\ 
given in Cayley's Elliptic Functions^ p. 61, when we put 



fC — r : r- * fC — 



l+e"*' l-fe-**' 

or J(^= ^(l—iEinhx), Aj'* = ^ (l-ftanho;), 

so that its solution is y = GK'\- G'K \ 

or T^GK^G'E! 

I (PT 1 



is the solution of 



T ds* p 



t » 



if - J- = 7j ®®^^' ~ ' 

1 

and then /r = 1 :r- , IP = 



l-fe^'*' l+e-'^'^'' 

or cos 2d =i1P—V =. isLuhs/Cf 

denoting the modular angle, so that 

1^-^26 = gd s/c. 
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15. In this case the eqaation of the curve in which the chain lies 
may be evaluated ; for 

1 dij/ sech s/c 

p ds 2c ' 

taking the negative sign ; and then 

2i/r = sin"^ sech s/c, 

sin 2ip = sech s/c, 

cos 2x1/ = tanh s/c, 
so that we find =: il/. 

Then ^ = cosi// = v/(i (1-f cos2v//)} 

==y(Ui+tanhVc)}=-^^^gj:^, 

dy . , e-^' 

■J- = sm ^/ = • 



ds ^ -v/(H-e-=^'0 ' 

and integrating, from s = 0, 

xjc = sinh"^ e*^' — sinh"* 1, 

y/c = sinh"* 1 — sinh** c"''* ; 

or, putting sinh~* 1 = a = cosh** -v/2 = log ('\/2-f 1), 

e'/*' = sinh {xjc-^-a), 

e"*^*" = sinh {o.-^yjc)^ 

so that sinh (x/c-{-a) sinh (a— y/c) = 1, 

the Cartesian equation of the curve of the chain, a catenary in which 
the linear density varies as e "*'*'. 

16. We see that 

x/c-\-a = and a— y/c = 
are asymptotes ; and, changing to them for coordinate axes, 

sinh x/c sinh y/c = 1, 

This may be wntten, sinh y/c = cosech x/c, 

cosh y/c = coth x/c, 

^" = coth x/c -^cosech x/c 
= coth ix/cy 
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or y/c = log coth ^ y/c, 

or x/c = log coth ^ y/c. 

17. Lame's equal ion has received considerable attention of recent 
years, and has led to the discovery of a large class of differential 
equations, also soluble by elliptic functions, for which Halphen's 
Chapter xiii., t. ii., Fonctvms elliptiqnes, may be consulted. 

Besides the references already given, the following articles may be 
consulted : — Brioschi, Annali dl Matemntica^ ix., p. 11 ; Yxxch^, Annali 
di Matematica, ix., p. 25 ; Brioschi, Aiinali di Matcmaiica, x., pp. 1 and 
74; Mittag-Leffler, Annali d i Matemaiica^ xi., p. 65; K. Henn, Math, 
Annalen, xxxi. and xxxiii. ; A. Pick, Wiener Sitz., Nov., 1887. 



Thursday, April \Wi, 1889. 

J. J. WALKER, Esq., F.R.S., President, in the Chair. 

Mr. C. E. Haselfoot was admitted into the Society. 
The following communications were made : — 

On the Free Vibrations of an Infinite Plate of Homogeneous 

Isotropic Elastic Matter : Lord Rayleigh, Sec. R.S, 
Uebcr die constant en Factoren der Thetareihen im allgemeinen 

Falle j9 = I^ : von Felix Klein in Gottingen. 
On the generalised Equations of Elasticity, and their application 

to the Theory of Light: Pix)f. K. Pearson. 
On the Reduction of a complex Quarlratic Surd to a Periodic 

Contiuued Fraction: Prof.. G. B. Mathews. 
Construction du Centre do Courbure de la developp6e de la 
(?ourbe de Contour aj>pjiront d*une surface que Ton projette 
orthogonalement sur un plan : Prof. Mannheim. 
The President made a few remarks " On an unsymmetric quadri- 
nomial form of the general plane cubic, for which the fundamental 
invariants are both binomial only." 

The Treasurer also made a brief impromptu commanication. 

The following presents were received : — 

*' Proceedings of tho Royal Society," Vol. xlv., No. 277. 

" Proceedings of the Physical Society of London," Vol. x., Part I. 

*'TIie Educational Tiinrs," for April. 
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• 

** Proceedings of the Caml'ridgo Philosophical Society," Vol. vi., Part 6. 

*' Bulletin des Sciences MathemH'iques," Tome xiii., February 18tS9. 

** Beibliitter zu den Annalen dor Physik und Chenaie," Band xiii., Stiick 3. 

** Jahrbuch iibor die Fortschritte der Mathematik,'* Band xviii., Heft 2. 

** American Journal of Mathematics," Vol. xi., No. 3 ; Baltimore. 

** Atti della Reale Accademia dci L'.ncei — Rendiconti," Vol. it., Fasc. 11®. 
Die. 1888. 

^'Alemorias de la Sociedad Cientifica 'Antonio Alzate,' " Tomo ii.. No. 6. 
Diciembre 1888. 

*' Bollettino delle Pubblicazioni Italiane ricevute per Diritto di Stampa," 
Num. 77 and 78. 

Index to ditto. Two Parts. 

** Annali di Matcraatica," Tomf xvi°, Fasc 4°. 

" Borichte liber die Verhandlungnn der Kuniglich-Sachsiachen Gesellschaft der 
Wissenschaften zu Leipzig," 1888, i. — ii. ; Leipzig, 1889. 

" Monograph ie der Stemhaufeu G. C. 44G0 und G. C. 1440, sowie einer 
Sterngruppe bei o Piscium," von Bruno Peter; 4to ; Leipzig, 1889. 

'^Uber die Affinitatsgrusson organischur Saureu und ihre Beziebungen ziir 
Zusammensetzung und Constitution dersolben," von W. Ostwold ; 4to; Leipzig, 
1889. 



On the Free Vibrations of an Infinite Plate of Homogerieous 
Isotropic Elastic Matter, By Lord Raylbioh. 

[Bead April IIM, 1889.] 

The solid here contemplated is that bounded by two infinite planes 
parallel to xy ; and the vibrations are supposed to be periodic, not 
only with respect to the time (e*'^), but also with respect to x and y. 
The results, so far as thin plates are concerned, have long been 
known ; but the method may not be without interest in view of the 
difficulties which beset the rigorous treatment of the theory of thin 
plates, and of the fact that it is not limited to the case of small thick- 
ness. A former investigation,* " On Waves propagated along the 
Plane Surface of an Elastic Solid/* may be regarded as a particular 
case of that now before us. 

In conformity with the supposition as to periodicity, we might 
assume that all the functions concerned involve x and y only through 
the factors e^', e^. But, by a rotation of the axes, e*^**'" may be 
i^p laced by e^' without loss of generality, and it will considei'ably 



• Pror. Loud. Math. Snc., Vol. xvn., Nov. 1886. 
VOL. XX. — .NO. '')'j7, U 
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eimplif J our equations if we limit them to the latter form. Any 
function of aj, y {e.g., the dilatation) may be expanded in a series of 
such terms as cosfx cos gy, and this may be resolved into two of 
the form 

cos (fx + gy)y cos (/« - gy) . 

But between these forms there is no essential difference, for on account 
of the symmetry of the plane we shall have to deal in either case only 
with \/(/* + <7'). The assumption of proportionality with e^' is not, 
however, equivalent to a limitation of the problem to two dimen- 
sions, as might at first be supposed ; inasmuch as /5, the disphacement 
parallel to y, is allowed to remain finite. 

IfO be the dilatation, the usual equations are 

''S'="'S+"^'"'*'' ^^^■ 

in which e=^+f + ^y (2), 

ax ay dz 

and m, n denote the elastic constants of the material according to 
Thomson and Tait^s notation.* 

If a, /3, y all vary as e*'*, equations (1) become 

w~ +nv«a+pA = 0, ifrc (3). 

ax 

Differentiating equations (3) in order with respect to aj, y, z, and 
adding, we get 

(V«-h^«)<? = (4), 

in which h^ =^ pp^ / (vi + n) (5). 

Again, if we put fe* = pp*/n (G), 

equations (3) take the form 

(V' + ^)a=(l-|:)f,&c (7). 

A particular solution of (7) ist 

- - Jl 1?!? /cj - _ i f?? - -. _1 fL^ {ff\ 

"~ h' dx' ' h' dy' '^"" h' dz ^^' 

in order to complete which it is only necessary to add complementary 

• Lam6*8 constants A, fi arc related to m, ti according toA+^ — m, ^ = «. 

t Lumb " On tlM Vilmtiom of an fikwtie 8|»bere,** Mulh. Hoe. Vrw., Muy 1 882. 
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terms w, v, w 8atisf3'ing the eqaations 

(V^ + A:^) w = 0, (y'-^k') v = 0, (V' + A;') w = (9 ) 

p^^^^duj^O (10). 

ax ay dz 

According to oar present suppositions, x and y are involved only 
through e'^', that is, y is not involved at all. Thus 

dy ' dy 

The displacement ^ is thus identical with Vy and satisfies the 
differential equation 

(V + «^)/3 = (11). 

Again, in virtue of (9) and (10), we may write 
where x ^ ^ function of x and z, which satisfies 

(V' + A:')X = (13): 

J 1 do , d\ 1 dd dv rt A\ 

and a = -: r 1 — *, y = — — — ^ .........(14). 

Jr dx dz /i' dz dx 



• 



We have not yet made use of the supposition that x ocxsnrs only in 
the factor e^'. Under this condition we get from (4) 

6 = P cosh r« + Q sinh rz (15), 

where r'=f-h^ (16); 

and from (13), (11), 

X = -4 sinh sz-^rBco^ sz (17)i 

/3 = G cosh sz -\- D smli 8z (18)» 

where «* =/»-^•» (19). 

The arbitrary quantities P, Q, A, B, 0, B may be supposed to include 
the factors e*^\ e'-^', but are otherwise constants. 

The evanescence of the three component stresses at tbe two 
bounding surfaces gives in all ^ six equations. Tbe components of 

• Groen, Cnmb. Trans., 1837 ; Roprint of Oreen's Works, p. 261. 

g 2 
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tangential stress are, in general, proportional to 

dfi ,dy dy da 

dz dy* dx dz' 

As regards the first of these, we have at present dyjdy = ; so that 
the condition to be satisfied at each surface is simply 

^ = (20). 

dz 

The evanescence of the second tangential stress gives 

-_2_ £L^^^^X^o (21). 

h* dxdz dx^ dz^ 

m 

These equations are to hold good at both surfaces. If we take the 
origin at the middle of the thickness, the bounding surfaces may be 
represented by z = ±«, ; and equations (20), (21) must be satisfied 
by the odd and even functions separately. Thus, from (18), (20), 

Osinh 5^1 = 0, I)coBh8z^=0 (22), 

a pair of equations which may be satisfied in two ways. We may 
suppose I> = 0, so that 

ft = Ccoshw (23), 

in conjunction with sinh«Z| = (24) ; 

or, on the other hand, /3 =z Bsinhsz (2^)» 

under the condition ooBhsz^ = (26). 

During these vibrations the solid is simply sheared. In the vibra- 
tions of the first class represented by (23), /3 is an even function of 
0, a and y vanishing. In the vibrations of the second class, /3 is an 
odd function of z, and therefore vanishes at the middle surface. 
The roots of (24) are 

sz^ = iq^f 

where g is an integer; so that, by (19), 

V=f-^^ ...(27), 

and the stavionary vibrations are of the type 

/3 = cosp^cos/j;oos ^- (28), 

p being given hy (6) and (27). 



^i 



\ 



V 
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In like manner, for the vibrations of the second class, 

/3 = cos2>^co8/a;8in^^t±i^ (29), 

where fc« =/«+ (jLtiVlZL' (30). 

In (28), (29), we may of course replace coa pt^ or cos/«, by sin pi, or 
sin/r, respectively.* 

The kind of vibrations just considered are those for which (i is 
finite, while a and y vanish. In the second kind of vibrations, fi 
vanishes, so that the motion is strictly in two dimensions. There 
are four boundary conditions to be satisfied, two derived from (21), 
and two expressive of the evanescence of the normal stress. The 
latter condition is that 

(m— n) (? + 2n dy/dz = 0, 

when « = ± Zx ; or, in terms of /c* and /t', 

(ik*-2V)0 + 2A«i7/rf;5==0 (31). 

Substituting from (14), (15), (17), in (21), (31), we obtain, with 
use of (16), (19), 

2ifrh'* (P sinh rz+Q cosh rz) + (^-2/') (A sinh sz^B cosh sz) = 

(32), 

(^—2f) (P cosh rz + Q sinh rz) -2hHf8 (A cosh »2 + B sinh sz) = 

(33). 

These equations are to hold when z = :k»i^ and must therefore be 
true for the odd and even parts separately. Thns 

2^/r^-»Psinhrri + (A?-2/»)^sinh«z, = (34), 

(ik''-2/'«)Pcoshr«, - 2/tV« ^ cosh w, = (35); 

2i/r/r'Q cosh r«i + (A;'-2/')P cosh *a;i = (36), 

(A:«-2/) Qsinhrzi - 2AV« 5 sinh «, = (37). 



* In the present investigation the section of the solid perpendicular to y is an 
infinitely elongated rectaugle. It may be worth notice that the corruspouding 
solutions (in which every linear element parallel to the axis moves as a rigid body 
along its own length) may readily be obtained for cylinders of other sections, #.y., 
the finite rectangle and the circle. There is complete mathematical analogy with 
the vibrations of a stretched membrane having the i o \ of the section of the 
cylinder, under the condition that the boundary is free ' lOve perpendicularly to 
the plane of the membrane. (Theory ofSound^ J 227 •» l-^^*^- . 



280 Lord Rayleigh on the Free Vibrations of an [April 1 1 , 

It will be seen that in these equations the constants P, A are 
separated from Q, B, The system can therefore be satisfied in two 
distinct ways. For the first class of vibrations Q = 0, 5 = 0. 
Equations (36), (37) are thus disposed of ; while the first pair serve 
to determine the ratio P : -4, and in addition impose a relation between 
the other quantities. Equations (l-i) show that ^ and a are even 
functions of Zy but that y is an odd function. In this class of vtbra- 
tions, therefore, the middle surface remains plane, but undergoes 
extension. 

The frequency equation is found by elimination of P : -4 between 
(34), (35) :- 

4/V5 sinh rzx cosh sz^ = (A;'— 2/*)' cosh rz^ sinh sz^ ; 

or, as it may bo written, 

. 4fr5tanhr*i=(A;«-2/)»tanh5«i (38). 

Again, from (35), 

P A 

2hSfs cosh 8Zi (A;* - 2f) cosh rz^ * 

so that the type of vibration is, by (14), 

a = e^^e^' {25/* cosh szicoshrz-^e (A;*— 2/*) eoahrz^coshsz] ,..(39), 

y = ^6**^6^' [2l.frs cosh 8Zi sinh r z-\- if {k^—2f^)coB]irZi BinYisz] ...(40). 

We may apply these results to the case where the plate is thin, so 
that/c, is small. If rz^, sz^ in (38), be small, we find 

(^-2/0* = 4/V = 4f if-h'), 

or k* = 4f(k'-h') (41). 

This equation determines k^, since the ratio h^/h^ depends only upon 

the elastic quality of the material. In terms of m and n, from (5) 

and (0), 

k'=^^ (42), 

in •\-u 

, 4/* vm ,,ox 

or m' = -^ C4o). 

p m-^-n 
At the same time, (39), (40) give approximately 

a = Vse"'^^ y = - ifzt {Jc' - 2h') e^ e'^ 
or, if we throw out the common factor A;'*," 

y = _ ^i-'* ifze'^e^^' (44). 

I 

f. 

f . 
': V 
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This gives the same relation between the principal strains as is ob- 
tained in the ordinary theory of thin plates,* viz., 

dy _ _m'-n fdn df^\ 



__ __ «7. — n / 



dz m-i-n \dx dij I 

A complete dii^cussion of (38) would lead rather far,.bnt wo may 
easily find a second approximation in which the square of «, is 
included. Thus, since 

tanh r:?, = r^j (1 — Jr^j f ...), 

or 4/V [ 1 - i«; (r>-- /) ] = (i-* - 2/)' ; 

whence, on sub.stitnbion of tbe valaes of r* and s* from (10), (19), 

fe*= 4/»(fc'-A«) [\-lz\ (f-h^)] (46). 

From the first approximation we know tliat r', or p—h^, is positive. 
Hence A;" diminishes with 2", or the pitch falls as the thickness 
increases. An exception occurs when r* = ; but this can happen 
only when /c* = 2/* = 2 A', or the material is such that m^=^ n. If the 
character of the material be of this descnption, A;' = 2/* satisfies (38), 
whatever may be the value of z^. Each lamina parallel to xy vibrates 
unconstrained by its neighbours, and y = U ihroaghout. 

If the material be incompressible, h? = 0, and (45) assumes the 
simplified form 

i' = 4/'{l-i/V} (46). 

In any of these equations, if we suppose that the functions vary as 
e'^", as well as e^', the generalized result is obtained by merely writing 
(f + /) for f. 

We now pass on to consider the second class of vibrations, for 
which, in (34), Ac, P = 0, ^4 = 0. Here 6 and a are odd fnncions 
of ^1, while y is an even function, so that the middle surface is bent 
without extension. As regards the equations (36), (37), which involve 
Q and ii, it will be seen tliat they differ from the first pair of equa- 
tions involving P and ^ merely by the interchange every whei-e of 
cosh and sinh. We have, therefore, in place of (38), 

4/ V.' coth rz, = ( A:' -2/*)* cot h 50, , (47); 



■s 



Soo, for exHinplo, Proc. Hot/. Soc^ Doc. 1888/ 
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and in place of (39), (40), 

a = ©•''e*^' {28f sinh w, sinh rz-^s {k^-2f) sinh rz, sinh sz] ...(48), 

y = - e*^^^' {2ifr8 sinb sz^ cosh rz + if{k'-2f) sinh rr, cosh ^^ ] . . . (49). 

If we now introduce the assumptiou that the plate is thin, we find, by 
expanding the hyperbolic functions in (47), 

^fU'-y) [i+H a-' -A';] = (^•-2/')'. 

The first approximation gives k^ = 0, signifying that the notes are 
infinitely gi'ave. The second approximation is 

fc*=fzJ/«(ft'-A') (50), 

or, in terms of p^ vi, n, p, 

, mn 4/V 
p' = -r— - (51). 

Again, if we drop out a common factor (/cVz,\ (48), (49) take the forms 

a=fze'^'e'^', y = i/V^'e*/' (52). 

H(»nce a := — zdyjdx. signifying that to this (^rler of approximation 
every line originally perpendicular to the middle surface retains its 
BtiaightncaS and perpendicularity during the vibrations. 

The third approximation to the value of A' from (47) gives 

,^_j5m_ VVr r 4,,, 71) ^3^ 

^ m-l-n 3p l -^ ^ U {mtn) loJ ) ^ ^ ' 

so that, when the thickness is increased beyond a ceHain point, the 
rise of pitch begins to be less i-apid than ac(!ording to the second 
approximation (51). 

When «i is infinitely great, we get, from (38) or (47), 

4/'r*^=(A*-2/V (54),* 

the equation considered in the paper already referred to upon surface- 
waves. 

From (43), (63) we learn that /i' is positive, or the equilibrium is 
stable, so* long as m is positive. On the other hand, it was proved by 
Greea many years ago that a solid body would be unstable if m were 
less than -\n, m— ^ being in fact the dilataton modulus. The 
reconciliation of these apparently contradictory results depends upon 

\ ~ 

• This 18 up*. tho snpmwition I hut r and * arc iwil. In the conlrnry caae tho 
equation wuuld ^.*r<j no definite) limit. 

\ 

\ 
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principles similar to those recently applied by Sir W. Thomson,* to 
show that a solid, every part of the boundary of which is held fixed, 
is stnbk*, so long as m is greater than — w, and this in spite of the 
fact that, if the boundaiy were freed, the solid would at once collapse 
or exp ind indefinitely. In the present case of an infinite slab, the 
assumption that the displaeements are periodic with respect to x and 
y is tanianiount to the imposition of a constraint at infinity, rendering 
stability possible under circumstances which woald otherwise lead to 
indefinite collapse or expansion of the medium. 

The general expression for the energy of a strained isotropic solid isf 

2it'= (m + n) (e^ + f* H- g-) + 2 (m--w)(fg+ge + ef) + n(a'-f 6' + c') 

(55), 

e, f, g being the principal extensions ; a, ft, c the shears relatively to 
the coordinate axes. Since e, f, g may vani!>h, it is clear that the 
stability of the medium requires that n be positive; and again, since 
a, h, c may all vanish, the terms in e, f, g must of themselves be 
positive in all cases that may arise. 

Thus, leaving out a, &, c, we write 

2w = (3iu-70(eHf' + gO + (n-m) {(e-f)'-f (f-g)'+rg-e)*} 

(56), 



from which it follows tha*, if n > w > -Jn, the equilibrium is stable. 
If, however, m < ^?/, it will be possible to make w negative by taking 
c = f = g. If m > n, the equilibrium is stable, as may be seen by 
wiitiug 2m7 in the form 

2M;=(m-n)(e+f-fg)'-h2n(e' + f-hg») (57). 

Hence, if there be no limitation on the strains, the nect^sary and 

sufficient conditions of stability are that n should be positive and m 

greater than \n. 

But now suppose that the strains are limited to be in two 

dimensions, so that (for example) g = 0. The supposition e = f = g 

is then not admissible, and the criterion of stability is altered. We 

have 

2«?= (m-fw)(e'-hf*)-f 2(m— n)ef 

= (n-m)(e~f)« + 2m (e'-f f) (58). 



♦ P/iil. Mag., Nov., 1888. 

t Thoms'jn and Tuit's yalural Philosophy, § 6^6. 
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This shows that there is stability if 7n be positive and less than w, 
and instability if m be negative. That the cquilibiium is stable if iti 
be greater than n is shown, as in (57), by putting 2w into the Ibrm 

2M; = (m-n)(e + f)' + 2// (e^-ff-) (59). 

Hence, under the limitation g = 0, the necessary and snfhcient 
conditions of stability are that n and m be positive. 

Comparing the results, we see that, as m diminishes, instability 
sets in when m = ^n, if the boundary be free ; when 7/t = 0, if (as 
virtually in our present problem) the strains be limited to two 
dimensions ; when m = —?», if the boundary be everywhere held fast. 

I haveendeavoured to investigate thetwo-dimensionalfree vibrations 
of an infinitely long cylindrical shell directly from the fundamental 
equations, as in the foregoing theory of the plane plate. The pre- 
liminary analysis is simple, and there is no diiiiculty in obtaining the 
solutions analogous to (42). If a be the radius of the cylinder, and 
the wave-length measured round the circumference be 27r//, we have 

and »^ 4(/'a^ + l) .mtL (61). 

But this solution is much more readily obtained by the special 
methods applicable to thin plates, as to the legitimacy of which for 
this purpose there can be no question. And if, in order to investigate 
the flexional vibrations of the shell, we retain the lower powers of the 
thickness, the reduction of the resulting determinant becomes a very 
complicated affair. I have not succeeded in verifying by a rigoix>us 
application of this method the equation analogous to (51), viz. : 

^ m^n Spa' /*a' + l ^ ^^' 

2zi being the thickness, and as before /a the number of wave-lengths 
in the circumference. Putting a = oo, we fall back, of course, upon 
the formulfie for the plane plate. 
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TJther die constanten Factoreii der Thetareihen im allgememen 
Falle p = 3. Von Felix Kletn, in Gottingen. 

[Read April 11//*, 1889.] 

Sei F (ajj x^v^ = eine allgemeine Curve 4**' Ordnung der Elene, 
w^i, w'j, u?5 seien die zugehorigen iiberall endlicben Integrale 

wo in bekannter Weise 



Unter Zngrnndelegnng einer bestimmten Zerscbneidang der ear 
Curve gehorigen Rieniann'scben Fiache bilden wir die 64 zu unter- 
Bcheidenden Thetareihen, substituireu in dieselben die u% uiid fragen, 
welches die Aufanysylieder der Putenzenkvickelungen sindy welche die 
Theta hinsichtlich der m?„ w^^ w^ gestalteii. Diese Frage ist seither, so 
viel ich weiss, noch nicht beantwortet worden ; ich erlaube mir also 
rnein bcziigliches Resultat mitzuiheilen. 

Sei zuvorderst.^ eine yerade The t^if unction. Dann verlangt unsere 
Frage, den Werth von & (0, 0, 0) anzogeben. Die allgemeine Form der 
in dieser Hiosicht auzustrebenden Formel kann als bekannt gelten ; 
wir werden haben : 

(1) 9 (0, 0, 0) = c ^/fZ • VO, 

wo c eine numerische Constante ist (mit deren Bestimmung wir uns 
hier nicht aufhalten wollen), p^^ die Determiiianto der drei ersten 
Perioden ist, welche ii?,, Wj, w^ liiusichtlich des gewablten Quer- 
schnitt8)'Btems beaitzen : 



Pm = 



w,x, a>,^, w,5 , 



Wj„ wjjp <^n ! 



«^»i> *^iiy *^ii 



(7aber eine irrationale Invariante von i^ (.r, ^, a!,) vorstellt, die in den 
Coefficienten von F den Grad 12 hat. Es haudelt sich uns um die 
Bestimmung dieses G. Hieriiber ist nun Folgendes zu bemerken : 

fJedem einzelnen der geraden ^ entsprechend liisst sich die Curve 
vicrtcr Ordnuuy: bckanntcrmasscu in der zuerst von Jles$e nntcrsuchtcu 
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Weise anf die Kegelspitzencurve eines Netzes von Flachen zweiter 
Ordnung beziehen : 

wobei die G-leicbnng dur Curve vierter Ordnung die Gestalt einer 
Bymmetrischen viergliedrigen Detcrminai^to aiinimmt : 



n = 



TTij .,, ITj^ 



= 0, 



Die Invariante ist nan nichts Anderes als die Discriminant e dieses 
Netzes 

d. h., sie ist eine homojene Function sechszehnten Grades der an, wie der 
/3,4 uud der y^, welche, gleichNuU gesetet, die Bedingung ergeht, unierder 
von den ackt Orundpuncten des Netzes zwei zusamtmen fallen. In der 
Tbat ist diese Discriminante eine Combinante der drei quaternaren 
Foi*men 2a,i Zi z%, S^a Zi Zk, Sy^ ^< ^a? ^i^d ^^^ solche eine ganze 
(algebraische aber nicbt rationale) Function zwolften Grades der 
Coeffic enten von 11. 

Sei jetzt femer & eine ungerade Tbetaf unction, t*,ir, -f- tij«, -|- ti,af , = 
die ibr zugeborige Doppeltangente der Curve vierter Ordnung f^ = 0. 
So kann wieder folgender Ansatz als bekannt gelten : 

(2) (f ) .«, + {M) .«„^(i^) ... 

^dtr/ooo ^otu^'Wi Vw,'«<» . 

hier ist y eine nuraerische Constante, die wirunbestinimt lassen, T die 
von una festzulegoude Invariante. Wir setzen jP^= in die bekannte 
Gleicbungsfoi*ni 

t* . * - O' = 0, 

wo n = irgend ein Kegelscbnitt ist, der durcb die Berubruugs- 
puncte der Doppeltangente durcblauft, * eine zugeborige Form dritten 
Grades der «„ «„ x^, Maa kann diese Gleicbung mit Herrn Geiser 
dahin interprotiren, dass die Curve vierter Ordnung vermoge 
derselben als der scbeiubare Umriss definirt wird, den die Flacbe 
dritter Ordnung : 
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vom Pancte ir, = .r, = a;, = aas bei Projection auf die Ebene a'4 = 
darbietet. Ich sa'je nun, dass uni^er V einfnch die D'scriminante dieser 
Fldche drifter Orduung idf, d. h., diejtniije gauze rationale homogene 
Function 32'"* Grades der Coefficienten der Fldche, welche gleich Null 
gesetzt besagt^ dass die Fldche einen Doppelpuncl hesitzt. In der 1 hat 
wird diese Discriminautc so geschrieben wordon koiinen, dass sie als 
simultaue Invariante der beiden ternaren Formen 

und 9 erscheint, vom zwolften Grade in den Coofficienten von F, vrm- 
ac^hten Grade in den Coefficienten von <l>, genau wio es die Ruck^icht 
auf die Homogoneitat in B^ormel (2) verlangt. 



On the Reduction of a Complex Quadratic Surd to a Periodic 
Continued Fraction, By G. B. Mathews. 

[Read April nthy 1889.] 

The square root of a complex inte^^er may be reduced to a periodic 
cbain-fraction by a process very similar to that employed for an 
ordinary quadratic surd. Dirichlet alludes to this, in passing, in his 
memoir on quadratic forms with complex coefficients (Crelle, t. zxiv.); 
but as be does not enter into any details with regard to the algorithm, 
and since no attempt appears to have been made to construct a com- 
plex •* Canon Pellianus/' the following table of results may be useful. 
In the column on the left will be found all the complex not-sqaare 
integers a + 6i, of which the norm does not exceed 100, and in which 
a, b are both positive; on the right-hand, opposite to a-hW, are 
entered the j)artial quotients belonging to the chain-fraction expansion 

of \^a-^bi. A semicolon has been placed before the first term of the 
period, hO that, for instance, 2+2i; 4, 4-|-4a means 

2 + 2t-f :^ — ^ ^ ^ 



4-h (4-f4/) +4+ (4-h4i) -f Ac. 

Each stage of the process of reduction is of the type 

_ g,-hy^ _ 1 
" — Ti = «» H » 



238 Mr. G. B. Mathews on the Reduction of a Complex [April 11, 
where a„ is a complex integer, determined so that 

As in the ordinary theory (c/. Serret, Algebre Supei'ieure, t. i., c. 2) 
all the quantities E„^ D„ are integers, and we have 

Inspection of the table suggests many curious theorems analogous 
to those of the ordinary theory : for instance, in all the cases examined 
the period begins with the second partial quotient ; and, if a be the 
first quotient, then the last is 2a — e—ei, where c, e are or 1. It 
would be interesting to account for this independently of the theory 
of reduced quadratic forms ; the analogy of the ordinary theory soon 
bi*eaks down because the restriction that a, a^^ a^ ,,, are positive 
integers docs not hold good. 

It is not difficult, however, to show that the expansion is really 
periodic : namely, it follows from the way in which a„.i is determined 
that 

i.e., Nm ( ^^A - E„) < INm (D^, 0, 

therefore mod. ( y/A^E^) < — — mod. (Z)„_i), 

V 2 

therefore mod. (^A'\-E^) > V2 mod. (D„), 

Now, suppose mod. D„_i < ft mod. ^^A ; 

then mod. E^ < mod. y^-h mod. (VA—E^) 

< f l + -^)mod. VA, 

and ^2 mod. P„ < mod. ^A + mod. E„ 

<(2-h-^)mod. y^ 

therefore mod. i)„ < f -^ -h y/2j mod. \^A. 

This agrees with the inequality supposed satisfied by mod. I?»_i, if 
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or 



Hence, if 

it follows that 



mod. D„_i < 2 y/2 mod. ^A, 
mod. D„< 2 v/2 mod. VA, 
mod. En < 3 mod. y/A, 



and 



mod. a„ < mod. J5„-f mod. E^-i < 6 mod. v^.4. 



We conclude, therefore, by induction, that the moduli of the quanti- 
ties F„, D„, a„ cannot exceed certain finite limits, and hence the 
expansioQ must be periodic. 



1-fi 
l + 2t 
l-f3i 
l-f4t 
1 -f 5i 
l + 6i 
l4-7i 
l-f8t 
l-f9i 

1 + lOi 

2 + t 
2 -h 2i 
2-1-31 
2-f4i 
2-1-5/ 
2-f6i 

2 -h 7i 
2-h8i 
2-i-9i 
3-ht 

3 + 2/ 
3-f-3i 
3-h5i 
3 -f 6i 
3 + 7t 



1; -2*, 2 
1-hi; 2 + 2{ 
1-Ht; 2, 2-f2t 
2-hi; -2-t, 4-f2i 
2-hi; -l-2i, -4i, -l-2i:, 4-f 2i 
2-f2i; -l-|-2i, 2-1, -l-|-2t, 4+4i 
2-f2i; 4i, 4-f4i 
2-+-2t; 4-+-4i 
2-f2/; 4, 4-f4i 

2-h2i; 3-i, -2, 3i, -2 + 3i, -l+3i, 2, 2-t, 4-h4i 
1; 1-t, 2 

2-fi-, -1-l-t, -3-i, 1-t, 3 + t 
2-hi; -3-hi, 4-f2^ 
2-f^; _4-2t, 4 + 2i 
2-1-1; -1-3/, 4 + 2i 
2 -hi'; -2i, 4-h2i 

2-h2t*; 1 + 21, -l-3t, l + 2i, 4-|-4i 
2 + 2/; 2 + 2i, 4-h4i 
2-1-2/; 2-1-1, l-ht,2-hi, 4-f4i 
2; -2-2i, 4 
2-fi; -l + 2i, 4 + 2i 
2-hi; -2-h4i, 4-h2i 
2-l-i; 2-4/, 4-h2i 
2 + i; l-2i, 4+2i 

2-f2i; 1-fi, -2i, -4, l-2i,-l+t, -4-3i,-l-t, 2t,4, 
-l + 2i, 1-1, 4 + 3i 
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3 + 8t 

3 + 9i 

4-l-t 
4-h2i 

4-f3i 

4-|-4t 
4+5i 
4-1- 6i 
4+71 
4+8/ 
4-h9i 



5 + i 
6-f2t 
5 -h 3i 
5 + 4i 
5 + hi 
5-1-61 

5+7t 

5 + 8i 
ij-\-i 

6 + 2i 
6 -h 3i 
6 + 4i 
6 + 5i 

6 + 6i 

6 + 7i 
7-hi 

7 + 2t 
7 + 3. 
7+4i 
7 + 6i 
7 + (n 
7 + 7i 



2 + 2t; 1+1, 2-1, -3-2/, 3-1, -1+7, -4-3i, -1-i, 

-2+i, 3 + 2/, -3+1, 1-1, 4 + 3i 
2 + 2i; 2 + i, -2+2i, 2 + /, 4 + 4i 
2; -4/, 4 
2 + i; 2/, 4 + 2i 
2 + i; 14 3i, 4 + 2i 
2 + i; 4 + 2t 
; 2 + /; 3-i, 4 + 2/ 
2 + i; 2-i, -2 + 2/, 2-/, 4 + 2i 

2 + i; 1-i, 4 + 2i 

3 + 2i; -l + i, -5-3i, 1-i, 5 + 3i 
3 + 2i; -2 + i, 2-2i, -1-i, -3 + 5i, 1+2/, 2 + 2i, -1 +i, 

-5-3i,2-/, -2 + 2/, l + i,3-5i, -l-2i, -2-2i, 

1 — i, 5 + 3i 
2; 2-2/, 4 

2; 1-2/, -3/, l-2i, 4 

3 + i; -l+i, -1 + 2/, 2~5i, -1-i, 2 + i, 5 + 2i 
2 + i: 2 + i, 4 + 2/ 

2 + i; 2, 4+2i 

3 + i; -2-i, 2-3i, -2-i, -6-2i, 2 + i, -2 + 3i, 2 + i, 
6 + 2/ 

2+i; 1-i, 2-2/, -.3,2+4i, -3, 2-2/, 1-i, 4 + 2i 
3-1-,:; -1-i, 2/, 3-i, -1, -1-i, -2 + i, -3i, 1-i, 5 + 2i 
2; 2-i, -3-3i, 2-i*4 
2; 1-i, 4 

3 + i; —l + i, — 5 — i, 1— i, 5 + i 
3 + i; -2 + i,6 + 2i 

3 + i; -3, 1-i, l + i, 3-i, l+2i, 2 + i, -2, -5-2i, 
3, -l + i, -1-i, -3+i, -l-2i, -2-i, 2, 5 + 2i 
3-1-1; -3_t, 6 + 2/ 
3+t; -.2-2i, 6 + 2i 
3; -2-i, -2 + 2/, -2-i, 6 
3; -1-2/, -1-i, 2i, l-2i, 1-i, 6 
3 + i; -l + 2i, 2/, -2-3i, -l-3i, 1-i, 5 + i 
3+i; -2 + 2i, 6 + 2i 
3 + i; -4 + 2/; 6 + 2i 
3 + /; -6-2i, 6 + 2i 
3 + /; -2-4i, 6 + 2/ 



1889.] Centre de courhure de la developpee, SfC. 

8 + i I 3; -3-3i, 6 

8 + 2i I 3; -l-2t, 2i, -l-2x, 6 

8-f 3i 3-f i; -l + 2i, 2, l-6i, -2-t, -2i, 6 + i 

8 + 4i 3 + t; -l + 3i, 6-h2i 

8 + 5i 3 + i; -2-f6i, 6-f2t 
9+1 3; -6i, G 

9 + 2i 3; -3i, 6 
9 + 3i 3; -2i, 6 

9-f4t I 3 + t; l-f3i:, -2 + 1,4 + 2, -2 + t, l+3t, 6+2i 

lO + i i 3; 3-3t, 6 . 
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Construction du centre de courhure de la d6veloppee de la courbe 
de contour apparent d^une surface que VonprojeHe orthogonale* 
ment sur un plan. By Prof. A. Mannheim. 

[Read April lUh, 1889.] 

Dans nne communication sur les snrfaces parall^les, que j'ai eu 
I'honneur de faire k la Society Mathematiqne de Londres,* je snis 
arrive a une expression du rayon de courbure de la d^velopp^e de la 
courbe de cont-our apparent d'une surface. La recherche de cette 
expression est un de ces probl^mos dont la solution depend des infini- 
ment petits du 3* ordre et que, le premier, j*ai trait^s g6om6trique- 
raent. 

Dans la meme communication, j'ai fait connaitre aussi une autre 
expression de ce meme rayon de courbure, et j'ai annonc^ que je 
montrerais comment on pent Tobtenir directement. 

(J'est cette demonstration directe que je vais exposer aujourd*hui, 
en faisant usa^e de deux droites dont j'ai dejk eu plusieurs fois 
I'occasion de prouver Tutilite.f 

11 s'agit done moins iei du probl^me particnlier que je traite dans 



♦ Voir les Procrrdinps, Vol. xil., No. 177. 

t Voir ('omptes rendus de C Acadimie dts Scttfieet, Stances des 22 Mars 1875 •t 
6 Mfirs 1876. 



VOL. XX. — NO. 358. 



S 



242 



Prof. A. MaDnheim^ 



[April 11, 



cette note que de la methode geom^trique dont je veux faire ressortir 
nne fois de plus Telegante simplicity. 

En effet, a Taide de ces deux droites on peat resoudre avec la plus 
grande facilite des questions pour lesquelles la methode analytique, aa 
milieu de ses longnes formules, ne laisso pas aporcevoir les Elements 
simples qui doivent senls snbsist^r dans toute constrnction. 

Les deax droites dont je viens de parler sont de ces ^l^ments 
simples. Rappelons d'abord leur origine. 

A partir d*nn point a sur nne surface donn^e (8) tra^ons des 
courbes tangentes entr*elles. On sait que les normalies ^ (S) dont 
ces courbes sont les directrices sont osculatrices entr'elles aux deux 
centres de courbure principaux y,, y, situes sur la droite A normale 
en a k (8). Ces normalies ont done en y^ et y, les m^mes indi- 
catrices. 

Les asymptotes de ces indicatrices sont alors les memes pour toutes 
ces normalies et, comme A est Tune de ces asymptotes, les autres 
asymptotes communes sont deux droites issues respectivement des 
points y, et y,. Ce sont 1^ les deux droites que jo vais employer. 
Je puis mc les donner d'avance car, si, pour definir les Elements du 
3* oi'dre de la surface (S), on suppose connues les droites decourburo 
des nappes de la dcveloppee de (S'), j*ai fait voir il y a longtcmps 
dej^ comment on pent coustruire ces deux droites.* 




% 
\ 
% 

I 
/ 



* Comptes re/idut de VAcmUmie dc* SeunceAy Sunmo du l**" Mars ISTo. 



1889.] Cerifre dc courhnre de la developpee, 8fC, 243 

SupposoBS que le plan de projection oontienne la normale-4 (Fij?. 1 ) ; 
la courbe de contour appaiont de {S) sui* ce plan est la trace d'un 
cylindre circonscrit a cette surface et dont les generatrices sent per- 
peudiculaires au plan de projection. Le centre de courbure de la 
courbe de contour apparent qui correspond au point n, s'obtiont de 
la maniere suivante :* Les points y„ y, sur A etant les centres de courbure 
principamc de (S), on decrit sur y,y, comnie diametre une circonference 
de cercle. Du point y^, extrcmile du rayon de courbure principal nuixi- 
ffiumy on mens la droite y^ y qui fait avec A un angle egal a Vangle 
dies projdantes avec le grand axe de Vindicatrice de (S) en a, cette droite 
rencontre la circonference au point y. La projection de ce point sur A 
est le centre de courbure c cherche. 

La developpee de la courbe de contour apparent de (S) tonche A au 
point c ; ce que nous nous proposons de determiner, c'est le centre de 
courbure de cette developpee qui correspond a ce point c. 

Le cylindre circonscrit a {S), et dont les g^neratricea sont perpen- 
diculaires au plan de projection, touch e cette surface suivant une 
courbe que je prends pour directrice d*une normalie a (S). Les 
generatrices de cette normalie sont paralleles au plan de projection, 
et leurs projections sur ce plan sont des tangentes a la developpee de 
la courbe de contour apparent de (S). 

Puisque les generatrices de cette normalie sont paralleles au plan 
do projection, il existe le long de A un paraboloide osculateurde cette 
normalie. Ce paraboloide osculateur a pour plan directeur le plan de 
projection, et pour directrices les asymptotes des indicatrices de la 
normalie en y, et y,, qui ne sont pas la droite A. Ces deux asymp- 
totes sont les deux droites dont j'ai paile plus haut et qui conduisent 
immediatement a la solution de notre probl^me. 

Supposons que leurs projections soient y,A et y,A. Le paraboloide 
osculateur de la normalie a pour contour apparent sur le plan de pro- 
jection une parabolc qui est, au point c, osculatrice de la d6velopp6e 
de la courbe de contour apparent de (8). 

On est done i*amene a chercher le rayon de courbure de cette p'ira- 
bole pour le point c. Cette parabole est tangente en c a J., et elle a 
pour tangentes y^ h et y^h. Dans ces conditions, pour determiner au 
point c son rayon de courbure p, on a cette formule :t 

.\+l=A( 1 + 1 \ 

c?i (^Yi P \tang cyjfc tangcy,^/* 



* Voir mon Cour.n de GeomStrif deMriptive, 2® Edition, p. 321. 

t (Jomptes rnnluH de P Arndrmie den ScifnreSy Seante dil 16^ Mar8 1876. 
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on, on abaissant la perpendicnlaire hp snr A : 






1 2 



D'apres c(;la, ponr determiner le centre de conrbure demande, on a la 
construction suivante: 

Snr la perpeitdicnlaire ce a A, qui est hi nor male a la developpp.e de 
la courhe dp cimtonr apparent de (8)^ on projette le point milieu de hp. 
La circuiifi'rcnc^ qui passe parte point ninsi ohieuu et par les points y,, 
y, cnvpe la normal e co an centre de courhnre demnndii e. 

Le point c est sur A le point centi*al de la nonnalie. Aux points 

y„ yj les plans tan«)fents k cetfe normalie sont rectangul aires. Le 

produit cy^ X cy, est alors egal an carre du parametre de distribution 

, des plans tanofents ii cette normalie pour la droite A, En appelant K 

ce paramotre, la formule pn'cedente devient : 

pti 

On refrouve ainsi Texpression que je n*avais fait qu*indiqner jadis 
et dout j*ai parlo en conimen^ant cette courte no!e. 

Jfemarqiie. — Dans ninn ti*avail snr les surfaces parallelcs, j'ai 
demon tro (jne : les centres de courbure gcodesiqne des rn?i rites a conrbure 
normnle constavtr^ tang*^ntes aux traces d^uite normalie sur dr.'^ surfaces 
pajralleles entrelles^ sout stir une ineme dndtc T. 

Cette droite 1 est a la fois une generatrice du paraboloide des 
normalcB a la normalie (dont j*ai parle precedoiumeut), et une 
geueiatrice du paiaboloide dont un plan direeterir (»st [>orpeudiculaii*e 
a -I, et dont les directrices sont les deux droites projetees en y^h 
et yoh. 

La droito J appartc ii.int au paraboloide des noriuales a la normalie 
est parallelc an plan eeniral do eetto surface. Commc ce plan central 
passe par A ot est [»erpe:idirul.'iire au plan de proje»:tion, la droite [ 
se pi*ojette suivant une pnrallo'e a A. 

Li droite /, eiant ime L''«'nejah'i«'«' do Tantro par iboloid*', sa pro- 
jcH^tion |>assepir lo puiijt //. l)(nie: /w/ drnife I se pro/rUe yuiranf la 
paniUele mp)iee d*' \\ a li droifr A. 
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Thnrsdaij, May 9fh, 1889. 

* J. J. WALKER, Esq., F.R.S., President, iu the Chair. 

The following communications were made : — 

On the Solution in In tenders of Equations of the fonn 

iC^-H //»+/!;:'= : S. Roberts, F.R.8. 
On the Concomitants of A:-ary Quantics : W. J. C. Sharp, M.A. 
On the Motion of an Elastic Solid strained by Exti*aneous 

Forces: Signor Betti. 
Note on the (^-function in an Elliptic Transformation Anni- 

hilator: J. Griffiths, M.A. 
On Cyclotomic Functions, § iii. The Cyclotomics belonging to the 

/-nomial periods of the p^^ Roots of Unity : Prof. Lloyd 

Tanner. 
On the Complete Elliptic Integi'als, K, E, O, I: Dr. J. Kleiber. 

The following presents were received : — 

A Cabinet Likeness of Dr. G. J. Allman, F.ll.S. 

** Educational Times," for M^y. 

** Annals of Mathematics,*' Vol. iv., No. 5, Oct. 1888 ; Virginia. 

*' Bulletin lies Sciences Mathcmaiiques," Tome xin., March and April. 

** Sitzungsberichtc der Kiiniglich-Preussischen Akademie der Wissenschaften zu 
Berlin,** xxxtiii. — lii. 

** Atti della Realo Accademia dei Lincei — Rendiconti," Vol. iv., Faac. 12; 
Vol. v., Fasc. 1—3 ; Roma, 1888, 1889. 

*' Journal fiir die rcine und ungewandte Mathematik," Band 104, Heft in. 

** Die Rotationamomente der Beugemuskeln am EUbogengelenk dee Menscheh,** 
von W. Braune und 0. Fisher; largo 8vo ; Leipzig, 1889. 

" Die Nouroblasten und deren Entstehuug im Embryoualen Mark,** von Wilhelm 
His; largo 8vo; I^eipzig, 1889. 

" Bollcttino dclle Pubblicazioni Italiane ricevute per Diritto di Stampa,** Noe. 
79 and 80. 

** Jomal de Scicjncias Mathomaticas e Astronomicas,'* Vol. ix., No. I ; Coimbra, 
1889. 

" Rcale Istituto Lombardo di Scionzo e Lettere — Rendiconti,*' Serio ii., Vol. xx., 
8vo ; Milano, &c., 1887. 

** Memoric del Realo Istituto Lombardo,** Vol. xvi., Fusc.ii., 4to; Milano, &c., 
1888. 
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Enrico Betti on the Motion of 



[May 9, 



On the Motion of an Elastic Sttlid strained by Extraneous 

Forces. By Enrico Betti. 

[Rtad May ^th, I8b9.] 

Let jL, if, N be the forces at the boundary of an elastic solid, and 
ti, v, «? be the components of displacements, which bring it to equili- 
brium. The equations of equilibrium ai-e, in the internal space S — 



= 



= 



= 



dx dy dz 

X Oy Oz 

dx By dz 



(1), 



and at the boundary tr — 






(2), 



where P, Q, R denote normal components of pull on interfaces 
respectively perpendicular to or, y, z; and S, 1\ U the tangential 
components. 

Multiplying the first of the equations (1) by v, the second by w, 
and subtracting one from the other, and integrating throughout all 
the space S^ we have 

0= [ {Lv-Mu)da 

+ f W^^-(il-+ui^^-^^)^-T^'--S^^'\dS (3). 

JsL Ox cy ^oy vxl oz oz-i 

Let us take another system of displacements, u\ v\ ic\ for which, 
at the boundary a, 

(4), 



n = M, r = Cj (V = IV. 



I 
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and in all tlie space 6», 

vx dx dy dy dz dz 



dn __ du 

07/ rjy dz 



z Ox ox 



dv dv 



div d 



w 



)x 



3a5 dy dy 



du du 






(5). 



In order that the solid may remain in equilibrium with these displace- 
ments, it i8 necessary that ftij, ai^, oi, should be constants in all the 
space S. Therefore, if they are different from zero only in one part ff 
of fii, we shall have motion, and instead of the equations (1) we shall 
have the following: — 

^ = ^-1.^-1.^ 

dir dx dv dz 



dt^ dx dy dz 



^^dr dS dB 

ox dy dz . 



dt' 



(6), 



where p denotes the density. From the equations (6) we deduce, 
observing the equations (4) and (5), 



f / »d?u ,d}v\ J a 

J • J8^ dx dy ^dy dx' dz dz 

-<^8(P+Q) + Ta,, + Sw,] dS (7). 

Subtracting the equation (3) from the equation (7), we have 

and the other analogous results, 

f/ (""'S" ""' S) '^^ = L t"> (<2+B)- i7«,-r«,] dS, 
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Let us take 8' an element of the space, we shall have, denoting by 
Xj, iC,, K^ the components of the moving couple, 



K,=:(r-^R)iO,-SiO,^Uio,[ (0), 






and, if we take for axes the diiection of the principal stresses, 

i(:,= (ie+P)cu,V (10), 

7r,= (P+Q)c., 

and, if we put 2F= P («l + wI) + (wj + u>')-|-i2 (wj + w^)' 
we have Aj = ^— , X, = ;^— , A, = tt- • 

dd^l Coi, C'u>i 

If P = Q = JB, we obtain the potential energy of an isotropic solid 
as given by Sir W. Thomson (iVuV. J/fl[/., Vol. xxti., p. 418). 



Nvte on the G-funciion in an E/lipflc Ti'nn>ifitrnudion AnnihUnirr, 

By John Griffiths, M.A. 

[Read Jfa,/ 9///, IShO.] 

Notation, — 3* ^ -rr ; 3, ^ -- , Ax = v/l — u;- . 1 — A-V, 

S'= Q*-P% -B- = Q'-X*P^ 
nl fTp '^ t nd Q are functions of aj and k, 

. r .' 1 -rrX-H-V-. 

[See previous notes by the writer, Froc. L-md. Math, Sac, Vol. xviii., 
1887.] 
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Section I. 

The algebraic theory of the f auction O is based on the following 
elementary proposition, viz. : — 

If = nkk'% + Ax G (x, k) d, , 

Mdy _^ dx 



T. > 



v/1-/. 1-Ay y/i-x*\ 1-A;V 

then M ^A' d-y') = A. -^^ + ^^^-^ ^, ; 

where jtf - = ..„__ ^^, 

and n is a nnniber. 

The proof of this important theorem offers no difficulty. It 
depends on the identity 

iPjl^ ^ d^y 
dxdk dkdx 

In fact, writing the condition 



"(Sy) = ». 



Qn^ QX-y* 7/^n\^ 



•'.. 



in the form /"^ = J^/,-, = U2^ = 2.V-Xy, 

1 — y 1 —Ary A' 

we have nA-P -^ + Ajj . r; . '^:/^ = M-'-\'y (1 - t/'), 

life iliC 

and ^ = yi-t/M-Xy -^ 3/Ax = X, say. 



Hence 3 { M'-XV (\'-y')-^x , , X} = »M' 



/j dX 
dk ' 



a, ( A.i' .O.X)^ nklc^ 1^ = 3/ -U» (I - 32/^) A', 
nkk'^'d, log .Y-f Aor. rr'.(\logX-hSx (A^. (?) = M -\^ (l-'V). 
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Now c* log A = - -— -.- - r^^ + 7 — v-« "77 






so that 



1— aj 1 — /c'aj' M— y l—A-y^l dx 

M dh i-xy ^ 1— xy 

= if-'X»(l-3y'), 
or finally, since 3, Aas + ( j + - — -^-^ j Aa; = 0, 

and X'« + A» (1 - 1/') = 1 - Xy , 

we have A.- + -_-^- _ - = M ^X'(l-y )• 

Section 2. 
Differential equations satisfied by the function G (a?, k). 

From the above it appears that G (a;, k) satisfies the following 
differential equations of the second order, viz. : 

±di, _ 2dx ,,. 

v^/» 



v/«. lf-U»-£ . if-»X'» + { v^l-aj» . 1 - ikV 
Q{=24jj-!i^^^+l£-»(l-2V)J (2), 

,. . dG^ , nl^k'^ai^ nkk'^ dM Tir-2xf/i «\ 
Bxnce { = A^- + -_^ - -^ _- = If 'X'(l-y'), 



1889.] an Elliptic Transfot^mation Annihilator. 251 

and Q \ ^ ) = 0. 

where Q = nkk'^dk + ^x . G9,. 



Skction 3. 
Problem of Elliptic Transfonnation. 

It is evident from the preceding sections that the function is 
of very great importance with regard to elliptic transformation. 
Practically the only case to be considered is the following, viz., when 

P (x, k) . Mdif dx 



,^.2 71 kk'^ d\ 

""■"av*" die' 

and G has the four values, 

P 



1. = Jur3,log 



(i-AV)*"' 



2. G = ^x?Jog ^ 



4. = Aa*3^ log — — - -jT^ . (See notation). 
Corresponding to these four values, we have the formulae — 

M-'Q' = (0+wIV)P' + (Aj;)' (P'>-PP")+ie (l + fc»-2ifc»a!*) PF, 

where C = If -»A' + «^^ ^-f -«*», 

jM dk 

(^u; ' dor* 
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0^ = 0; «=^.a.iog^.-._;;,^^.;, 









where has the same value as before, and 

7:>/ dR « 

jB ^ — , &C. 

dx 
If we take P = aQ-f a,a; + aja;'-|-... 4-a„a!**, 

the conclusion is that the pi'oblem of finding the rational transforma- 

P 
tion equations y = — can be reduced to the following one, viz., to 

determine the A;- functions <t,, fli, ... a„, 7/^,, ^i, ... Z/„, so that the 
expressions 

(0 + nlc'x') P» + (^xy (P^ - PF') + ic ( 1 + A-* - 2^V) PF, 

shall be each a square, /.«., M'^Q^ and 3f"*X*P*, i-espectively. The 
value of the function is 

ir.j rJrA'^ d\ 
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• • ■ 

Ave li:ive C = ^ kk'' (^^±]-^k'^^ 

2 V X X / '^ 

if X='^, X = ^'^. 

dk ' dk>' ' 



Skction 4. 
An exQviph nf the above method of squares. 

If P = «o + «i« + «ai^'+--'+^M^'*> 

it is proverl without difficulty that the expression 

(C + 7iAV) P + (Ao;)^ (P'^-PP") -hiC (1 -h ik--2^V) Pr 

is a rational and integral function as regards a; of a degree not 
liigher than 2;i since the coefficients of a;*""^* and aj**** vanish. It may 
l)apf)en, of course, that the degi'oe in question is lower than 2n. 

I consider an example of the method uf squares in order to illustrate 
the ahove formula*. 

Let P = ttiOJ + ttjaj', Q = 1 4- &,aj*, 

n = 3, so that 

• •• 

C = J/-^X^-3A;^-h ^^If^- -fr = i^^-'* f - - ~) -lit'', 

M dk ^ ^ \ ' 

-h2[)3ar^ (H-Jk^-2A^xO(l + 6,«'), 
I.e., JZ-^X^P'^ = C-2h,-\- [66*+4(l + ^•=) 6,+3^'} »'' + 25;«* + A:'&Ja^. 
Hence it is seen at once that this expression will be a square if 

C = 2h, and 6; = A;' {6feJ + 4(l + ifc')6,-|-3^»]. 
We have thus l^ given as a A;-f unction, and 

hi 



M-'\P = x(^^ +b,kA or P = ilf-«a! (l- 4), 

if hi - M--Kk; b,Jc = - ^^ , 

a 
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and, consequently, 

5, = - k'a\ ifcV-6ik2aH4 (1 + A:') a^-3 = 0. 

Similarly, taking P = M'^x ( 1— — ^ j, 

the expression for Q^ is 



so that 6k' - 4 ^^ + A = 6j = A;V, 

a a 

i.e., Aj V - 6k'a* + 4 ( 1+ A'») a' - 3 = 0, as before. 

The modular relation between \ and k is obtained from two 
differential equations, viz., 

^\!i- K = M-^-\k = b] (1), 

A = Af_r = |6^ (2), 

and &;-67.'6'-4A,-»(l +]t») 6,-3;fc* = 0. 

By means of these equations we may eliminate k and A, and so 
determine X in terms of k and the fc- function h^. The results are 
simplified by writing XA; = T, 

5, = [=-y, Z*-4/c»Z»+6A;^P-4ik^Z+ifc* = 0, 

,i__ (±-py a-D* ,,., _ j^-i 
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[If X ^ t, we have 

Aa 

This case is possible when n is a square number. J 

Section 5. 
Differential equntinn satisfied by the numerator arid denominator P, Q 
of a transformation equation y = — — — -. 

Q (», k) 

From Section 3 it appears that we have 

M-' Q^ = (C -f fik'x^) P^ -h ( Ao;)^ (F* -PF') +« (1 -f lc'^2k'x') PP\ 

where C = M'^X^ ^-^ ^-^ -nit^, 

M dk 

Q'=f, <?'=§?. Ac. 
t/a dx 

Hence, with the above notation, if we write 

f(x) = (C-\-nk'x') (y + (Aj5)*(Q'*-QQ")+«(l + ^-2^^) QQ'> 
then Q satisfies the differential equation of the fourth order 
2M-'^^f{x)Q^=.2{G-hnk'x'){f(x)y^(Axy{[f(x)y^f(x)f'(x)} 

+ a; (1 -f ik»-2A-V)/(a;)/ («). 
Similarly 1\ <S\ and B satisfy the same eqaation. 

Section 6. 

Jacnhis partial differential equation — satiafied hy the numerator and 
denominator P and Q. 

It remains to point ont how Jacobins eqaation can be deduced from 
the above annihilator theory of elliptic transformation. 
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Now, if Q^nkk'^-d/. + Xv . Gdjry 

then fii = 2£ [ £- "--- -^,f + 3/-^ (1 - 2\'; ] (see Sect. 2). 

L M dk ) 

Pnttine O = A,i3, W ^, , . , 

we have 

n = >iU''*c, + I nk'x (1 -ar^) + (^^Y % ] ^X, 

80 that the equation OS = 2f [£-ha A- function J 
ultimately gives the result 

where X„ X,, X„ X4 are functions of x, - ■ , ,r » -7-^ > <^- 

rfoj dk diC' 

Practically we have only to determine the function X^. This is 

where x, = {2n -l)Jt=*-l-2(n-l) AV. 

Hence it is easily seen that, if Q contains neither of the expressions 
1 —«*", 1 -AV, nor a square factor, the function 

d.i- dx dk 

must have Q for a factor, supposing Q to be a rational and integi^al 
function of x of the form 

Q = a^-^ta^x-^a^x^-k- ... +a„iB". 

We, therefore, have finally 

{^y p\ + .wr, 'l^- + Inkk" ^ = (a +/ir + yx') Q, 
djr (l.c (Ik 

where a, /3, and y are coubtauts iudepcndeut of x. 
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By comparing coefficients we easily find that in general /3 = and 
y = — ?i (n — 1 ) A;', so that 

(Aar)2f^+a%c,^+2n;tr^= {a-n(n-l)^V} Q. 
dx dx dk 

It is beyond the scope of the present note to discuss the results 
which flow from the above equation. I merely write down the 
formula which connects the coefficients of Q, viz., 

If Q = ao + aiaj-|-a,iC*-|- ... +«<»*-}-... +a»a;*, 

and Aq = 1, then 

+ 4)(^ + 3)a,,,-(2a,-|-(f + 2)'-|-(^ + 2)(i-|-2-2n)A;»}a.,, 
-^2nkk'^a,^ + (n-t)(n-t'-l) k\ = 0, 

1 • da 

where a = -— . 

dk 

For example, in Jacobi's transformation equations, we have 

Q = I -^ a^x* -{- a^z* i- ,,,-{■ a^ix"'^ (n an odd number), 

and the formula shows that, if a, be a known A;-function, then all the 
remaining coefficients a^, a, ... a»_i are known. 

In this instance we also see that a, satisfies a difEerential equation 
of the order ^ (w—1). 

The case of complete multiplication by Vn when n is a square 
number, is particularly interesting and simple, since then we have 
a, = 0. 

Section 7. 

Transformation of the Function 9 (w). 

The transformation of this function follows immediately from the 
theory of the (^-function. See Note by the present writer (Proc. 
Land. Math. Sue, Vol. xviii., 1887, p. 383). 
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On Cyclotomic Functions. By H. W. Lloyd Tanneb^ M.A., 

Professor of Mathematics in the University College of South 

Wales. 

Section III. 

T?ie eyclctomics which belong to the f-nomial periods of the p^ roots of 

unity, when p is a prime number, 

[Jiead May 9ih, 1889.] 

Abstract, (Arts. 1-7.) 

1. When j9 is an odd prime, =26+1 saj, the binomial periods of 
the p^ roots of nnity are 

aj + aj"\ aj* -!-«"', ... «' + »", 

where x is one of the roots of 

af-*-faj'-" + ...+«+l = 0. 

The periods are the roots of the well-known equation 

'?' + i?-'-(e-l)i?-»-(c-2)iy-» 

(e-2)(6-8) ,., (e-3)(6-^4) , _ ^ 

the expression on the left being continned to e-hl terms. The object 
of the present communication is to give the corresponding theorem 
for/-nomial periods of the p^ roots of nnity when p, = c/-|-l, is a 
prime number. The difficulty is, that we have not for the /-nomial 
periods, as we have for the binomial periods, a form which can be 
written down withoat knowing p. For example, the leading tri- 
nomial periods of the 7"*, 13"*, 19*** roots of unity are 

aj + «*-!-«"', ar-|-a?' + a5"*, x-^x'-hx'^, 

respectively; and there is no general expression for these indices 
analogous to the expression d=l for the indices of the leading binomial 
period. 

2. The resnlt obtained is that the cyclotomic may be regarded as a 
product of three " factors." Each of these consists of an infinite 
number of terms with integi*al coefficients, the first coefficient being 1. 
The cyclotomic consists of the first e-fl terms of the product, and 
the remaining terms of the product are zeros as far as the term con- 
taining I/**, if each of the three factors is calculated to this extent. 
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3. One of the factors, called the a<ymptnti'c factor, is the only one 
that appears in the binomial- period equation written above. For a 
given/, it is a series depending on e, and appropriate to every value 
of 2?, = cf-^-l. When /is a prime, the first / coefficients are inde- 
pendent of e ; tbey are in fact identical with the first / coefficients of 
the expansion of (1— /y)"*^. The / coefficients which follow are 
linear functions of e, or more conveniently of c, = (/— l)!e. In 
these linear functions the e occurs multiplied by the first / coefficients 
of the asymptotic factor. The following sets of / coefficients are 
quadric, cubic, &c. functions of c. For examples, see the tables for 
/ = 3, 5, 7, appended to this paper. 

When / is composite, each factor of / affects the form of the 
asymptotic factor; but the smallest factor has the most obvious in- 
fluence. For instance, when / is even, the factor proceeds in pairs of 
terms, like the binomial period cyclotomic. Examples will be found 
in the tables for/ = 4, 6, 8, 9. 

The asymptotic factor presents itself as a product of other factors, 
one of which is (1— /a;)"^^, and the others are ** central" factors. The 
coefficients of these subsidiary factors are not all integral. 

4. The second factor of the cyclotomic — called the eccentric factor 
— is not expressed in terms of e; so that it has to be calculated 
separately for each value of p. All its coefficients except the first are 
multiples of p ; that is, it is of the form 

where E,,, Ek^i are integers, and are positive at least as far as E^^, 
This, like the asymptotic factor, naturally splits up into a product of 
other factors ; but, unlike the asymptotic factor, all its factors have 
integral coefficients. 

From the form of the eccentric factor it follows that the asymptotic 
factor is congruent to the cyclotomic, mod. p. There is a presumption 
in favour of the theorem, that by taking p sufficiently large, k may be 
made as large as we please : a theorem which would justify the 
epithet " asymptotic." But this is not proved. On the assumption 
that certain forms (for instance, the geometric series 1 -ha-H... -|-a/'' 
when /is prime) contain an infinite number of primes, the theorem 
can be proved ; and, as the case of / prime requires very little space, 
I have discussed it. It did not seem worth while to extend the dis- 
cussion : not only because it was based upon an un[)roved, though 
probable, assumption ; but also because the inferior limit of k, deter- 
mined in this way, seems to hold good for all values of p, and not 
merely for those values o^p implied in the assumption. 

8 2 
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•5. To calcalate the CTclotomic, it is sufficient to take the prodnct of 
the asymptotic and eccentric factors. This prodnct, however, differs 
from the cyclotomic. For instance. c=3, tf=2, p=7 ; the coefficienta 
of the product of the asymptotic and eccentric factors are 



1. 1,2,0,0,0,0,1,1,2,0,0, 

ai.d to make this aorree with CTcIotomic 

1 1 •"* 

a th ird factor y 1 — 7""' -f J i|"^ -t- Ac , 

most be introdaced. AUhooeh this factor is absolutely without in- 
flaence on the calcalation of the cyclotomic, yet it seems satisfactory 
to explain how such a factor arises : and this is done in the seqnel. 

The expression nsed for forming the cyclotomic for binomial 
periods is the asymptotic factor only. The eccentric factor in this 
case is l+j>y**+..., and the third factor is 1— j>y' — <tc. ; so that 
neither of these inflnences the coefficients that are to be determined. 

6. The arrangement of the work will now be indicated. The 
expression for log p, ^ being the oy olotomic, is first formed. In the 
analysis of this expression, considerable use is made of a regnlar 
|K>lygon of / sides, at the vertices of whioh are placed particles of 
various weights, all commensurable. According as the centre of 
gravity of tlieso jvirtioles is or is not at the centre of the polygon, the 
svstem is tti^med a central or an eccentric svstem. The central 
factors of |l iH>mo fi\>m t!»e centiTiil systems ; and the eccentric factors 
from the eccentric systems. Tiiis weighted P'lygou promises to be 
useful in discussing c*>mplex i.umlvrs formed with roots of unity ; 
but the application is hunily within the scope of the present com- 
munication. 

7. It was nt\Hssavv ti> tin 1 the oond;iH>ns that a series 
should l»e the Ivvs^rithm of a sorios 

* • * • 

with intogr,il iNH^ilu*ionts. Those con.Iitions ai>L* v^btained in the f..*nn 

^, -f 2i .<, - is. =1 0, mod. *>, 

where f, c are divisoi's of ■;, such that m *^ is a pnvi'.io: of an even 
number of primes all difTon*nt ; and '.* tr is a prvxluot of au Ovld nam- 
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ber of primes all different. For instance, 

s^ — tfj— ^j-f «i ^ 0, mod. 6, 

5,j— 5g— «4-|-«j = 0, mod. 12. 

To prove this, the transformation 

l+P.y + P,2/' + ... = (l-(?,j/)(l-Q,2/')(l-Q.y')... 

is employed. The nse of the coefBcients Q turns oat to be very 
labour-saving in passing to a series from its logarithm; and these 
coeflicients appear to be of some significance in other respects. For 
instance, in the expansion pf 

all the Q whose subscripts are ptime to / are integral, and these Q 
remain unchanged in the asymptotic factor of the cyclotomic. 

It will be seen that, though the object of this pap'^r was to consider 
especially the case of a determinate/, yet some results h ive a bearing 
on the question of the e-section of a cyclotomic, when/ is not deter- 
minate. But the paper had extended to such a length that it seemed 
discreet to postpone the development of this side. 

Formation of log ^. (Arts. 8-13.) 

8. Let a; be a root of the equation 

a'-* -hic'-'-f ...-!-» + 1 =0, 
where p is a prime number. Writing, as usual, 

e/ = p-l. 

where <?, / are integers, there is one set of /-nomial periods of x. The 
set consists uf e periods of which the leading period is 

"where a is a root of unity (mod. p) of order /, that is to say, 

(/ ^ 1, mod. j9, 
but no lower power of a is congruent to unity. 
These e periods are the roots of an equation 

where the coefficients P are integers. The expression on the left is 
the cyclotomic function discussed in this section. It is convenient to 
divide throughout by »?*, and then write y for ij"\ so that the cyclo- 
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tomic becomes 

To determine the coeflBcients, P, we make use of the logarithm of 
the cjclotomic, viz., 

log 13 = - *iy-«j |- -^« -3- -.-. • 

The series on the right is infinite, and the s are the power samB of 
the e periods. 

9. Sioce i| = aj-|-x*-|-jf'-|-...+a/"\ 
we have f)' = (r+j:' 4. *•■ + ..,+ a/'')' 

where A, represents the sum of the coefficients of x^, x^, jj*, Ac. in 
the expansion of i|' ; B^ means the sum of the coefficients of x, ar^^', 
ac*'^^ <tc. in the same expansion : and the like for the other letters. 
This tr;msformation only postulates o^ = 1 ; and we may therefore 
put j; = 1, which gives 

J.-fP.-1-r'. + ...+D. =/•. 

10. The expression for *,. the sum of the »** powers of the e periods, 
is at once formed from the value of i|*, by taking account of the fact 
that s, is a symmetrical function of jr, je^, ... x^'\ We have, namely, 

(since x+a'+.-.+or'*' = — 1 and p-1 = ^0 

m 

11. From this we obtain 

the summations extending to all positive int^'gral vmSnes of r. 
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The first sum may be written 

ls/r/<' = - jiog(i-/i/), 

80 that (l-/y)-i/ 

is a "factor "off. 

12. To determine the value of ^„ observe that it is the sum of the 
coeflBcients of a^, aj**, ... in the expansion of iy% so that 



^here Xo4-Xi + ... +X/.i = <r, 

X,j+Xia+X,a*+ ... -|-X/.,a^"^ = 0, mod. p, 
and the summation includes every system of positive integers, 

Xo» X,, ... X/_i, 
which satisfy this double condition. 

13. Considering two systems 

(Xo, X^, ...) and 0^o» A*p •••)» 

it is obvious that, if each element of one system is equal to the 
corresponding element in the other, the two systems give the same 
term in ^. ; that is, in calculating A,, only one of them is counted. 
But, if any one of the equations ^o=fo* ^=Mit ••• ^^ ^^^ satisfied, the 
two systems give different terms in A^ and each system contributes 
its full quota to A^. 

14. It is clear that the congruence is the only effective condition, 
for the equation may be regarded as merely determining the rank of 
the A to which a system (Xq, X„ ...) contributes. Accordingly, a con- 
siderable part of the sequel relates to the theory of the solations of 
the congruence. We proceed to classify the solutions, firstly into 
recurring and non-recurring systems (Arts. 15, 16), and secondly into 
central and eccentric systems (Arts. 17-42). 

Recurring and non-recurring systems, (Arts. 15, 16.) 

15. From any system X^, X^, ... X/_i, 
which satisfies the congruence 

Xo + Xia-f X,a'-f-...-|-X^.ia'"* = 0, mod. p, 
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we cao hj cyclic jmbstitntion derive others which also catvff Um oon* 
gr3er*ce. YcfT. whateTcr integer k maj be, 

is a soIatiOD, as is seen on mahipljing both sides of the oongraenca 
ioto </'\ Everj derired sr&tem ei^es to A^ the SAxne acnoimt as the 
original svstenti^ so that, if the derired sr^ems are distinct from each 
other, and from the original system (cf. Art. 13^ , the oompletee oon- 
tribation from A^ is 



A^ . A. . Ai^_ J . 



On reference to the ralce of log p it will be seen that the denominator 
of the Pactional moltipiier cancels oat. 

16. It mar. h3werer. happen that the systems obtained by cyclic 
Bubatitaiion are not ail different ; sav 

(A4, A4,;, ... A^ ..) ^ (A^.4, A^^i^^i, ... A4, ... ). 

This means that erery member of the first system is eqnal to the 
corresponuicg member of the second ; that is to say. 

A,^ ^ A^ ^ A-4 ^ ..., Aj ^ A4.1 ^ Aj^^j ^ ..., Ac. 
The original system may tben?fon? be written 

A^ Af« ... A^.[. A^. A| .«• .\^^*. A^ ..■••• A^^ * 

and consists of f h (= ^^ ercles. Of the ^* svstems onlr h are distinct 
from each other; vii., the^« ar^ the svs:ems which betrin with 
X^ Xj, \^ ... -X^,, respeosifely. The contribntion of the whole set to 
log p is therefore 



f (V^! .,. X^.j!*^ g vX»' ••• ^-i-*S? 

Herein g is any divisior of/, inclndinc 1 and/. When j? = 1, the 
system con^i^t> of a single cycle ; in other words, it is a non-recnrring 
srstem. as in Art. lo. For everv other value of c the svsiem is 
recnrrice. a^id the total co!i!r:bation to log p is a fractional multiple 
of the multinomial coeffioient. 



17. A second classifiotit;v»n of the syst¥K\* 

•^" *•» %»« A*,j» 
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which satisfy the congruence 

X^-fXia-f Aja'-h... +X/-1 a-^"^ = 0, mod./?, 

depends upon a more important property. There are some systems 
which are solutions of the congruence for all values of p of the form 
6/4-1; while other systems are solutions for some only of these 
values. 

For the quantity a which appears in this congruence, being a primi- 
tive p^ root of unity to modulus ^, satisfies a congruence of degree 
rf* say 

Fa ^ 0, mod. p. 

If, then, Xo-f-A,a-|-...+A./.ic/"* 

is a multiple of Fa, it is divisible by p. 

Now the equation Fa = 

determines the primitive/*^ roots of unity, which have nothing to do 
with j9, so that the coefficients of Fa are also independent of p. 

It follows that, if 

Ao-hX,a+... + V,a^-^ = (/1,,-f /Liirt + ...)^a, 

where p^, pi are any integers, then 

Xq, Aj, ... Xy_i 

is a solution of the proposed congruence for all values of p of the 
form €f-\-l. 

18. A more useful form of this result consists in the explicit state- 
ment of the relations between the X which are necesssbry and sufficient 

to ensure that 

Xo + Xia + Xja^+.-.+X/.ifl/"^ 

should be a multiple of Fa. If we make use of a function, Ga^ 
defined by the equation 

Fa.Ga = 1 — t/, 

the conditions may be written 

X* . G'X = 0, 

where A: = 0, 1, 2, ..., rf—1 ; and every power X' or X^*' is to be re- 
placed by X^. 

* rf is Prof. Sylvester' B symbol for the totient of /, that la to say, the number of 
numbers not greater than /and piime to/. 
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We have, in fact, 

(A^-l-\a+...)/-Fa= (\-hXia-h...) (7o/(l-a0. 
Now, let Oa = go'^gia'\-g^a^'^...+g,,ic/'\ 

and (Xo + Xia+...) Oa = ^o-|-^,a-|-J^a" + ... . 

This last expression is divisible bj I— (/, if for all values of k 

But hi = gfiK'\-giK-i'\- ''-^gkK> 

and hf^k = 5'»^iVi+^»^2 V-J+---+flV-i ^k*i- 

Hence the condition of divisibility is 

or, symbolically, X*. G (X~*) = 0. 

Since (?a = — a*' . Gti"*, 

where y, ^^f—rf^ is such as to make both sides of the same degree 
in a, the conditions may be written 

X*.(7X = 0. 

Graphic representation, (Arts. 19, 20.) 

19. It is convenient to present the matter graphically. At the 
vertices of a rcgnlar convex polygon of / sides, suppose particles to 
be placed whose weights are X^, X|, ... Ay.|. Since the X represent 
integers, the weights of particles must be commensurable, if the 
centroid of the pai*ticles is at the centre of the polygon, the system 
will be called a central system ; if not, an eccentric system. We have, 
then, the theorem that every solution of the congruence 

X^-|-Xia + X,a*+.--l-Xy-io''"* = 0, mod.|>, 

which is independent of jp, is a central system ; and conversely. 

20. To prove this, take the centre of the polygon as origin, and the 
radius through X^ for the axis of x. Also take the length of thia 
radius to be unity. Let the polar coordinates of the centroid be r, f. 
Then 



rc^-SX =X.+X,a-+X,«'*>...+X>^/ •", 



where 6 = 2ir;/. 
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Now e** is a primitive f^ root of unity, so that 

F(c*0 = 0. 

Hence it follows that, if X^j-|-Xja + A,a*+ ... is divisible by Fa (that is 
to say, if X^, Xj, X, ... satisfies the congruenceindependently of ^), then 

r = 0, 

and the system is a central system. Conversely, if the system is a 

central system, 

Xo+X,e'*+X,e^-f... =0, 

and the expression on the left must be a multiple of F (e**) ; because 
F (e*') is irreducible. 

Central Systems : Particular Cases. (Arts. 21-23.) 

21. When/ is a prime number, 

GK = 1-X, 
so that for a central system we have 

Xq =: A| ^ A J = ... :^ A^_ | , 

that is to say, all the particles must be of equal weight. 

22. When/ is the product of two different primes, say 

/ = a . 6. 

Supposing a to be the smaller factor, starting at any particle, form 
a clusters, each made up of a consecutive particles, the clusters 
being arranged symmetiically around the /-gon. All these clusters 
must have the same weight if the system is central. Starting at 
another point, we get another set of clusters which must be of equal 
weight, but not necessarily of the same weight as the clusters of the 
first set. For instance, in a hexagon the particles at the ends of any 
side must together weigh as much as the two particles at the ends of 
the opposite side. 

All this is the interpretation of the equation 

23. When/ contains powers of primes, we may write 

/= a, 6 ... c. X (rr/*. IT say), 
where ir is a product of powers of a, 6, ... c (or some of them), bat 
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does not contain any other prime. Now, in this case, FA, 0\ contain 
X only in the powers X', X'% Ac. That is to say, the relations for a 
central system involve 

whicli are particles on an/'-gon. Hence it appears that, if a system on 
thef'gon is a central system, the particles on each f'-gon mnst form 
a central system. For example, if a dodecagon bears a central system, 
the particles on each of the regular hexagons in the fignre mnst also 
form a central system . 

This remark enables ns to confine the discussion, where convenient, 
to the cases in which / has no square factor, without loss of generality. 

Central System : General Case. (Arts. 24-33.) 

24. We proceed to prove two properties of central systems when / 
is unrestricted in value. In expressing the first theorem it is con- 
venient to speak of a central system on a regular polygon of a prime 
number of sides as a prime central system. The theorem may then 
be stated thus : — Every central system on an f-gon is identical with 
the sum of prime central systems belonging to the figure, or with the 
difference of two such sums. 

Let the prime factors of /be a, 6, ... c. Suppose the /-gon to be 
loaded with particles of weights A^y Ai, i4„ ... A/.i so that the particles 
on each regular a -gon form a central system. This implies that the 
particles on each a-gon are of equal weight, so that 

Ar ^= A, if r = Sy mod. f/a. 

Let 2?, ... C have similar meanings with respect to the &,..., c-gons. 
It is to be proved that, when 

Xq, Xj, ... X/_i 

forma central system, values oiA,Bj ... C can be found to satisfy all 
the equations 

X, = Ar-^Br-^ ... -fO, (r = 0, I, 2, .../-I), 

■where Ar = Ag if r ^ «, mod. //a, 

Br = Bg if r^5, mod, f/h, 



Cr^=Cg if r = 8, mod. f/c. 

Consider any linear function of \„ X,, X„ ... which, when expressed 
in terms of the -4, B, ... 0, is free from A. Then for every X,. in the 
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function there must be another X, saj X„ with the opposite sign, and 
having s = r, mod. a {a written for f/a). If, then, in this linear 
fanction of the X we change subscripts into indices, the result will 
be divisible by l — \"', because it is made up of pairs of terms each of 
which is so divisible. Similarly, any linear combination of X^, Xj, &c. 
which is free from ^, J?, ... G must, when subscripts are changed to 
indices, be divisible by 1 — X"', 1— X*, ... 1 — X*", and thus it is divisible 
by the lowest common multiple of 1 — X"', 1 — X*', ... 1 — X**, which is 
the function (?X of Art. 18. The order of Q\ being y, =zf^rf, it 
follows that the y equations 

X, = J,-h-Br+... + a(r = 0, 1, 2, ... y-1) 

imply no relation between the X. 

When A, B, ... C have been determined so as to satisfy these y 
equations, \ is determined by the condition (necessary to ensure tbat 
the system \y Xj, ... is central) 

(?X = 0. 

Now \ = J,+-B,+ ... + 0, 

satisfies this equation : for it is clear that an aggregate of central 
systems A, B, „, C must be central. And, since OX is linear in X^, 
no other value of X^ is possible. Similarly, it follows that 

X, = ^^H-5,-f...-fa(r = y-hl, y + 2,.../-l). 

25. The determination of u4, B, ... may be effected in the follow- 
ing manner: — To determine the A, eliminate the B^ ... from the y 
equations of the last article. The result of the elimination is written 
down by forming the lowest common multiple of X*'— 1, ... X**— 1, 
multiplying this by X^, X, X^ ... in turn, until the power X*~* appears. 
In this expression change indices into subscripts, and equate the 
result to the corresponding function of the A. The system of 
equations thus formed will be satisfied if we assign arbitrary integral 
values to any //a — r {f/a) of the A, and determine the rest suitably. 
To determine the B, eliminate all the A, B, ... G except A, B. The A 
being known, it will be found that the equations for B are satisfied 
when arbitrary values are assigned to//6 — r (f/h)—T (f/ah) of the B 
(but these may not be arbitrarily selected). Similarly all the rest of 
the weights A, B, ... G may bo determined. 

2G. In spite of the number of arbitrary elements in the values of 
A, B, ... C, it is not generally possible to make them all positive. An 
example will suffice to prove this. Take the pentagons in a 30-gdh. 
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One of the eqixAtknj for the A (a ^5) ia 

^-H^a-A^ ->, = J,-K J,— J,— J, 

(for J, = J, sad J^ ^ ^). Now, if all the A, B^ C arc pusitLTe^ wb 

moat have -l^-r-ia = '\-^\ 

(for >^ = J,+B,-hC, A, = J,-h^+«,V, 

and -J,-J,<0, 

Hence, if ill the A^ B^ C are positive, we omst haTe 

and, when this meqnalicj does not hold. 90 me of the A^ B^ C most be 
netrative. 

it ia this that makes oeeessarr the altemafiiTe statement in. the 
theorem eaimci^ted. Art. 2.Al 

'17. The arzoment of Art. i-k prores* tliar. when particles of any 
weiarhts ^ V'^- ^jy ) have hetjn placed at / — -'■* v?on>eciL''iTe verncea 
of an/'-^ron. there is one. and onlv one. cenrrui ■^rvtem which inclndee 
these particles. It should, hi^wt^ver. be noted rhac zhis assumes tLas 
negariTe weisrhts are admit>sible. The theorem craanot be extended to 
an. arbitrarily selt-cted set oc f — rf pjjinrs ror iiib^rance. we cannot 
asflicni ^I the weisrfats which jcrually appt^ar n 'A- : bat there are 
aume -wts or* r — rr non-c« n^ecunive poinci^ which mav be arbitnuilT^ 
wei^ced« as we shall aow :ib.*jw. 

"JB. We assame that / contairm no »iqa?rv t .cri^r. an assnmpri.m 
which does aoc really a^ucc tlie u:eiie«a*ity n rhe result ; Art. 23). 
Upon thfi/-tipjn seiect uny vertex ac> the ie«o. A.id :iamber rlie other 
TcrticeH in 'jr»Jer A verrex wh»>«4e uuiuiKr i^^ :% rutuivH ot* •*« .s'.. pr'zne 
to /i. being called a t<;citiv»j p\/iiir. wti have he theorem : — WTien 
arbitrary we igc^tts are placed at 'ht* ••*«!♦ iia'tive p^'inos the totirive 
points^ can always be w»:ritchtW« :mJ thar 'ii vjiitj wny .nly, >o th;U: the 
whule may be a oeunai Ny>it.'i«. Nij^aiive wwj^iics wil ;ivneraJlT 
occur, but it will be *ho*¥u how tho aiiHouitios tuus aiisinif mav be 
aet aside. 

2i*. The proof of tiie th»»ois'im.N>«K'K£^m wrU'Ui^.lown rind venfvia^ 
an expression tur the wtr^i^^iii, V *!• -«»> iviJlntJ iv»ac \ -n 'Lei7us jt zhm 
wei^hn* at the uoti-tuiiiivt- •^kmihh. 

Let J. be any diviiMr Qij: thwin swUv-v/ N,vi*uuu«k. tiv? >mi. i>j fuccor A 
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and// -4 are prime to each other, and there is therefore one, and only 
one, positive integer, a, less than / which satisfies the congrnences 

= 0, mod. Aj ^ t, mod. f/A, 

Let a be determined for every divisor, A, of /, including 1 and/. 
Take the results as subscripts to X and prefix to the X the sign + or — 
according as the divisor A contains an even or an odd number of 
prime factors. It will now be proved that the aggregate of X thus 
formed contains only one X, viz. X^, with a totitive subscript; and that 
it vanishes when the X form a central system. These two properties 
being proved, the theorem is established ; for we have X< expressed in 
terms of the weights at the non-totitive points. 

The first property comes at once from observing that a is a multiple 
of A J and therefore cannot be a totitive of/ except when ^ = 1. In 
this excepted case a = ^ 

The divisors of/ may be arranged in two classes with respect to any 
prime factor, a, of/. One class contains the divisors A, B, 0, ... which 
are not multiples of a ; the other consists of Aa, Ba, Ca, .... Together 
these make np all the divisors of/, which by hypothesis does not con- 
tain the factor a*. To determine the subscripts a, a belonging to the 
pair of divisors A^ Aa, we have 

a = 0, mod. A, = t, mod. Ba, 

a = 0, mod. Aa, = f, mod. B, 
where B = f/Aa, 

By subtraction, a— a'= 0, mod. Ay =0, mod. B, 

so that a — a' = 0, mod. AB, 

that is to say, a— a' = 0, mod. //a. 

On the other hand, since 

a = ^, mod. Ba^ and a' = 0, mod. Aa, 

it follows that a — a=t, mod. a ; 

so that a, a cannot be equal, since t is not a multiple of a. 
This pair a, a gives to the aggregate of the X a pair of terms 

X. — X.. 
with opposite signs, because Aa contains one prime factor more than 
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A ; and it has been shown that 

a — o' = 0, mod. //a. 

It follows at once that the aggregate of the A, when indices are 
written instead of subscripts, is divisible by 1— X-^ *. Similarly, treat- 
ing the other prime factors of /, it appears that the aggregate is 
divisible by Gk (as in Art. 24), and therefore vanishes for a central 
system. 

30. An attempt to form a relation between the X for non-totitive 
points leads to mere identities. Suppose, for instance, t, instead of 
being a totitive, were a multiple of a. Then the a, a determined as 
above would be equal, and the A-aggregate would consist of vanishing 
pairs A.— A.. 

31. It is only necessary to find half of the a ; for, if a correspond to 
the divisor .4, then /+^ — a corresponds to the divisor//^. Moreover, 
when one totitive A, preferably A„ has been expressed in terms of the 
non-totitive A, the values of the others can be found at once by 
multiplying the subscripts into the several totitives in turn. If a 
non-totitive multiplier be used, a mere identity results, as it should. 

32. An example will make this clear. Let / = 30. Then for \ 
we have 



6, 10, 15, 
6, 10, 15, 



30 
0. 



^ = 1, 2, 3. 5, 
a = l, 16, 21, 25, 

The table is divided by vertical lines into compartments. In the fii-st 
of these, A contains factor ; in the second it contains 1 factor ; in the 
third, 2 ; and in the last, 3. Thus the A-aggi-egate is 

Aj— A,^— Ajj— Aj5 4 Afl-|-A|Q+A,j— A^j == 0. 

If we multiply the subscripts by any totitive of 30, 7 for example, we 

get 

Ay— A„— A^— A55+A,,-|-A,Q + A,g— Ay = 0, 

which determines Ay. But if we multiply by any non-totitive^ such 
as 5, 6, we get the identities 

Aj-A^-A^-A^ + Ao + A^ + A„-\ = 0, 
A«-X« -Aa -\,-t-A« + \ +\ -A„ = 0. 

33. It is an obvious corollary to the theorems of Arts. 24. 28, that 
if a polygon has /-r/ independent vei-tices (oousecotiT* vertices, or 
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non-totitive vertices, for instance), but not all its vertices, unloaded, 
the system cannot be a central system. 



Eccentric Systems. (Arts. 34-42.) 

34. Every eccentric system is necessarily one of the non-recurring 
systems considered in Art. 15. For the centroids of any eccentric 
system, and those derived from it by cyclic substitutions, have / 
different positions ; viz., one is in each of the sectors of the polygon. 
And it is plain that two systems cannot be identical if they have 
different centroids. It is not to be understood, and it is not a fact, 
that eccentric systems are the only non-recurring systems. For 
example : / = 6 ; 01110*2 is a central system which is non-recurring. 

We proceed to consider the properties of systems which have their 
centroids at the same point, and those which have centroids on the 
same radius of the polygon. It is convenient to take separately the 
cases in which/ is, and those in which/ is not, a prime. 



Concentric Systems : f prime, 

35. Let (/io, fij, ...) and (v^, v, ...) be two systems on the Bame/-gon 
which have a common centroid whose coordinates are r, f. Then 

re♦'V = 2/i*e*^ (tf = 2ir//), 

Eliminating r, 

2(/i*2v-v,2Ai)e*-' = 

Therefore particles of weight /ti^Sv— v^S*' form a central system, so 
that 

/ioSv— I'oS/i = ... =/i*2i'— VfcS/i = ... = /i/.iSv— y/.iS/i 

= ir(SAi.2v-2i'.SM) = 0, 

whence ^^ : y^ = ... = ^^ : vj = . . . ; 

or, what is equivalent, (fi^ f«i, ...) and (v^, v„ ...) are both multiples of 
a third system (Aq, X^ ...) which has its centroid at the same place ; 
and it may be taken that 

Aq, Aj, ... 

YOL. XX.— HO. 260. T 
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have no common factor but unity. It is obvioas that all mnltiples of 
(Aq, X,, ...) will be concentric with it; and it has just been proved 
that there are no other systems concentric with it. 

36. It is to be noted that, if (/ioi f»i, ...) satisfy the congruence of 
Art. 12, viz., 

Mo"^fi^H'f4«'H'«" = ^> mod.jj, 

the same is tme of (X^, X„ ...), save only when all the fi are mnltiples 
of ^, a case which will be discussed hereafter (Art. 60). 



Oo-radial centroids, (Arts. 37-39.) 

37.. Next consider two systems whose centroids, O^, 0^^ are in a 
common radius OQiO^\ and suppose 0G^>00i. If 0(?i, 00^ are 
commensurable, the system 0^ can be derived from the system O^ by 
combining a proper multiple of the set at (?, with a central system. 
It follows from Art. 35 a system formed in this way so as to have its 
centroid at 0^ must be identical with the given system, or they must 
both be multiples of a system centred at Oi, It is more useful, how- 
ever, to proceed outwards from G^ ; by subtracting central systems 
from the given system (?,. This may be continued until one of the 
reduced weights vanishes. The centroid of the system thus obtained 
is an extreme point for that particular radius ; and all the systems 
co-radial with it may be derived by adding central systems to it. It 
is noticeable that between and the centroid G of the extreme system 
there are an infinite number of centroids, viz., a centroid at every 
point Gi, such that OG^ is commensurable with 00 ; but beyond O 
there is not any centroid whose distance from is commensurable 
with OG. The extreme system has an advantage in that it is in- 
stantly distinguished from a central system in which all the weights 
must vanish when one of them vanishes. 

38. Whether there can be upon one radius two centroids G'l, 0„ 
such that 0(7„ OG^ are incommensurable, I cannot say. But, if so, the 
two sets of centroids would be as distinct as if they were in different 
radii. 

39. When / is composite, a centroid docs not belong exclusively to 
one system and its multiples. For, if (^^„ fi„ ...) and (i^, v,, ...) bo 
two central systems such that 2/^=Sv ; and (\, Xj ...) be any eccentric 
system, then (\)— ^+>oi K—f^i-^^v •••) is concentric with (A^, Xj, ...), 
and has the same total weight ; but clearly it is not identical with it. 
And the same sort of thing happens with co-radial systems. But, in 
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reference to the latter, there is a remark of some interest relating to 
extreme systems. 

Extreme systems with all weights positive. (Arts. 40-42.) 

40. Let there be an eccentric system E, upon an /-gon, the vertices 
of which are numbered 0, 1, 2, ... in order. Let G be a central system 
the particles of which at the non-totitive points are of the same weight 
as the corresponding particles of E. Then the system E—G will 
have its/— r/non-totitiv3 vei'tices unloaded, and its centroid will lie 
on the same radius as that of E. In general, however, at some of 
the totitive points E—G will comprise negative weights, and so be 
unavailable. We shall now explain how this may be modified ; and 
for this purpose we re-state, graphically, the results already com- 
municated in Art. 47 of the first section of this memoir. To fix 
the ideas, the particular case in which /^ 15 is discussed; but the 
method is quite general. 

41. The totitives of 15 form a group which may be expressed, and 
that in one way only, as a product of two simple groups, one belonging 
to the factor 5, and the other to the factor 3, of 15. The decomposed 
form is 

(1.7.4.13) (1.11). 

The totitives may therefore be considered as distributed on two 
pentagons of the 15-gon, four points of each being occupied. Gf. 
Fig. 1, in which the continuous lines give the deficient pentagon, 



Pig. 1. 

t2 
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1, 7, 4, 13, and tlie dotted lines mark the multiple, 11, 2, 14, 8. Or, 
they may be considered as distributed on fonr equilateral triangles 
(two points of each being occupied). These are marked in the 
second figure, the continuous line indicating the group 1, 11, while 
the dotted lines show the multiples (7, 2), (4, 14), (13, 8). 




42. Suppose now that the system E—G has negative weights at 
some of the totitive points; say it contains — X„ — X4, — Xg, and let 
X,>X8. If now X4 be added to each vertex of the pentagon 1, 4, 7, 
10, 13, and X, to each vertex of the pentagon 2, 5, 8, 11, 14 (these 
additions being two central systems), an eccentric system is obtained 
whose centroid is co-radial with that of E, and which is positively 
weighted at the points 1, 5, 7, 8, 10, 11, 13, 14. 

Or, we may place a particle of weight X, at each vertex of the tri- 
angle, 2, 7, 12; X^ at each vertex 4, 9, 14; and Xg at each vertex 
3, 8, 13. We then get an eccentric system co-radial with E, positively 
weighted at the eight points 1, 3, 7, 9, 11, 12, 13, 14, and comprising 
no other particles. 

These systems with /— r/ unloaded points, and the others posi- 
tively weighted, are analogous to the extreme systems described in 
Art. 37 ; but the relations between the different forms require further 
examination. 
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Oeneral method of solving the fundamental congruence, (Art. 43.) 

43. The method which gives numerical solutions of the congruence 

A^-f Xia+X,a'-|-...-|-A^.ia'''^ = 0, mod. j?, 

and the means by which it is ensured that no suitable solution is 
excluded, will now be explained. For the calculation of the cyclo- 
tomic, we require only those solutions 

Ao> ^i> ^j> ••• \-u 

such that o", = \)-|-Ai-|-A,+ ...-fX/_i, 

does not exceed e ; though, for a check on the work, it is desirable to 
extend the limit to e-|-l. Hence solutions in small positive integers 
are especially required. To obtain these we select the smallest value 
of a,' and then express p, 2p, 3p, ... as numbers in the scale of a. 
The "digits" in any one of these numbers form a solution of the 
congruence. Supposing the multiplication table formed so far as to 
include all multiples of p which are less than a^, all the solutions 
will be obtained in which the X are less than a. If a is less than e, 
this condition may possibly exclude appropriate solutions ; but the 
solutions excluded thus may easily be formed by replacing any 
consecutive X, say X^t, X^^.! (including the case h =/— 1, A;-|-l = 0) by 
X^-j-a, X;t^i — 1, This increases c by o— 1 : and therefore the number 
of times the operation may be repeated is fixed beforehand. Of 
course, when a solution may be amplified in this way, every con- 
secutive pair of X must be modified, giving /new solutions. 

Abbreviated methods. (Arts. 44-46.) 

44. The process described enables us to determine the solutions to 
any proposed extent, and with no risk of omission. But, unless / and 
a are small, the work is very great, and only a small percentage of 
the solutions obtained are suitable (*.e., are such that tr < e-fl). 
As it generally happens, so in this case, many artifices serve to 
reduce the labour to a manageable amount. Some of these will now 
be noticed. 

It is convenient to calculate the central systems separately. When 
/ is a prime, these are merely 111 ... , 222 ... , 333 ... , Ac. When/ is a 
power of a prime, then the central systems are combinations of the 
central systems for the prime, sandwiched together. For instance, 
/ = 9; the central systems for /=3 being 000; 111; 222, Ac, 
the central systems for / = 9 are such as 012012012 or 
021021021. When / is a product of different primes, the central 
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systems may be formed by nsing the theorem of Art. 24. Remem- 
bering that some of the A, B, C may be negative, it is necessary to 
examine the solutions formed by subtraction as well as by addition ; 
and probably it will be found best to make up a special rule for each 
case. In the case / = 6, the only case I have worked with, it appears 
that all central systems can be formed by addition merely — and a rule 
is at once suj^rgested by which the central systems can be written 
down in regular succession by an almost mechanical process. 

45. The central systems being found as far as necessary, the 
multiplication table can at once be safely reduced to a fraction of ite 
original extent. For instance, when / is a prime the table need not 
extend beyond a^'\ since all eccentric systems can be derived by 
adding central systems to eccentric systems which contain at least 
one 0. When /is not a prime, the reduction is considerably more 
important. 

46. One other contrivance may be mentioned. Take any two 
solutions whose total weights are Cj, c,, respectively. If these, or 
any cyclic permutations of them, be added together, the result is a 
new solution whose sum is o',-|-o', ; but if any "carrying" has been 
done in the addition, then for each ** carrying " the new a is reduced 
by a— 1. As an example of this, the case of ^ = 71, / = 7, a = 20 may 
be quoted. A multiple of p is found to be 0000 . 1 . 19 . 1 (which means 
a"-f 19a-fl). Adding this to 000.1.19.1.0, the solution 0002101 is 
obtained. Another solution 0001.0.1.3 occurs early in the table: 
and from these and the central system all the suitable solutions may 
be compounded. 

Of course, in any such short cut, there is considerable risk of 
omitting solutions; but such omissions are detected by trying 
whether the value of Pe+i, a coeflBcient of the cyclotomic, vanishes 
as it will do if the work has been complete. 

Minimum of <r for ecce7itric systems, (Arts. 47, 48.) 

47. When / is a prime, it sometimes happens — for instance, when 
p = 31, /= 6, a = 2 — that the value of p, when expressed in the 
scale of a, is 111 ... 1. If in such a number two consecutive l*s are 
replaced by 0, a-f 1, the resulting system is an eccentric system. Hence 
there is an eccentric system for which 

azna +/— 1. 

Probably this is the minimum value of a. But, however that may- 
be, it is easy to show that, in this case, the minimum value of or is 



1889.] Cyclolomie FuncHona. 279 

greater than a. It is clear that a §ystem for which ir ia a minimum 
must contain at least one zero. For a sjatem which contains no zero 
can be made by adding a oentral system to the extreme system 
co-radial with it. This implies that in the addition there is no 
" carrying " : for carrying alters the radius on which the centroiil 
lies. Suppose the system cyclically transformed so that A,., is a 
zero. Then 

K+\a+\a' + ...+\f.tof-^ 

is a moltiple of p. Bat, that this may be possible, at least one of the 
X. must be greater than a ; for, if all of them be made equal to a, 
the sum 

= o+o'+...+a'-'=p-l 

by hypothesis, and therefore cannot be a multiple of p. Since, then, 
one of the X is greater than a, it follows a fortiori that 

a >a. 

Since «' > y, 

it follows farther that c > {/p. 

48. There is a presamption in favoor of the theorem that, when / is 
prime, 1 +o+a'+.., +*'"' is a prime number for an infinite number 
of values of a ; and that for composite values of /, Fa coutaius an 
infinite unmber of primes. If this were so, it would follow that, by 
taking p sufficiently large, the minimum valne of a may be made as 
large as we please. But the examination of a considerable number 
of examples ecems to indicate that the inequality, cr > t/p^ holds 
good for all values of p, and not merely for those which have the 
special property assumed in the last article. If this gness is right, 
the inequality ought to be capable of proof without making the 
assumption ; but I have not succeeded in findiug such a proof, 

Deierminatiow o/ % (Art. 49.) 

49. The value of log $ having been determined, the value of Q) 
can be found by the rules given in text-books on the theory of 
equations. It is unnecessary to dwell upon this farther than to 
remark that the use of the Q form introduced in Art. 50 appears to 
give the reduction with less trouble than the oi-dinary process. 

Condiivm* that a function given by iU logarithm tkould have all its 
coeffioients integral. (Art«. 50-53.) 

50. For the purposes of the present paper it is essential to 
determine the conditions that a function, given by its logarithm. 
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Bhonld have all its coefficients integral, the first coefficient being 1. 
The function will be represented by 

H-Piy + P,y»-h 

Now let 

l + P,y-fP,y«-h... =(l-(2iy)(l-Q,y*)(l-Q,y») ... , 

where the = is meant to express that the valaes of Pp P^ ... and of 
Qi» Qi ... np to any assigned extent, are snch that the two expressions 
are identical np to that extent: so that there is no question of 
convergence. In other words, the equation is an abbreviation of the 
sevei'al statements, 

p. = -Q. 

P.= -Q,+Q,G, (-P, G), 



It follows that 
log(l+P,y + P,y'+...) 



O \ ^ I i? / 


V. ^ -12 *i3 ■'14 "^« 5 ^»6 


+ log(l-<3,y') 


-<?.y' -q;^ -q:!*- 


+ log(l-(^,y«) 


-<?.»* -<3:f- 


+ log(l-Q«y*) 


-Q.y* 


+ log(l-Q,y') 


- Qit^ 


+ log(l-Q./) 


-Q.V*- 


+ &c. 


— Ac 



On the other hand we have 

log(l + P,y+P,y«+...)=-«,y-«,|--*.|-*o- 
Hence *, = Q„ 
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and, generally, *„ = nQ^ +... + ^01'+... + ^", 

where B, ^ are integers, such that ^^ = n, and the expression includes 
all values of B. 

51. From the equations (P, Q) it is seen that, if Qi, Q, ... Q„ are 
integers, then Pj, P^ ,,. P^ are likewise integers. From the eqaations 
(s, Q) it appears that, for Qi ... Q„ to be integers, it is necessary (but 
not sufficient) that «i ... s^ should be integers. Suppose that Qj ... Qn^i 
are all integral ; then, in order that Q„ may be integral, it is necessary 
that 8„ when divided by n shodld leave a certain remainder which is 
determined by the values of some of the Q of lower rank. This 
remainder is, however, more simply expressed in terms of the s of 
lower rank ; and it comes out that the relations necessary and 
sufficient to ensure that the Q are integers are such as 

Sfti, — 8a — 8i-\-8^ = 0, mod. a6, 

where a, h are primes. The rule for forming the critical expression 
for s„ is this. Divide n by each of its prime factors in turn ; use the 
quotients as subscripts to 8 ; and denote the aggregate of the s thus 
found by 2i . Again, divide n by the product of every pair of 
different prime factors. The aggregate of the s whose subscripts are 
the quotients may be called 2,. The process is to be continued as 
far as possible. Then the critical expression is 

«n— 51 + ^2—2,4-..., 

and, if this is divisible by n, Q„ is integral (presuming that the pre- 
ceding Q are all integral). 

The analogy of this rale to that for forming the function Fa is too 
striking to escape notice. 

52. The proof comes from considering the value of the critical 
expression when written in terms of Q, For instance, 



in terms of Q, is 
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Each of the first three terms is seen to be divisible by a&. The part 
containing Q^ may be written 

iQ[)'-Q\-{Q'-Qi], 
(<2:)'-<3,'-{«t-G.}, 

SO that it is divisible by a, and by 6, and therefore by ab. If, then, 
Qaby Q«, Qb, Qi are integral, 5a6~«a— «6+«i "i^st be divisible by ah; 
and, conversely, if Q^, Q^, Q, are integral and «a*""*«~*»+*i divisible 
by dby Qab is integral. 

Again, consider the example 
which is = a'5Q«H+a* (Q«--Q.O +«» (QHt-Q^) 

The parts involving Q^.^, Q^i, Q^., Q. are seen to be divisible by 
a% as in the first example. The part containing Qi is divisible by &, 
for it may be written 

and it is also divisible by a', for 

or* = Q", mod. a\ and Q"'* = Q^ mod. a», 
by reason of the generalized Fermat's theorem. 

53. These examples saggest, what is obvions when the suggestion 
has been made, that, when a is prime, the part involving Q^ in the 
expression for ahk is (omitting the external multipliers) of the same 
form as the part involving Q^ in the hk function, and by repeating the 
]*eduction it is of the same form as the part involving Q^ in the critical 
expression for k. Hence it is only needful to consider the part 
of the critical expression which involves Qj ; and this part is written 
dowTi by merely changing the subscripts of the critical expression 
into indices. When this is done the divisibility by n is seen at once 
by using the generalization of Fennat's theorem. For let n = a'A^ 
where a is prime and A is prime to a. Suppose one of the divisors 
of n formed by our rule to be a^B, so tbat A/B contains no square 
factor. Then a*'^B is another divisor of n, also furnished by the 
rule, and in the critical expression we have a pair of terms. 
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This is divisible bj a*. As the whole expression can be expressed in 
pairs of this nature, it also is divisible by every prime-power in n ; 
and therefoi*e by n. 



Application to series comprised in log ^J. (Arts. 54-57.) 

54. I proceed to show that, if X, //,... v (written for the A,, X^, ... 
previously used) be any positive integers whose greatest common 
measure is unity and whose sum is tr, then 



«» = 



ntrl 1 _ (n<y— 1) ! n 

n\l nfil ... ny\ a ' n\\ nii\ ... nvV 

satisfies the conditions obtained in Art. 51. 

55. It is easy to see that s^ is integral. For it may be written 

(ng-l)! • ±^K 

nX! n/i! ... (nv— 1)! ' »v v 

where N is some integer. Similarly, it is = i/X, If//*, ... where 
Zf, Ji", ... are integers. But the greatest common measure of X, /*,... i' 
is 1, so that the denominator of these equal fractions when in lowest 
terms must also be 1 ; that is to say, s^ is an integer. 

56. We shall now prove that 

where a is prime, A prime to a, and ^, h are integers. 

This at once gives ^^.^ = *^«-i^, mod. o* ; 

and hence, as in Art. 53, it follows that the critical expression is 
divisible by n. 

It is convenient to write B for a*~^A in some places, and the theorem 
to be proved may then be written 

Consider the expression {aBp)\ It contains multiples of a, the 
product of which is 

a.2a.3a...^pa = a*. {Bp)\ 

The remaining factors may be arranged in Ap products of which 

the first is 

1.2,... (a-l)(a+l)... (a--l), 
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the second is formed by adding a* to each factor of the first ; the 
third by adding 2a*, and so on. Now, by Oanss' generalizatian of 
Wilson's theorem, the first prodnct 

= — l + mo*, 

where m is an integer. Clearly the other products are of the same 
form. Hence the product of all the factors of {aBp)\ which are 
prime to a 

and (aBp) ! = a* . (Bp) ! { - 1)^ +ma*} , 

where m is some integer. 

Hence, if p be replaced by c, X, /i, ... v, in turn, we shall have 

^J_ (flB(f)! ^ 1 (Btr) ! (-l)-^--hifca* 

^''^ a ' (aB\)l ... (aBy)\ tr * {B\)\ ... {By)\ ' (-1)^'+Aa*' 

for it is at once seen that powers of a cancel. But this is 

8aM . (1 + ^a*) = 5j, . (1 + Icar), 

where ^, h are positive or negative integers. 

This result proves that the congruence 

8aB = '^ mod. a*, 

remains true when the sides are divided by any common factor, 
whether prime to a or not. 

To sum up, we may enunciate the results in the theorem : 
If X, yi, ... V be any positive integers whose greatest common 
measure is 1, and whose sum is a, and 



8n = 



an\ 



a ' Xn! ... vn\ ' 

then exp. (-S5„i/Vw) = 1 + -Piy+P,y'+..., 

where Pj, Pj, ... are integers ; and if b^^ «j, ...««> ... have any common 
factor, say m, then 

exp.(-2«.yV«)= (l+Ay+P,y'+...)*» 
where P^, P,, ... are still integers. 

57. When the greatest common measure of X, /i, ... v is p, the 
theorem of Art. 54 is not true ; but in this case -ps^ is proved to be 
integral as in that article. The following articles are not affected by 
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the change : so that we have the theorem that, when the greatest 
common measure of A, /i, ... v is p, then 

exp. (-5p5„2/»/n) = 1 + Piy + P,y«+..., 

where Pj, Pj, ... are integers not divisible by p. 

The eccentric factor of ^J. (Arts. 58, 59.) 

58. Let X, fi, ... V 

be any eccentric system, such that X, /i, ... i' have 1 for their greatest 
common measure. This system, with its multiples (nX, nfi, ... nv), 
contributes to log $ the terms 

f' a ' nX! ...nv! ' n 

If we combine with this the systems formed from it by cyclic substi- 
tutions, the efEectis to multiply this by /, and the total contribution is 

<r nX! ... nv\ n 

This may be regarded as belonging to the point (?, which is the 
common centroid of (X, /i, ... v) and its multiples. 

In 5J there will therefore be a " factor,'* 

(l-JE?,y'--&,y»'-«fec.y, 

where the ^j, ^„ <&c. are integers ; and this factor may be considered 
to belong to Tihe particular point mentioned above. 

59. Every point G, in one sector of the polygon, which is the 
centroid of a solution of the oft-quoted congruence, contributes a factor 
of the same kind. For our present purpose it is unnecessary to keep 
these distinct ; and we shall write the " eccentric factor " of 5P in 
the form 

where Ej^ is the first E that does not vanish ; so that h is, in fact, the 
minimum value of a for an eccentric system. 

This may also be written 
where Ek are still integral ; and, in the beginning, positive integers. 
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The " third factor " of 5P. (Arts. 60, 61.) 

60. Next consider the case in which X, /i, ... v are all nmltiples of 
Pf and therefore satisfy the congruence 

X+/ia+... H-va'** ^ 0, mod. j?. 

Bnt it is supposed that no system of integers 

X/S, fi/Sj ... y/i 

satisfies this congruence. Then the greatest common measure of 
X, fly ... y must he p. 

The contribution to log $ made by such a system, and the systems 
symmetrical with it, and their multiples, is 

Bat in reducing from the logarithmic form we find that, as remarked 
in Art. 57, the factor contribnted to $ is of the form 

where the E, are integers not divisible by p. 

As in the case of the eccentric factor, we express the product of all 
the individual factors in one ; which is the " third factor " of ^. 

61. From the way in which the third factor originates, it is clear 
that all the tr are multiples of p. If the system 

(X, /i, ... y) = (Xfp, lip, ... vp), 

and a = trp, • 

it will be seen that the / numbers 

, /i, ... y 

may be any partition of any integer (r\ except those which satisfy the 
fundamental congruence. 

The third factor is of the form 

l_yp-4c., 

and the coefficients of the cyclotomic are not affected by the omission 
of this factor. 

The " central factor " of ^. (Arts. 62-66.) 

62. The general form of the contribution to log$ by a central 
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system, and its multiples, together with the cyclic transformations, is 

g go" (Aw! ... yn\y n 

where o'=X4-yi-f-...-|-y; so that gtr corresponds to the a of the 
preceding articles, since the snm of the denominator elements is 
(X+/i+... + v)gr. 

63. Now the expression — — /^^' .^ > 

is divisible by {gl)\ where h is the number of quantities X, /i, ... v. 

For we have 

(U+l)(fcX-f 2) ... (fcX+X-1) (fe-hl)X 
1.2... X-1 • X 

= an integer X (A; + 1). 

Putting herein fc = 0, 1, 2, ... (^— 1), and taking the product |of 
the results, we find that 

- -?f- is divisible by a ! 

Multiplying by the integer ((rg)l/((r—\) g\ it follows that 

V X. .V IN, is divisible by g ! 

Similarly, ; Kg— ^y - jg divisible by a! 

(ergf-Xgf-/igr)! (^!/ 

Continuing the process, and multiplying the results, we have 

^xi »7' .\\f ^^ divisible by (g\)\ 

where ff = X+^-f...+v, and ^ is the number of quantities X, /*, ... v. 

This result is evidently not alEected when for a^X^fjiy ... v we write 
no*, nX, ... nv, respectively, and the theorem is proved. 

64. Hence it follows that 

1 (gany 



ga ' (Xnl ... yniy 
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which is integral, is divisible by 

V 

if this is an integer, or, generally, by the namerator of this fraction 
when expressed in lowest terms. 

Represent this divisor by d. Then in the contribution to log $, 
namely, 

g ga (Xn! ... yn\y n 

the coefficients of y^'* /n are integers or fractions, according as d is 
or is not a multiple of g. And, accordingly, in ^ there will be a 
corresponding factor which is an integral or fractional power of a 
series, 

where the coefficients Cj, (7„ ... are integers. In fact, the denomi- 
nator of the fmctional exponent will be the denominator of the 
fraction d/g when reduced to its lowest terms. 

65. We can now indicate some of the characters of the product of 
the central factors of $ : and firstly in the case when / is prime. 
The central systems are all multiples of (111 ... I), so that 

and therefore d = (/—I) ! 

Thus the central part of log $ is 

-■£-.(/-!)! 2 ^iy-^'", 

where the 2 covers the logarithm of a series, say 

with integral coefficients. The central part of $ is this series raised 
to the power 

whereof the last term only is a fraction. 

It appears at once that the central factors of $ are functions of e 
only in the form e . (/—I) ! In the tables which follow will be found 
verifications of this. 
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It also appears that $, whicli has all its coefficients integral, con- 
tains two factors, (and no more), 

whose coefficients are not all integers. The product of these mnst, 
therefore, have integral coefficients. Therefore 

a-fyr'Hl + G,l/+G,yV+...r''=il+y+B,y'+...), 

where for Bj is written its obvious value, 1. It will be found that, if 
we replace 

by its equivalent 

(i-/y)-'(i+y+-B.j/'+. ■■)-', 

the asymptotic factor of 

$ = (1-/2,)' (l+y + B,y'+. ..)'.• 

and other forms may be obtained in which both the and the B 
series appear. In the tables only one combination is shown, viz., the 
product of all the central factors into the factor (1— /y) "^^. 

6Q. The significance of the result of Art. 64 is seen in dealing with 
the cases in which / is or contains a power (higher than first) of a 
prime. It will suffice to give a particular example. Take / = 9. 
Then ^ = 9, 3, A- = 1, 3. (The value gr = 1 is excluded because in 
I central system on a nonagon the weights cannot all be different; 
overy triangle must have equal weights at its comers). The corre- 
jponding values of tr are 1 and an indeterminate number respectively. 
For when gr = 9 the system must be a multiple of (I)*, but when 
g =zS the system is a multiple of (a, 6, c)', where a, 5, c are any 
positive integers. The values of d/g in the two cases are 8 ! -5- 9 and 
3 ! 3 ! 2 ! -7- 3<y = 24/ <y. The first is an integer, and the second would 
also be integral but for the <y : and ^J would contain one factor only, 
viz., (1—91/)"* raised to a fractional power. 

* From this a well-known theorem relative to cyclotomics is easily deduced. The 
proof for unrestricted values of /may be given, as it is very short. We have 

where IT and T are functions such as 1 + ITj y + ITj y' + ... with integral coefficients, 
and 2\, Tj ... are multiples oip. Hence, separating the fractional-power fiictors, 

another function of the same kind as J7. 

Eliminating H, ?f = (l-/y)«. KJ* . T. 

Hence $ s (1 -/y)*, mod. p, 

or i|*+i?*-*+iji|'-* + ... s(i|-/)*, mod.jp, {i| - 1/y). 
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Example of Calculation of the Asymptotic Factor, 

67, An abstract of the calculation of the asymptotic factor of $ fo 
the case/ = 3 follows. This will serve to point oat the interesting 
character of the coefficients Q (Arts. 7, 50). It will also indicate th 
origpin of the form of the snccessive coefficients in the asymptoti 
factor described in Art. 3. The proof that this form is general, oome 
at once from the observation that s^ is linear in p (or e) when n is no 
prime to/; and does not contain 2? (or e) when n is prime to/. Th 
eqnatio n (5, Q) and (P, Q) of Art. 50 then give P, the coefficient 
in the asymptotic factor, in the form described (Art. 3). 

The results of the calculation are entered, as they are obtained, h 
a table such as the following : — 



■ 


k 
1 


»» 


Ok 


P. 


-1 


-1 


1 


2 


-3 


-2 


2 




3 


-9+2p, =— 7+6e 


-2+2e 


4-2e 




4, 


-27 


-9 


ll-2e 




5 


-81 


-16 


29-40 


■ 


6 


-243+30p 

= -213+90e 


-85+19e-2e' 


73-23«+2e' 


■ 


7 


-729 


-104 


207-37fl+2e* 


■ 


8 


-2187 


-318 


674-886+4e" 




9 


-656H-560p, 


i(-1992+536e 


i (4626-11 78e 






= -6001 + 1680e 


+ 24e»-8e') 


+ 114e»-4e») 



To show the mode of forming this table, take the last line. ^ con 
sists of two parts, viz., —3®, = — 6561, and a part arising from thi 
central system (3, 3, 3) of weight 9. The latter is 

Thus *• = - 6561 + 660p = - 6001 + 1680e. 

Qg is given by the equation 
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9Qo= 8^ =-6001 + 1680e 

-3(2', + 24- 72e+72e«-24e» 
- Q? + 1 



or 



Q. 



= - 5976 +1608e + 726* -24e», 
= i ( - 1992 + 63C>e 4- 24e« - 8e») . 



Finally, P^ = -Qj = i (1992- 536e- 24e*+8e») 

+ Qi Qs + 318 



+ Qte7 


+ 208 




+ G,Q. 


+ 70- 


108e+ 42e'-4fl» 


+ Q4Q» 


+ 144 





QiQjQa + 70- 38e+ 4e' 
QiQsGs + 32- 32e 
QtOiOt + 36- 36e 

= i (4626-1178e+114e»-4e»). 
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Tables. 

Appended are some tables for / = 3, 4, 6, 6, 7, 8, 9 Ulnstrative of 
the preceding paper. They are similar in arrangement. 

Under I. are given the formnlee for the coefficients of y^, y^, y*, in 
the asymptotic cyclotomic. The coefficients are ranged in order down 
the several columns. They are expressed in terms of e = (p — 1)//. 

Under II., the same coefficients are expressed in terms of e, a suit- 
able multiple of e. 

Under III. are given the numerical values of the coefficients for 
values of p less than 100. The end of the cyclotomic is marked by 
a I : and the &:st coefficient that is afEected by the eccentric factor is 
underlined. 

Under lY. are given the eccentric factors corresponding to the same 
values of p. The product of III. into IV. gives the cyclotomic (as 

far as t/^"0* 

In the last column of III. references are given, such as B. p. 7, to 

u 2 
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the page in Beuscble's Tafeln, on which the corresponding (^clotomio 
is given. 



in. 
p 

7 
13 
19 
81 
37 
43 
61 
67 
73 
79 
97 

IV. 



/•=3, 
I. 1, -(2e 

1, -(2e 

2, -(46 



4), 2e' 

11), 2e' 

■29), 4e'- 



23« + 73, 

•37e+207, 

.88e+674, 



-I (4e'-114e' + 1178e-4626), 
-i (4e'-156«'+2297a-13305), 
-i (8««-354e«+6869c-37707). 



11. 1, 

1. 
2, 



( e-4), i ( €'. 
(«-ll), i(e'. 
•(2e-29), A(2e' 



e = 2e. 

23e + 146), 
37e+414), 
'88C+1148), 



-i ( «•- 
-* (2«'- 



57e'+1178e 

78e«+2297e 

177e'+5869e- 



9252), 

26610), 

75414), 



1,1,2 
1, 1, 2, - 
1, 1, 2, - 
1, 1, 2, - 
1, 1. 2, - 
1, 1, 2, - 
1, 1, 2, - 
1, I, 2, - 
1. 1, 2, - 
1, 1, 2, - 
1. 1, 2, - 

P = 



0, 
■ 4, 

8, 
•16, 
•20, 
24, 
36, 
40, 
44, 
48, 
60, 



31 
37 
43 
61 
67 
73 
79 
97 



7, 
3 

■ 1, 

■ 9, 
■13, 

17, 
■29, 
33, 
37, 
41, 
53, 



21. 
13, 

5, 

11. 

19, 



3^5, 

13, 

7 
43, 
85, 



-27, 143, 
■51, 413. 
■69, 535. 
67, 673, 
75, 827, 
99, 1385, 



141, 414, 

91, 286, 

I 57, 190, 

37, 94, 

51, 94, 

81, 126, 

267, 414, 

361, 574, 

471, 766, 

597, 990, 

1071, 1854, 



898, 

494, 

266, 

82, 

- 2, 

- 166, 
-1778, 
-2902, 
-4426, 
-6414, 
-15802, 



3101, 

2119, 

1425, 

645 

431, 

249, 

- 745, 

-1439, 

-2421 , 

-3776, 

-10609, 



9107, 
6461, 
4503, 
2139, 
1477, 
991, 
- 691, 
-1753, 
-3279, 
-5467, 
-16983, 



B.p. 
B.p. 
B.p 
B.p. 
B.p. 
B.p. 



1-31 (j/' + 36y"-f 42y» + 0.2/"+...) 

l-37(122,»+30y"+y"+...) 

1-43 (y'+45y» + 132y»+1430i^"+...) 

l-61(55y»+...) 

l-67(5y»-f286y"+...) 

l-73(2/">+663/"+...) 

l-79(223/'»+,..) 

l-97(26y'*-+-...) 
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/ = 4 

1, (2e-7)(e-3), | (4e*-124e»+1511e«-8693e+20262), 

1, 2e'-23e-|-77, i (4e*-164e»-|-2723e*-22189e+76896). 

-(2e-2), -i(4e»-66e'+380e-771), 
■(26-7), -i(4c»-96e« + 851e-2889), 

€ = 2e. 



1, 



l(e-6)(e-7), 



1, i(6«-236 + 154), 

(f-2), I (e»-33€-|- 380c- 1642), 
0-7), i (€»-48e+851e-6778), 



£ (€*-62€>+151l€»- 173866 4-81048), 
4! 

J- (e*-82€"+2723€»-44378€4"307584). 
4! 



5 

13 
17 
29 
37 
41 
53 
61 
73 
89 
97 



1, 1, 
1, 1, 
1, 1, 
1, 1, 
1, 1, 
1,1, 
1, 1, 
1, 1, 
1, 1, 
1, 1, 
1, 1, 

IV. 



0, 5, 10, 66, 151, 

•4, 1 I 0, 26, 39, 

'6,-1, 1 I 17, 

■12, - 7, 28, 14, - 9, 

16, -11, 66, 32, - 73, 

18, -13, 91, 47, -143, 

24, -19, 190, 116, -601, 

28, -23, 276, 182, -1193, 

34, -29, 435, 311, -2659, 

42, -37, 707, 543, -6079, 

46, -41, 861, 687, -8543, 



710, 2160, 9546, 



88 

30, 

- 7, 

-246, 



72, 

738, 
-592, 2307, 
-1539, 7838, 3867, 
-3987, 28512, 16237, 
-5845, 48069, 28796, 



741 I 
551, 
427, 
966, 



P = 



29 
37 
41 
53 
61 
73 
89 
97 



l-29(3i/'+...) 

l-37(/-h36y'-|-...) 

1-41(14/4-1/^^+...) 

l-53(42/»4"165y"4-3960i^»+...) 

l-61(42y"+...) 

l-73(15i/"+...) 

l-89(99y^+...) 

l-97(55y^'+...) 



B. p. 2 
R. p. 16 
R. p. 19 
R. p. 35 
R. p. 61 
R. p. 58 
R. p. 79 
R. p. 89 



III. 
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/=6. 

I. 1, -(24e-180), 2886*- 156606+331282, 
1, -(24e-796), 288e«- 30444c +1544418, 
3, - (72e-3532), 864e'-118788e+ 7211960, 

11, - (264e- 15906), 3168e» - 506484e+ 33850962, 

44, -(1056e- 72490), 12672e»-2238720e+ 159612948. 

€ = 4! e. 

II. 1, -(c-180), i(e»-1305e+662564), 
1, - (e-796), I (€«-2537e +3088836), 
3, _ (3e-3532), J (3€'-9899e+ 14423920), 

11, -(11«-.15906), |(lle«-42207e + 67701904), 

44, -(44C-72490), ^ (44c* -1865606 +319225896). 



= 11 I 1,1, 3 I 11,44, 132,748, 3388,15378,70378,301114, R] 

31 1, 1, 3, 11, 44, 36, 652 | 3100, B.] 

41 1, 1, 3, 11, 44, -12, G04, 295G, 13794 | 41 x 1562, R] 
61 1, 1, 3, 11, 44, -108, 508, 2G68, 12738, 59818, 184834, 

1220562, 5910920, E.] 
71 1, 1, 3, 11, 44, -156, 460, 2524, 12210, 57706, 168490, 

1174650, 5718272, 27381104, 130754580. R.] 

l-31(20/+80//7+...), 

l-41(y» + 102/«+63y'+23V+988i/»+...), 

1 - 61 (t/*+ 30i/H 148i/« + 848^/'+ 8822/^H 10980i/" + 57917y"+ ...] 

l-71(10t/«+15/ + 105t/«+6162/'+792i/" + 13660t/" 

+ 50790?/" + 242328y" + 1149635y^*+ ... 



IV. p = 21 
41 
61 
71 



/ = 6. 

I. 1, He-3)(9e-44), i (27e*-1254e»+20469e«-146818«+39! 

1, U33e*-297e+670), 

-(3e-3), -I (9e»-202e»+1467e-3472), 
-(7e-14), -i (45e»-961e"+7160e-18464). 



1889.] 



Gyclotomic Functions. 



295 



P= 7 
13 
19 
31 
37 
43 
61 
67 
73 
79 
97 



I 0, 

- 3 

- 6, 
-12, 
-15, 
-18, 
-27, 
-30, 
-33, 
-36, 
-45, 



7, 35, 203, 

0, 26, 104, 

7 I 0, 38, 

21, 1, 6 

28, 15, 38, 

35, 38, 104, 

56, 161, 500, 

63, 220, 698, 

70, 288, 929, 

77, 365, 1193, 

98, 650, 2183, 



1099, 

637, 

323, 

I 31, 

- 1 

7, 

1, 
-101, 

-298, 

-617, 

-2576, 



6106, 

3809, 

2209, 

527, 

185, 

-1023, 
-1960, 
-3421, 
-5541, 
-17205, 



33797, 

22074, 

13756, 

4464, 

2257, 

I 989, 

- 916, 

-1758, 

-2921, 

-4414, 

-9748, 



IV. c = 



43 
61 
67 
73 
79 
97 



1 
1 
1 
1 
1 
1 



43(/+22y»+...), 

61 (14y» + 210y^H1062y" + ...), 

67 (42/»+93i/^H1260y" + ...), 

73(y»+...), 

79 (I2y'' +...), 

97(15y"4"...). 



I., 11. 



= -€+23412, 
= -€+146845, 

— ""■ ^iC *T" , , , , 

= -20e + ..., 

= — 110€+..., 

= — 638e+.,., 



R. p. 4 
R. p. 16 
R. p. 26 
R. p. 44 
R. p. 52 
R. p. 66 
R. p. 92 
R. p. 102 
R. p. 122 
R. p. 135 



III. 


p 


= 29 
43 
71 


IV. 


p 


= 29 
43 
71 



/=7. 

1, -720e+ 23412 

1, -720e+ 146865 

4, -2880e+ 930385 

20, -14400e+ 5955040 

110, -79200e + 38439040 

638, - 459300e + 249861680 

3828, -2756160e+ 1633746320 = -3828€ + .... 

(e = 6!e). 
1, 1, 4, 20, no I R.p.36 

1, 1, 4, 20, 110, 638, 3828 | R. p. 67 

1, 1, 4, 20, no, 638, 3828, 16212, 139645, 

901586, 5811040] R.p.ll2 

l-29(3y*+19y»+...), 

1-43 (y>+12y»+26/+230y'+...), 

1-71 (Sy* + 4y» + 35y* + 135y^ + 1245y» + 7916y» 

+48363y»H...) 
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I. 



/ = 8. 
1, 


8e»— 58e+152, 


1. 

(4e-4), 


8e'-142a+1034, 
-^(32e»-600e'+4888e 


■(4e-25), 





-20943). 



II. 



III. p = 



1, 

1, 

(e-4), 
(e-25), 

1. 
1, 
1, 
1, 
1, 



17 !i, 


41 


1. 


73 


1, 


89 


1. 


97 


1, 



e = 4e. 
-l(€'-29e+304), 

1 (e«-71eH-2068), 



J. (e»-75e» + 2444e-41886), 



-4 I 17, 

-16, 5, 62, 524 | 2501, 

-32, -11, 278, 404, 741, 

-40, -19, 482, 440, - 939, 

-44, -23, 608, 482, -2203, 
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On the Oeneralised Equations of Elasticity y and their Application 
to the Wave Tlieory of Light By Prof. K. Peaeson, M.A. 

[Bead April nth, 1889.] 

1. In some recent researches with regard to intermolecnlar action, 
in which I have endeavoured to explain cohesion by the apparent 
forces introduced between molecules by certain terms in the usnally 
disregarded kinetic energy of the ether, I have been forced to the 
conclusion that, on the assumptions of my theory, intermolecnlar 
action depends, not only on intermolecnlar position and aspect, but 
also on the internal vibratory velocities, and the external translatory 
velocities of the molecule. The important part played by the former 
has been recognised in the theory of elasticity by the introduction of 
the thermal terms. The direct influence of the translatory velocity 
of the molecule, as a whole, on the law of intermolecnlar action, and 
so on the strain- energy, has, I believe, not been hitherto sufficiently 
regarded. It will probably sensibly disappear from the equations of 
statical elasticity, but there seems to me every reason for supposing 
it will have considerable influence in the cases of elastic bodies whose 
parts are in rapid motion ; such cases may possibly arise when we are 
dealing with problems of impulse and impact of elastic bodies, of 
sonorous vibrations, but more especially of optical vibrations of elastic 
media. It is just in these cases of rapid motion that we And the 
ordinary theory of elasticity goes astray. I need only instance the 
divergence found by some physicists between the elastic constants as 
determined by statical and by kinetic methods, the failure of the 
theory of the longitudinal impact of rods to account for observed facts, 
and the difficulties which the "perfect elastician" encounters in the 
etherial regions.* It becomes of interest, therefore, to investigate 
whether the introduction of the translatory velocity into intermolecnlar 
action will account for any of the observed discrepancies. In the 
particular theory of molecules with which I have occupied myself, the 
kinetic energy of the ether is expressible as a function of inter- 
molecnlar distance, aspect, and velocity. This leads to intermolecnlar 
action as the outcome of this disregarded energy being a function of 



♦ See Hist, of Elatticity, Vol. i., Art. 1297; Vol. ii., Arts. 210, 214; and 
Glazebrook's Meport on Optical Thwriea, Britiflh Auodationi 1886, p. 170 et $eq. 
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molecnlar velocitj, and therefore to tbe action between one element 

of matter and a second (or one gronp of molecules and a second), being 

a function of mean element-velocitj and its flaxions with regard to 

space. Bat it follows that the strain-energy must in this case be also 

a function of the velocitj and space-fluxions of the velocitj of the 

element. 

Let tt, r, IT be the shifts at anj point of an elastic solid ; let s„ 8^ s^ 

be the three stretches in three rectangular directions x, y, z^ and a^^ 

^uj '«9 the corresponding slides. Let W be the strain-energj per 

unit volume of the solid at x, y, z. Then it has nsnallj been assnined 

that 

W = function of (s„ #y, t„ c^ r^ r^). 

The conclusions of the theorj referred to aboTe indicate that, for an 
elastic bod j whose parts are in motion relative to the ether, IT ought to 
be considered as a function also of u, r, v, #^ s^ ^, a^ r.^ er^^ and 

• • • 

V» ^*^ ^T* ''^^cre a dot denotes a time-fluxion, and r^ r^ r.^,* are the 
twists of the elastic solid at a% y, x, and are here introduced for the 
purpose of admitting aU the space-fluxions of the speed components. 

Thus, without anj further appeal to the particular molecnlar 
hjpothesis referred to above, we shall suppose TT to be of the fonn 



W=f(s„SfjS„ v^ v^ 9^ u, r, If, f„ s„ s^ er^ v^ tr^ r^ r^ r^) 

(i.) 

for anj elastic medium whatever. 

The equations obtained for the shifts «, v, ir, on this supposition, I 
term the generalited equations of dastidiy. 

The form (i.) for W above seems an extremelj probable one when 
we assume — 

(a) That intermolecular action arises from ether-stress on the 
molecules. 

(5) The total kinetic energy of ether and molecules is capable 
of expression in terms of the positional and speed coordinates of 
the molecules themselves. 

It reduces to the ordinary form in the case of statical elasticity. 



^--n^-*)' "--'*U~5?)' "-^"*(s~;^> 

if the ahift-flnziooi are sapposed mall, and 
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2. I proceed to determine the generalised equations of elasticity on 
the assnmption that the shift-flaxions with regard to space are so 
small that their squares may be neglected. 

Let L = T— TF-h F, where V is the external force-f unction, and 
T is the kinetic energy of the element per unit volume, and let 



L' = 1 1 -Z/ dxdydZj 



taken over the whole elastic medium ; then, by the Hamiltonian prin- 
ciple, r«, 

a rdt=o. 

Now T=-^(u«H-v«-hti7'), 

if p be the density of the medium ; hence, to find the elastic equa- 
tions, we must have 

a {''{{{ (^(u'W + w') + V-W\dxdydzdt=z^ (ii.). 

As a first variation, change uix) u + Bu without varying t, then 



f:fff('» 



^ + ^^t4-aiF) dxdydzdt = 0. 



Integrating the first term with regard to the time, and taking ^^=0 
at fj and t^, we have, ii dV/dx be written pX, 



p {{{ {p{X-u)^-^W} dxdydzdt = (iii.). 



We must now find the variation in W due to Bu ; this is obviously, 
when integrated for the time by parts, 

{"mt^i'-il^-l i±)is.+ (^-l ^)a.„ 

Jr. J«, C\ei5, dt dsj ^d<r„ dt ^„J 

\da^ at dtr^ I dt\dv.l 



•KT ^ d^u % dBu % dlu 

Now, &.=_. i<'.. = -^, ^'-=-%' 

« 1 dlu « 1 d^u f X 

^^''=- 2 -^' ^^"= 2 -^' (^•>- 
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Further, let a^, ^i, Zi be the real coordinates of the point, or 

then, as in G. Neumann's memoir of 1857 (GreUe, Bd. 57, p. 286, or 
Hist, of ElcLst., Yol. II., Chap, xi.. Sect, i.), it woald be correct to change 
from Xt ijy z to x^, y^, z^ in the element dx dy dz of volume, and in the above 
fluxions of Bu. The proper values for this change are given bj Saint- 
Venant, Le<^8 de Navier, p. 791. But, if we are going to neglect the 
sqaares of the shift-fluxions, this transformation introduces no altera- 
tion into the above forms. Substituting the values (v.) in (iv.), and 
(iv.) in (iii.)> wo have, after integration by parts, the following 
equation : — 



d^ td^ __ d d$__ l_ d d^\ 
dz \da„ dt ^„^ 2 dt ^rj 

d_ (d^_^ -^ J- 1. A -^\ ] 
dy \da^ dt ^^ 2 dt ^'1 J 



«y M"*y 



-f:fi*H(i-if>- 

\d<r^ dt /„^ 2 dt drj 
^\d<r^ dtdc„ 2 dtdrJ ^i ^^'■^' 



' ■* *^ • IX 



Since ^t* is arbitrary, we have : — 

(i.) For the type of body-shift equation, 

dx dsg dy dtr^^ dz d<r^ 

dt ail dt\dx cUf, dy d<r^ dz d<rj 

1 d ( d d$_ d d^\ _^ , ... 

(ii.) For the type of surface shift-equation, it /, // , n be the 
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direction-cosines of the normal to the surface at x, y, z. 
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dsg ' dfTg^ ' d(T. 



*m 



2 \ dt dr^ dt drj ^ ^ 

If there is a surface load, the right-hand side of the last equation 
must he replaced by Zq, the component parallel to the axis of x of 
this load. The first lines of equations (vii.) and (viii.) give the 
usual equations of elasticity. 

Let us write for brevity 



XX = 



d<^ __ d d<^ 
dsu dt ds. 



spy 



xz 



d<^ d dtp 1 d d^ 

"" d<r^ dt dir^ '2 Jt dr^ 

dip d^ dip 1 d dip 



(IX.). 



Then the above equations become 



= 



(X.). 



dt du dx dy dz 

^-\ ^-s #*«% 

lxx-\-mxy-\-nxz = X^ 



We may now ask whether xxy xy, xz may be taken for the generalised 
stresses upon an elementary plane perpendicular to the direction of x 
at the point x, y, z, i.e., the traction and the two shears P If this be 
so, then the surface stress-equation [second of (x.)] is the same in its 
generalised and customary form, while the body stress-equation 
dilEers by the introduction of the term of type 



dt\A;^)' 



du* 

We shall see later that the chief effect of this term is to cause an 
apparent alteration in the mean densiiy p of the elastic /stolid. 
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In onier to consider ibis point ft Knie nore ckMelj, let ii8 write 
dovn the T&I^es of vx Az.d jz, se zsd. xy. We fisd 

'^ _ ji«_ i _*e^ 1_ ^ •i» ^- 

"^ i< ^ ^ 1 i _ij» 

^'^z* ^ i«- ^ ^- XT 

^^ M £ ii» I i i* 






Bt -a^V^'yf ?^4 secc&i r£ :i^^la5il^cs X. \ Ki>f rn^czo^ L WL, m pftir and 

lir Asr:^ w» jtw ihss a;, rv. s^ rvLHj rvcr^stnL* Kzesses. ftnd mre the 
tr*Lrm«:c. as?! t*'- jifar* icsvus^ a3t eunmsni^ajrT Tu*a* pt^pendicolftr to 
X ;ia ii:*; rcxzsiiM sxr^A.'^. ^i laia Voadri^ sirfac* sat be really 

soTTiikif ;3: ia< jclni H^oinf -^•er^e ^:'^ftSL^LI£es are red 
W^ iw 3CV 3itfc Jj 4ii«i iiriTTilrr i2lis. bj (ix.) and 



r^ 5s t^. tc=tJ7- Jac iff=ic (™-)« 

Ir .fife liiM V,* " irdfcv Sf ^rw. ^•v tlier: iaT« 

ii» is fm 
/V^ «^. c-^ 

'jjotfwcni»^»'3 -'^ . -Wvfc iihfwi<>ry ^^c v V ^- ^t- ^^ »"«• A^ *h# other 

i iTj^-;.-..!,'*^) C'l ^v '!»*'• V ^i,"?c?v<5».*£ jj -i::^ % j rjii zlhu. If ihen (xri ) 

,"H;r.'xce ^cmvJ:^V,>« *it;fi?v*iw ?» :>. ^Kirs '•v sT^.-o.'! >• .VKLjeZ*;*! "o omit 
>fc^2^ ,-Vii*i.-'».:nc r.>v '^'^i -jsj^iws ^:iu /, .*r -«,• iiSssiTii* ::bac the 
i Lxx-^sit .'I rjy nV .V *- jifn*v\^K '^^ "i -octr-t v ^rractf :fii;* WT::: ia «^ onder 

-xj./ vr^L-N N, V. >i ^.. •- . *-^ '«' K'-^ wi* "*w».'iT 7.*c iiraytiz:? the 
^-w:w A" \'. ♦ K**» -W >>• -*-.i'v''iv^x* '^ * 'Livv.i:a ;c ^M sp«ed 

V/4. vvj.. r. >''«'^ <^t! /'*>»■ *'«v*. X s. . <*. .V •^ '^ til t:c. i-.'-v^Ter, 
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to do so, because such or similar reasoning would induce us to omit the 

J jr. 

term -- -? from the typical body shift-equation of (x.). 
"'^ du 

It is better, therefore, till we have seen whether any physical 

phenomena require the introduction of the twist-speeds into f, to 

divide our bodies into two classes : 

Class (i.) — Strain-energy a function of twist-speeds. 
Types of stresses : 



da, dt ^^ 
d(r^ dt ^^ 2 dt dr^ ) 



(xiiia.). 



yi ^'ym 



The other stresses to be found by cyclical interchange, remembering 
that 



V — "■'^■f 



Class (ii.) — Strain-energy does not contain twist-speeds. 
Types of stresses : 

cfo, dt tU:, 



,(ziii6.). 



"^ dA d da 
yz = — ^ — — — r- 

In both cases, equations (x.) are the stress-equations. 



3. I now pass to an analysis of the possible form of 0. I shall 
commence by assuming that contains no higher powers of the shift- 
fluxion-speeds than the second. This is not so arbitrary as might at first 
sight appear. Without assuming that can by Taylor's theorem be 
expanded in powers of these quantities, and that we need only retain 
these powers so far as the second, it is sufficient to remark that we are 
led to believe that the strain-energy contains the shift-fluxion speeds, 
because these occur in the kinetic energy of the ether, which leads 
again to their appearance in the apparent intermolecular force, and so 
in the strain-energy ; but it is extremely probable that they appear 
only in the second powers in the kinetic energy of the ether, and so 
only as second powers in the apparent intermolecular force, and in 
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the strain-energy.* I shall adopt, then, the following form for ^ — 

where 

^1 = Green*s form of the strain-energy, namely, a quadratic 
function of the strain components. 



• • 



0, = quadratic terms in the shift-speeds t*, t?, to. 

^2 = linear terms in the shift-speeds „ 

• « • • • • 
^j = quadratic terms in the strain-speeds 5^, 8^ 5„ ff^, o^^ <r^. 

0s = linear terms in the strain-speeds • „ „ 

~ • • • 

0^ = quadratic terms in the twist-speeds r^,, r^, r^^. 

04 = linear terms in the twist-speeds „ 

0^, = products of r and s quantities, where 

m m 

for r or * = 1 we must take strains, 

„ 2 „ shift-speeds, 

„ 3 „ strain-speeds, 

„ 4 „ twist-speeds. 

I will now consider which of these elements of may or can exist. 

■ (a) 02 cannot appear; for, starting an unstrained body from rest, the 
work done would depend not only on the direction, but on the serue 
^f the motion. 

(b) 01, seems also improbable ; for, by starting a strained body from 
rest, we could make the work depend on the sense of the motion. 
Possibly, however, this term might appear when magnetisation or 
other physical influence has given a sense to the ether-field through 
which the body is moved. 

(c) and (d) 03 cannot appear ; for its sign would be changed by 
reversing strain-speeds ; this applies also to 0^. But, further, if these 
terms had any existence in 0, they would disappear from the stresses. 

(e) Assume the system of shifts which connotes the motion of the 



* This IB certainly the case in molecular researches based on the assumption that 
the ultimate atom is a pulsating body in a fluid-ether, or again that it is an ether- 
squirt, or indeed a body of any shape moving through a liquid i see Leimb's ' * Motion 
of Fluids," § 110 *4 #^. 
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body as a whole : 

«? = — WjOJ+Wiy+Wo* 

_ • • • 

where Uq, % Wq, Wj, Wj, Wj are functions of t. Then Wq, Vq, tt?o are the 

• • • 

velocity components, and ai^, ii;^, a;, the spin components of the elastic 
solid as a rigid whole. We find all the strains and strain-speeds zero, and 
Ty, = (111, r„ = Wj, r^= Wj. Let us now inqnire what terras can occur in^^. 

Give the body a twist on a screw ronnd the axis of oj, only u^ and Wi 
remain. Their product would denote a change in sign of work 
according as the screw was right- or left-handed. This wonld be 
impossible for an elastic body in a perfectly isotropic medinm. If 
any physical field should somehow change this perfect isotropy, so 
that to rotate three axes as a whole does not affect the value of 0, 
but to reverse only one of them does, then such terms as ^^ may occur. 
We will term such media with Boussinesq dissymmetrically isotropic. 

In a perfectly isotropic medium, not only can no terms like u^ Wj, but no 
terms like u^ w, can occur. For it cannot matter whether a body, 
spinning about an axis perpendicular to its direction of translation, 
has a positive or negative spin. Hence for such a body 0^ = 
Generally, we shall suppose 0^ = 0. 

(/) 014 cannot exist for an elastic body in a perfectly isotropic 
ether, for the sense in which a strained body is rotated as a whole 
cannot affect the value of 0. Generally, we shall suppose ^j^ = 0. 

{g) Suppose a body to receive a slight compression parallel to the 

a;-axis, and to have a velocity of translation Uq in the same direction, 

* • • • • 

so that we may take u = — a«-|-t*o, and thus u = — oaj+Wo, «, = — a. 

Thus usjt^ if a small as compared with i«q, would change its sign 

with u^ and this does not seem possible for the strain-energy of an 
elastic body in a perfectly isotropic ether. Still less can the sense of 
velocities perpendicular to the direction of compression afiEect the 

work done, or terms of the type u s^ cannot appear. Similar reason- 

• • • • 

ing shows the impossibility of terms like uvg^ and uvg^^ for the 
work done by a slide-speed perpendicular to x cannot be afEected by a 

velocity of the body as a whole parallel to x. Nor is u a^^ any more 
admissible than these, and for like reasons. Hence we see that 0^ can 
contribute nothing to 0. 

VOL. XX. — NO. 362. X 
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(A) Finally, let ns mqnire as to the probability of the tsrmB in ^ 
First, no terms of tbe types r^ g„ or r^ g, are likely to occiir; for, if 
they did, then a simple compression, accompanied by a twist roond its 
direction or perpeadicalar to its direction, wocld do nork having its 
sign changed with the si^ of the spin, which is obviously improbable. 
Further, no terms of type t^ (t„ seem likely to occur, for the -fforfc 
done by the slide-speed of a face perpendicular to x parallel to z, com- 
bined with a spin round z (e.^., take to^bx^cy, v ^cx), can hardly be 
affected by a change in sign of twist-speed (i.e., in e). There remain 
terms of the form V'f Combine a rotation ronnd x with a elide 
of a face perpendicular to z parallel to ^, or take 
v = — vs+cz, w = w;/ + cy. 

Tpff^ ^ 2uc, and BO changes its sign with the spin w, and this again 
leads to an improbable result. Thus we should not expect terms of 
the form ^^ ^ oocor. 

The conclusion we thus draw is, that while no motion of the elastic 
body as a rigid whole will affect the work done by the strains, still 
inch motion contributes its own quota to the strain-energy. Farther, 
the strain-speeds do alter the work due to a system of strains, or the 
strain-energy depends upon the rate at which tbe strain is made. 
This result will not appear to contradict the principle of energy, 
if we only remember that the etber is perpetually acting as a con- 
ductor of energy, and that we ought to apply the principle of enei^ 
not only to the elastic body, bnt to the movement of the ether in and 
about the body. 



4. We hare found 
the form 

I now proceed to inquire into ^ 
arise in these eereral puis of f. M 

(a) Of ^ it is needless to epm 
dependent constants, for which X 
of the Sitlory of EUuticity, Yol. h 

(b) ft may be taken of the fomi 
£.*(«««' + '!. «'+f-'^'\ 

Snppo4 



the previous article that we must have f of 
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moving through an isotropic ether ; then, to reverse two of the velocity 
components would alter the amount of work done ; but there seems no 
reason why this should not be true, provided x^y, z are not axes of elastic 
symmetry for the body ; if they are, to change one component speed 
ought not to alter work done ; thus in this case, and this only, we 
are justified in putting 

*^88 = *'*18 = *f8l = V' 

Otherwise we must retain the full value of ^^ . 

For an elastic body with three rectangular axes of elastic symmetry 

For an isotropic body 

(c) In general, ^j will contain twenty-one independent constants. 
We shall represent them by the same symbols as the constants of 
Green's function or the strain-energy, with a dash or subscript affixed. 
We must investigate how these will be reduced (i.) when there are 
three axes of elastic symmetry, (ii.) when there is complete isotropy. 

Now the reduction of 0, follows almost the same lines as that for ^^ 

Changes of the type, 

. • • ... 

—a?, — M, — <T„, — <r^, for x, u, <r„, <r^, 

cannot afPect the value of 0, if there be three planes of elastic 
symmetry. Nor can rotations round the intersections of these 
planes affect the value, if there be isotropy. Hence we find for — 

(i.) Three rectangular axes, 

where a^, 6^, c^, &c. denote elastic constants, 
(ii.) Complete isotropy, 

• • • • w 

where d = 5,-h5y+«, = — (8,-^8^-\-8,). 

at 




d) We now pass to 0^. Its most general form is given by 

x2 



308 Profieaur K. PesnoB m [i^vil 11, 



There seemj no reaaon wlij all tfaeae terms slioald not oecsr in the 
moat general eolotropic sc^id. Bat we obrioiiaij haTe 



(i-) 

(ii.) Complete iaotropj, 

•4 — a7 /.• ys ^ •«■*"• ^j - 



(tf) It remains to consider f.^ wiiich contains the prodncst of the 
component strains^ and their first time-liiixions. Its most general 
Talne contains thirtj-six constants, and we must inTestigate whether 
all these terms are possible. In the most general case of eolotropj, 
I do not see that it is necessary for any of these co^cfents to vanish. 
We maj then write 

• » • » • • 

fa= <^*«*« -pOa**^ -hOa*,*, -^-^^i^J.^-yr -ha3#,r-, -ha^JWC^-p 

• • • • • • 

-1-%*,*, -ha3*,*,-h(Ja*yA, -Kti^Jy*-^ H-a**,*'. +«M*F«'«r 
• ■ • . - , 

+<%*«*» -r<»B'5^ -Ha»"*s*s "•<*>**= •'7. +«»■*» «^=« -hOjiJ^o^^ 
.... 

* * " • • 

Let US now inquire how many of these terms occur when there are 
three planes of elastic symmetry. Now the valae of f^ must remain 
nnchanged, if 

are written for the like plus quantities : and for two other interchanMB 
of the like type. This fives ^ from all pi-oducts of the form *<r or 
«(r, as well as all products oi unlike slide and siide^peed, and so 
reduces the constants to 12. I do not see that this number can be 
further reduced^ although I am inclined to suppose that a.- = ol. 
eren in this case. 

For complete isotropy we must have 

«^i = «^ = **Wi **** = *5* = w 
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Thus we can at once write 0is in the form 



013 = o" T/ {ao(4+4+*!) + 26o (v.+*.**+***r)+Co (<rJ,H-<rL-f O). 

But to the quantity in curled brackets we ought to be able to apply a 
rotation round the axis of z without altering its form. This involves, 
exactly as in the case of 0i, our being able to throw it into the form 



5. We can now draw some general conclusions with regard to the 
number of elastic constants ; we have 





2E1 1 i- ■ c rj Three axes of Elastic 
^lotropic Solid. Symmetry. 


Isotropy. 


21 9 


2 


6 3 


1 


21 9 


2 


6 3 


1 


36(21?) 12(9?) 


2 


90(75?) 36<33?) 


8 



Thus the sBolotropic elastic solid has 90 independent elastic constants, 
that with three axes of elasticity 36, and the isotropic elastic solid 8. 

If equations of the type xz = zx hold, the twist-speeds disappear, or 
these numbers must be reduced by 6, 3, and 1, respectively. The 
numbers with a query after them in brackets give the numbers of 
constants on the hypothesis that 0i, is the differential with regard to 
the time of a quadratic function of «,, «y, 8„ v^y (r^ a-jr^ which seems 
to me a probable hypothesis. The minimum number of independent 
constants would thus be, when the twist-speeds disappear, 69, 30, 
and 7. 

It is, of course, quite possible that any special molecular 
hypothesis may lead to relations between these constants, so that we 
ought not to be surprised if any particular physical phenomena 
require for their explanation a relation between some of these con- 
stants. 
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6. To find the generalised equations of elasticity for an isotropic 
elastic solid. 

Here we have 

+/Vy»<^y« + <^«<^w+cr^cr^)} ...(xv.) 
We can now write down the stresses 



xy = 



yy = 












a;z 



yx = /[i<r,y 



(xvi.). 



If we put y = 0, or suppose the strain-energy due to twist-speeds 
zero, we have 

^z = zy, zx =^ xz, and o^ = yxy 
as nsaal. 

If the valnes (xvi.) are sabstitnted in (x.), we have the body and 
surface strain-equations ; substituting for the strains their values in 
tui*n8 of the shift-fiuxions, we have the shift-equations for an isotropio 
elastic solid. 
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We note tliat the terms of 0^ do not occnr in the valnes of the 
stresses.* This will invariably be the case when in the value of ^j, 
we have relations of the form a^, = a^p : see page 308. This I think 
extremely probable, even in the case of 89olotropic bodies. Thns ^u, 
while a sensible part of the strain-energy, will not affect the stresses 
or the strain-eqnations. 

I propose to apply these equations in the following articles to one or 
two special cases of strain and vibration. 

7. Elastic After-strain. — Suppose it possible to apply a single 
uniform stress throughout a body, and that this be done without 
producing vibrations, or that these vibrations are so small as to be 
negligible. 

Case (i.) Uniform Traction, — Let xx = T, and all the other stresses 
be zero. We have «y = «„ and : 

T = 2X5,+ (X + 2,1) 5,- ^ {2X\+ (X'+2/) 5,}, 

= X5,+2 (X+/i) 5,- £^ {\%+2 (X'+/) s,]. 

To solve these equations, assume 

s^zsA'+Ae"^*, 
8^ = 5'+JBe"^. 

fi (3X+2/i) E ' 

if 17 be the stretch-squeeze ratio, and E the stretch-modulus. 
Further, we have from the exponential terms in the time : 

2 (X-X'm') J?+ {(X + 2/*)-m'(X'+2^')} ^ = 0, 
(X-XW)u4+{2(X+^)-2(V+/ii')m*} J? = 0; 



*C^eraUy[£-£^JU-0, 
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whence we obtain the equation for m', 

(X-XW)«={(X+/i)-(X'+/i')m«}{(X+2/i)-(V+2/iOm«}, 
or /*'(3X'+2/)wi*-{/4'(3X+2^)+^ (3V+2/i')} m«+fi(3X+2/i) = 0. 
Solving this equation, we find 

w* = fx/fi and = (3X + 2/i) / (3X'+ 2//). 

Now m cannot be positive, so long at least as we are dealing with 
elastic-strain. For \' and fx are small as compared with X and /i, the 
effects we are considering being only of the second order. Hence m' 
is large, and, if m were positive, the strain would rapidly grow 
immensely large, which is contrary to experience. Thus we must 
give m the negative values 



-sjf -^ -^m- 



Thus «, = -J +A,e- ^'w^'+^.e- v(»»»w/(»x'*v)«^ 



«. ^T 



8^ = — Hi ^-J5^e-^/uv)'4.5^e-•^^''^**^^/^'•^^'>^ 

It remains to determine B^ J?, in terms of A^, A^, respectively. Sub- 
stituting for m', in the equation connecting A and B above, we 
readily find 

^1 = — ^^1, and B^ = A^. 

Thus, finally, *, = -^ + A^e"^^^^' +^e" V(8x+3^)/(jx'+v)* 

, •••(xvii.). 

These results seem saggestive, and not without experimental con- 
firmation in the phenomena classed as " elastic after-strain." We 
cannot, of course, determine A^ and A^ without some further 
hypothesis as to the state of strain when ^ = 0. We see, however, 
that : 

(a) Elastic after-stretch in the case of uniform tensile stress con- 
sists of two exponential terms. These terms have for ' exponential 
phases ' respectively, 



V5* -<* Vf 
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(6) Elastic after-dilatation contains only one exponential term, 
and this with ^ exponential phase/ 



/3M^ . 
V3V+2u''' 



+2/ 
For, the dilatation 

This maj be compared with the resnlt of a uniform pressure applied 
all over the surface of an isotropic elastic solid. In this case 

/-S /-N /-S 

iKB = yy = «« = — !>• 
whence we find, from (xvi.), 

-3p = (Sk+2^)e-£ {(3X'+2/) 6). 
Thus we must have 

e = _-JE_ +0c-^<''**'>'<^'**'-" (xviii.). 

In the History of Elasticity^ Yol. i., p. 885, I have termed 
- -^— the dilatation modulus, and represented it by the letter F; if 

«_3V+2f/ 

we may term it by analogy the after-dilatation moduluSf and then find 

F 

Thns one portion of the after-strain in tensile stress is due to the 
influence of after- dilatation. 

Case (ii.) Uniform Shear. — Let all the stresses except ley be zero, 
and let this have the uniform yalae 8 at all points of the body. 
Assume y = 0, or the twist-speeds zero, we find 
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The suitable solution is in this case 

8 



<r^ = -^+De-'^^' (xix.). 

Thus elastic after-slide is expressed by single exponential in the time, 

with the exponential phase \/ -^ t. By analogy to fi the slide-modulus, 

we may term f/ the after-slide-modulus. Thus the square roots of the 
ratios of the slide- and after-slide-moduli, and of the dilatation- and 
after-dilatation-moduli, are the constants on which after-strain 
depends. The after-stretch is only a combination of after-slide and 
after-dilatation terms. 

8. As I have said, the quantities il^, A^y G and B of the previous 
article will depend on the strain at the instant when the uniform 
stress is applied to the body, and we onght properly to take account of 
the vibrations excited by the application of a load of given magnitude, 
which is the nearest attempt we can practically make to the applica- 
tion of a uniform stress to each element of the elastic solid. 

If we suppose that «^ 8^ 0, and a-^ are all zero initially, we easily 
find 

It is obvious that experiments made to determine the stretch-, slide-, 
or dilatation-moduli will not give the true values (^, m> and F) of 
these quantities unless sufficient time has been allowed to elapse so 
that the exponential terms have become insensible. 

9. On the longitudinal vibrations of an elastic cord or bar of small 
crosS'section, 

In this case, let x be taken as the axis of the rod, and let y, z be 
any rectangular axes in the plane of the cross-section. Then s^ s, 
are functions only of x and t. Further, 

yy = ZZ = 



8y 



(xx.). 
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for the whole rod. It is nsual to asBame that the equation for the 
vibrations will be of the form 

dxx f . X 

^=^ ("^•>- 

This supposes --^ and -^ zero or negligible, but 

dy . dz 

dxxi dcty ds^ -t dxz ds, 

— ^ = u — =* = u — ^ , and ^ u — - . 

dy dy dx dz dx 

OiS ds 

Hence we cannot omit these terms without supposing j^ and -r-^ small 

or negligible. Now xx in the above equation is usually written 
= Es, , which of course assumes *y = «, = — 175, ; and, since 17 only 
averages about |, we cannot neglect ds^/dx and ds^/dx without 

neglecting ds^/dx, which leads to dxx/dx being neglected, and there- 

/"-N /-N /-^ 

fore to an absurdity. If we do not assume dxy/dy, dxz/dz^ or xy 

and xz zero, we find an unequilibrated surface-load on the sides of the 
rod. Mr. Chree has noted this difficulty in a paper "On the 
Longitudinal Vibrations of a Circular Bar" {Quarterly Journal of 
Mathematics, Vol. xxi., p. 287), and shown how closely equation (xxi.) 
gives an approximate result. Assuming that the reasoning on which 
that equation is based holds in the case we are dealing with, we 

have the following equations to solve, where D is written for — , 
and we include terms in ^„ but not f^: — 

(P-.) !>•« = ^ (xxii.). 



XX = (X+2/i-X'+2/«'2)') »,+2 (X-X'D*) ^, 
= [2 (A+/i)-2 (\'+/i') D*] s,+ {\-X'n') s.. 
Eliminating s,, we find 

Now let u = ile*"'*"*, and therefore «, = nule*"***^"". It follows that, 
if we write 

« /i 2 3X+2/1 J s X+ii 
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where mj, in,, m, will be, in a certain sense, constants of after-strain, 
we haye 

- . ('-g)('-5:) 

XX = nE 1 I 1- 

I «r 

s 
Thus, from (zzii.)> it follows that 

(p-Om'=n«B- "*» . "*l (xxiu.). 

1 m 

a 

Had we included the twist terms from equation (yii.)) we should 
have had to introduce into the right of (xxii.) the term 

2 \ dy dz I 4 \dx dxJ 2 dx 

This would have given us an additional term on the right in (xxiii.), 
namely, 

where m* = X/X'. 

Now mi, mi, m,, and m^ are large. Hence, to a first approximation, 

• i -E 

This agrees with the ordinary theory, except that p is changed to 
p—Ky or there is a small apparent change in the density of the 
material. The above relation denotes that all waves of sound travel 
longitudinally with the same velocity through the bar. Putting 

p — K p — K \ p / 

we have I/ = velocity of sound by the first approximation of this 
theory, and Oo = velocity of sound on the old theory. 

Now, let m = \/— 1 — O, and n = >/— 1 -^, 

9 V 



.. 1 
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then we find 

iy.(l+i=lQ.)(l+i^O') 

s 

as the equation to determine O. We see at once that the velocity of 
sound, owing to the after-strain terms, depends on the length of the 
sound-wave I. Including the twist-term, and retaining only first 
powers of small quantities, we have 

o'=o:{i+^+^o:(i,+i,+i+^')} (XXV.). 

Now Lord Rayleigh* and Mr. Chreef have shown that for a bar of 
circular cross-section, if we include the efEect of lateral contraction, 



«. = I^{l-l^aV}. 



where I is, as before, the wave-length, and a is the radius of the 
cross- section. 

Thus the after-strain influence on the longitudinal velocity of 
sound, or the correction for lateral motion, will be the more important 

according to the relative magnitude of -\ and a*n*f or according to the 

relative magnitude of — and -- . Now — - is the time sound would 

take to traverse a distance equal to the radius of the cross-section, while 
l/m^ is the time in which the increments of after-strain decrease 1/e 
of themselves. In most cases the latter is a time capable of measure- 
ment, hence it would seem that for a long rod of small cross-section 
the variation in the velocity of sound due to after-strain influence 
would be of considerably more importance than that due to lateral 
motion. 

10. On the propagation of waves in an isotropic elastic solid.X 

• Theory of Sound, Vol. i., § 167. 

t In the memoir above referred to, equation (34), p. 295. 

X The equations obtained for light vibrations in tne following sectionB are kindred 
in form with those given by Boussineaq in various papers to which reference will 
be made in the sequel. Boussinesq deduces them from a very different hypothesis, 
however. Yoigt, in Vol. xix. of JFiedemamCa Annaien, 1883, has two papers : one, 
pp. 691-704, a criticism of Eetteler ; another, pp. 873-908, entitled : Th^oriedtsLicAtet 
fur vollkommm durehtieht%g$ Midia, advancing a method of his own for dealing witib Uie 
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We easily find, from equations (x.), and (xv.), (xvi.), tliat 

with similar equations for r and tr. 

Now take » for the direction of propagation of a plane- wave, and 
let its type be given by 

tf = iloos-r- (O^ — jc), 

ir = Ccos^(m-;r). 
S appose also that there are no body forces, or X = 0. We have 

V'«=--^ti, Vr = — — r, V*» = — — w. 
Substituting, we find, after division by u X — j- , 

(p-Otf = (x+2;i)+(X'+2^')^tf- f (^'n'-^o»). 

The last term disappears, and we have 

^ T? (xxvii.). 

The other body-shift equations give us 



influence of matter on the motion of the othor, but with references to the first paper. 
The equationa he arrirea at are almost identical with Bouasineeq's, and he treats 
av<»m ««i TtraiflirinflAn*!! mAnnfiT. Tha method hv ^vhioh >ia wMr>>tA« v;. ^^...^r 




CQssion of the mutual acnon lenns on pp. 9« j-{(9:3. i tuink on this point 
Boussineeq's memoirs contain fur less of Msumption, and it is much cMer to see the 
exact beanng of what there is. 
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Thus the velocity of propagation of both longitudinal and transverse 
vibrations depends on the wave-length I, or dispersion takes place. 
In order that the velocity of propagation of transverse vibrations 
may increase with the length I of the wave, we must have 

/I'-f ~- negative. 
4 

While (xxviii.) thus gives an approximate value of the law of dis- 
persion even in light waves, it is not of course anything like com- 
pletely satisfactory. In order to fully explain dispersion, the formula 
for n' must also throw light on the nature of absorption and anomalous 
dispersion. Now these latter phenomena are closely allied to the 
relative motion of the parts of a molecule. Our expression, however, 
for the strain-energy has only taken into account the mean velocity 
of translation at any instant of all the molecules in a small element 
of the solid. It takes no account of internal molecular (atomic) 
motions. Hence we cannot expect any pure theory of elasticity to 
explain absorption or anomalous dispersion, or indeed to give a com- 
pletely satisfactory formula for ordinary dispersion under all circum- 
stances. We should expect, however, (xxviii.) to hold for a body of 
very simple molecular structure, when the period of the waves passing 
through it is not nearly equal to that of any of the internal molecular 
vibrations. In the atomic theory to which I have previously referred, 
the constants of (xxviii.) would be functions of the amplitudes of the 
internal molecular vibrations, and these would be seriously affected by 
a wave of period nearly eqnal to their own.* Thus /i', y, and generally 
/I, would in a certain sense be a function of 2, and the formula (xxviii.) 
would not fully represent the variation of tt with L 

11. Double Refraction, Let us suppose the medium to have three 
rectangular planes of elastic symmetry. Then we have, taking their 
intersections for axes — 

* I have conflidered the phenomena of dlBpersion and absorption when the law of 
cohesion is a function of internal moleciuEur vibrations in a paper read to the 
London Mathematical Society in November, 1888, and printed Vol. xx., p. 40 it ieq. 
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*» = « {ai«*+Ml+Ml+2d(iy«,+2eI«,«, 



♦« = a (yi''J.+yi''«+y«''i)- 






^u will not arise Id onr equations of motion if we put o^ = a^ (see 
p. 308, e), which we will suppose to hold as in the case of isotropj. We 

find the following values for the stresses, where D* = -r^, 
Hence the body stress-equations will be of the form, 






Or, substituting for r„ and r^ this may be written in the form 



<Pu 
dx' 



<P' 



(p-rO ly^u = (a^a,iy) ^ + (f^f,+T^,D') ^ 



d?u 



+ (e-e, + -ly,Z}«) 



d«* 



+ (H7-/,+/r-4r.i>')|^^ 



+ (H^-ei+ei'-i7,Z)>) 



(? 



w 



dxd» 



Suppose the wawJobe of period 



wav^obo of p 




we may write the 
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above equation 



+ (e+e,+iy,m') ^ 



+ (e+e'+ei + e;-hiy,m') ~ (xxiv.) 

There will be two other equations of like type obtained by proper 
interchanges. We can further simplify the form of these equations by 
writing 

1— ITj = ii> ei— fy, = ei. 
Let us further put 51 = a-\-a^w?y 

g = e+eim», g'= e'+elm'. 
Thus we have 

There are two methods of reaching Fresnel's wave-surface from 
equations of this type. 

(i.) Suppose the differences iCi, «:„ k^ to be very small, or zero. 

Then Saint- Venant has shown* that if 

(«-S))(S-D)-(S)+S)0' =0 
(6-(g) (?l-(g)-((g+(g7 = 

(5t~5) (®-5)-(5 + S7 =0 ^ ("viO, 

(5l-(S)(93-5)(S-2)).+ (2t-8f)(»-D)(S-(g) 

-2 (©-|-©')(«+«')(ff+»') =0 



* " Mtooire sur la distribution des ^lasticit^s," Journal de ZiouvilU, Vol. Tm., 
. 1868, pp. 298-406. Or «* History of Elasticity,** Vol. n.. Art. 148. 

VOL. XX. — ^NO. 363. T 
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then equations of the type (xxv.) lead accurate! j to Fresnel's wave 
sorface. These equations, however, give only very nearly transrerfl 
vibrations. They are practically identical with the conditions* 

>r + D'= ^m, 2(F-hiy'= v/e«, 2g + 5'= -/«« (xxviLj 

It mast be noted here, however, that our quantities are not Saini 
Venant's coefficients : 

(a) In the first place, our iUnsity k€U been changed from p to p — c. 

(/3) Our equations (xxvi.),or if we replace them by the ellipsoids 
conditions (xxvii.). involve the wave-length. Our ellipsoids 
conditions are of the type 

2J-hcr4-(2di+d;) m- = %/(6+6X)(cT^^- 

It is only by neglecting the after-strain terms, which of oonrse wil 
be small as compared with the others, that we obtain Saint- Venant* 

2J+ir= y^. 

It is to be noted also that 2d|+d.' is a pure after-strain coefficient, fo 
the twist-speed coefficient disappears from it. 

(ii.) We may sappose that the vibrating medium remains to a] 
intents and purposes isotropic, but that the c's are sensible ani 
different. In this case our equations become 

az 

Suppose the vibration of period ^^ , then -^ I = 3^ 1 niaj be re 
placed by - m\ and let ^ \ de/ 

Fi (p-icO = 0, Co-rJ = H, (p-rO = /*-h/iW. 
Then we have «^« _ x»«^^ 



&=ir^+ir,Tvl 

dr cu 



XXVlll.] 



• " History of Elasticity," VoL n., Art. 14«, or th« •* Mtooire," pp. 406 to ill. 
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These are of the form given by Sarraa (Jouma I de Liouville, 
Vol. XIII., 1868, p. 78). They load to Fresncrs wave-surface, if we 
take 

or (X + 2/i) + m^ (X' + 2/i') = 0. 

This frees us also from the " pressaral " wave. But such a condition 
is unlikely to be fulfilled, since X' and /i' can hardly be negative, and, 
if they were, it would only bo fulfilled for one wave-length. Our 
results, however, differ from Sarrau's by the fact that, although we 
reach the equation for the wave-velocity, Q (2ir/m = Z/Q if Z be the 
wave-length), namely, 

L' if' IP 

where JD, M, N are the direction-cosines of the wave-front, still our F, 
O, H are functions of m or of Q/Z ; so that, even if we do assume the 
disappearance of the pressural wave, we still do not accurately get 
the wave-surface of Fresnel, unless we neglect the after-strain terms. 
We should expect slight variations in the wave-surface for different 

wave-lengths. 

• 

If we do not suppose the conditions 

F+F =G + ff= H^TU = 

to hold, we still get very approximately FresneVs wave-surface, and 
the vibrations very approximately transverse. This has been shown 
by Boussinesq : see his " Memoire sur les ondes dans les milieux 
isotropes d^formes " {Journal de Liouville, Vol. xiii., 1868, pp. 221 
and 229). In this memoir, however, he reaches equations (xxviii.) 
by very different considerations. In another memoir in the same 
volume of Liouville (the well-known " Theorie nouvelle des ondes 
lumineuses "), he reaches by another hypothesis equations akin to 
our (xxviii.) : see his p. 330. He speaks of his coeflBcients K and 
L, corresponding to our 



X-l- ^ + X!-\-fjL'm^ and fi -h/i' 



m^. 



as containing the length of the wave ; but it seems to me they also 
contain the velocity of the wave like those above, and therefore, even 
for a given wave-length, the velocity will not be given accurately by 
Fresnel's wave-surface — were we to disregard the pressural wave. 
Thus it appears that Boussinesq 's equations do not give so accurately 
the wave-surf^Mse as might be concluded from his remarks on p. 330 

y2 
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of the latter memoir, and therefore differ from Lord Bajleigh's 
form of the eq aations : see Qlazebrook's " Report on OptioaL Theories," 
British Association 1885, pp. 178 and 215. 

The idea of keeping the medinm to all intents and pnrposes 
isotropic was, 1 believe, due originally to Bankine, but the first 
satisfactory treatment appears to be that of Bonssinesq {LiouviUe^ 
Vol. XIII., p. 328). 

12. Reflection and Refraction. — Oase (i.) : Vibrations in the plane of 
incidence. 

Let the axis of a; be taken perpendicular to the plane snr&oe 
which separates the two media, and the axis of % parallel to 
the wave fronts. Let us put 

Then for an isotropic medium, if J> = — , we have the equations 

at 






> •••y 



Those shall represent the equations for the shifts u, v, in the first 
medium ; the constants of those for ti|, Vj of the second medium will 
bo distinguished by subscripts. For continuity at the junction of the 
two media, we must have 

(X+2M-Aq:27l>«) ^ +(X-VD«) ^ 



dy 
du. 



ax ^y 



(zzx.). 
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Assuming, with Oreen* and Lord Bajleigh,! 

dx dy^ dy dx 

we find 

y...(xxxi.) 
Take 

for tlie first medinm ; and 

for the second medinm. 



We have on substitution 

(zxxii.). 



P-K ' ^ X+2|« X+2/«' 
since \'"+ 2/1'* does not contain y ; farther, let 



Then 






c» = «' (l+/3c')(a''+6») = n« (l+j3'<0(a*+6') 

= a,I(l+/3,c«)(o?+6') = Oj(l+^c«)(<^*+6«) (xxxiii.). 



* Collected Papera, p. 261. 

t Phil, Mag.y 1871, Vol. xlh., p. 88. 
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Let Z>/a = tan 6, hja^ = tan 6„ we find 



inA_ /«J+L^'_^ /l±El^l 



sin 
sin 



where r is the refractive index. Let r^ = O/Oj, then 









( 



• , ■> 



Thus, since r is a function of the period of the vibration, r will als 
bo, and there will be dispersion unless /3' = /3[ for the two medi{ 
Now Green, Lord. Rayloi^h, and Boussinesq take the elastic constant 
\ and n the same for the two meiya, and we might, following then 
pi^^jsibly put the after-strain coefficients X' and ;«' the same, but i 
sconis unlikely that y nnd y, will be equal. For we have suppose 
ditTerent densities in the two media p— *: and Px-*^\t and so most pre 
baMy *: and *:, different. But, if the coefficients of translation -speed 
are different, it is extremely likely that the rotatory coefficients y, 7 
will be different, for these C(M?fficients will express the work done du 
io a nieiv notation of the medium as a rigid body, as well as the wor 
due to twist-speeds. Thus, while we shall assume X and /i equal t 
X| and /ij, Ave shall treat y and y, as differing. Thus there will b 
dispersion. 

Now let us suppose ic and ic^ very large, then we must have a'^-fi 
and <i|''^-f6'* almost zero, or to a second approximation 

/— T 1 f 1 1 c' -) 

" = -^^-^^r"26^«Hl+/V)5' 

ci;=-v^-i[>|i-37-, ..,' .. (• 

Now let us write, with Lord Rayleigh (loc. cit.y p. 89). 

Tlio snrface equivalence of the shifts gives 

^ (xxxv.) 
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while, from the surface eqnivalencje of the stresses (xxx.), we have 



j^ -^ 



(xxxvi.)« 



Let US first deal with the second of these equations and substitute 
the values of \p and ; we find 

(^+/iV) {2a'6il'+(6^-aO X] - "^'z (a"+60 

Putting the after-strain and elastic coefficients k\ fi and X, /li the 
same in the two media, we have 

2a 64'+ (6'-a') X- . . ^/ , .. :Z (a'+ 6') 

= 2a;6C+(6'-ap 0- ^^^Ji^ 0(a;+f). 
But a'A'-a[G' — b (G-X), by (xxxv.). Hence 

Or, Z=Or'x jl±|^j = 0,: (ii.yii.). 

Returniug now to the first surface stress-equation of (xxxvi.), we 
have on substitution 

The right-hand side of this equation vanishes if we put fi and fx 
equal to /ij and ji[ respectively by (xxxv.). Hence, remembering 
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(xxxii.) we have 

or A'I(T = fj (xxrviiL), 

This equation agprees with Lord Bayleigh (loo. dt.^ p. 90). From 
(xxxv.) we easily deduce 

I a rj+l a ) Lcotd rj-hl 3 

Joining this with Z = OrJ, we find, if i = \/— 1, 






(xxxix.), 



, sind , /1+/3V 

whore r = --— , and r = roW ^, , . 

smtf^ V 1+PiC 

Those equations differ from those given by Lord Rayleigh (p. 91), 
unlosH wo make fl'i = /3', which is equivalent to putting y and y, 
oqiiftl or zoi*o. If wo do this, then the equations are subject to the 
same disud vantage as those of Green, namely the coefficient of t tan $ 

is given by ^ - ■-, and this docs not agree with experimout. On 

iho i)tlu»r hand, if the difTorence in ^, fl{ bo real, then the coefficient 
of t tan can bo considered as depending upon a refractive index r^ 
difforittg from r ; but then the first term in the brackets of the values 
of A and n is incorrect. Throwing A and B into Lord Bayleigh'a 
form, wo have 

= 1 UnOCr^-l) {cot(0-e.)-;-5^cote+»— (^-^iL_ J , 
Pot ' = ^' •"* ^ = -^^tF' 
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and let e and e be the changes of phase ; then 

B^ _ cot' (e-f ep + y cotf 6-2a cot e cot (Q-f ^Q-hp' (r'-l)" ' 

A^ cot' (^-^i) + ^cot«0-2a cot e cot (0-00 +2?J (r»-l)-»*"'^^^^' 

Further, cot e = - — - (cot (6 - ©O — S cot ] 

j_i >■ (xli.). 

cote'=-^— -^ {cot(0 + 0i)-acot^} ' 
Po 

Now, To is the value of r for a wave of vibrations of infinitely long 
period, if we suppose /3' to have a sensible value ; hence it is not the 
refractive index of any true wave, and r will be generally considerably 
greater than r,,. At the same time r will be a function of the period 
of the vibration 27r/c, unless we assume /3' to vary with c, so that 
(l+/3V)/(H-/3Ic') is nearly constant, or 1/c' be very small as com- 
pared with fy and /3[, in which case this expression takes the value 
/37/3(. This of course is equivalent to supposing the twist terms, or 
the after-strain terms, or both, much more important than the elastic 
terms in the original equation. 

If we disregard the terms in a, and supposer ^95(7*— 1)'' equals 
Lord Bayleigh's Ji', we find 

li"— 1 
Now, Lord Rayleigh puts M = ^-J — - , where /Iq is a certain constant. 

"0 ■ 

For sulphuret of arsenic fi = 2*454 and ^0 = 1'083, after a result of 

Jamin's quoted by Lord Rayleigh. Hence we find 

•3996 = ^4^^ or rj = 2'1 about. 

Case (i.) 1/c' very small : (i'/p{ = 1*17, or /JJ would be less for 
reflecting medium. 

Case (ii.) /3' = 0, /JJc* = — "145 about. If f/ be small as com- 
pared with y/4, we should have 

yc' = — '58^. 

This largeness of y and its negative character (i.6., to correspond to 
negative jc's) do not seem to me improbable. 

The above value of M is, however, calculated from Lord Bayleigh's 



*, 
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results on the hypothesis that 2 = 0, and in moat cases it seems prob- 
able that the terms depending on 8 would be of importance. Th< 
appearance of i in the formulas is not satisfactory; but, putting fi'=^P{ 
we obtain at least as good results as from the old theoiy of elastic 
solids. 

13. Case (ii.)> Taking the case of vibrations perpendicular to the 
plane of incidence, we have, with the previous notation, 

y (xui.). 

The surface equality of stress and shift give, for a; = 0, 

'd* "" '^ 'dxL (xliu.) 

w= w, ) 

we find (f)-r)c'=(M + cV")(a'+6»)') 

o».-«.)c'= (/i.+c'^r)(«!+i')5 ^^^'^'■^ 

Eliminating c\ wo find, assuming ^ = /ij, 

5i±|; = e^ .^r-l. nearly. 

If I be the length of the incident wave, this gives 
Applying conditions (xliii.)i ^e find 
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tan e^ rj! - tane^ ^ //'-/'' ^ 

Hence | = tanO r> ^ tan| ,r ^. /, (xM.). 

tan« j^ tan^ p-K ? 

Now, clearlj, this result will not agree with the ordinary sine formula 
of Fresnel, unless we put 



/// fff 



aT = a'", or unless ilLJZ/i. 

be so small as to be negligible; but this requires us to put r = r©, or 
at least r and r,,, to be very nearly equal. Bnt to assume this destroys 
any advantage we might gain from r^ not being equal to r in the pre- 
vious case of vibrations in the plane of incidence.* 

Thus the generalised equations of elasticity appear only to 
introduce dispersive terms into the formul©, but do not otherwise 
improve on the old theory of reflection.f 

14. I now propose to find the alterations which it will be needful 
to make in our equations when terms involving the products of the 
shift-speeds and twist-speeds are included. For a " dissymmetric " 
isotropic solid these must be of the form ' 

-ft; {gir„+2,(ry, + rj} 

Now suppose the following displacements : 

tt = 0, v = Vt + aZj w = Wt—ay ; 

* Can any distinction be drawn here between the refractiye indices for rays 
polarised in and perpendicular to the plane of incidence P 

t Sir William Thomson has shown, in the Fhil. Mag, for November, 1888, (and 
his results have been extended by Mr. Glazebrook after the manner of Bonssinesq 
in the Phil. Mag. for December, 1888,) that Fresnel's tang^ent formula is reached 
if we put \ + 2/i = 0. I have shown in a '< "Note on Twists," Math. Messenger, 
XIII., 1884, p. 85, that the internal energy of an infinite elastic solid in a state of 
zero strain at an infinite distance 

= iJ{(A + 2M)02 + MT«}rf(vol.). 

Hence the total energy would still be positive if A + 2/i » 0, or A were negative. 
Sir William Thomson supposes the ether rigidly fixed at infinity, and so is able to 
consider its motion as stable. There would thus be no difficulty left in explaining 
refiection, were we satisfied with the tangent formula, or did we comprehend how 
the ether can be considered as rigidly fixed at infinity. A like rigidity of the ether 
would also have to hold over all opaque surfaces with which it might be in contact, 
a somewhat difficult conception. 



I 
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then f ^ = g,r'^ (F- W) +j,o' (y +f ) 

= q^a ( W^ F), for points on the axis of x. 

This is the work corresponding to a spin a ronnd the axis of x and 
a velocity perpendicular to it with components W and F. If W= F, 
this work = ; if TF = — F, then the work is finite : it is hard to 
nndorstand how this complete difference conld exist even in rotating 
liquids. Hence we shall assume q^ = 0. This gives us 



There is no alteration in this expression if the sigpi of all the shifts he 
reversed, hut there is alteration if the sign of only one of them he 

\ reversed. If T be the resultant twist and U the resultant shift 

velocity, this is of the form 



i^ = q,UTco8f (xlvii.), 

where ^ is the angle between the resultant twist- velocity and the 
resultant shift-velocity. We have, in the earlier part of our work, 
reject od such a torm for h perfectly isotropic solid, as it would change 

its sign if wo changed the direction of U, Now there seems absolutely 
no mivhanioal reason why an element of a perfectly isotropic body 
should bo moi*o affei'tod by a right-handed than a left-handed system 
of twists applied to it^s elements. Yet this is practically the assump- 
tion niiule by nil theories which endeavour to explain rotation of the 
piano of polnriiiation in the case of substances assumed to be '* per- 
iwAly isotivpio." This diiHonlty is got over by Boussinesq by the 
. intitHiueiion of media whieli ho terms isotropes-dissymStriques (Liouville, 
Vol. xiii., p. 31i>), Such media are isotropic if we rotate the system 
of axes as a whole, but not if we change the sense of one without 
those of the others. Boussinesq supposes liquids which rotate the 
plane of iwlarisation to be utoirt^incaUy dissymmetric. The reason for 
this iHKJuliarity ho does not state, and the same want of mechanical 
explanation would apply to Von Lang's thooiry.* We shall, however, 
assume that such a term as ^^ can occur, and examine whither it 
loads us. 

15. KotatioH of Plane of PoJarisation. 

In the full equations of an isotropic elastic medium, we have now to 

• See Glaiebiook'a Qiitioinu^ '< Bepoit on O^oal Thvoriot,** pp. 177 and 216. 
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add the terms arising from <p^. Referring to equation (vii.)) we 
see that we must include 

d (d^^\ I ^ d_ I d d^^ d d^^A 

dt\ai/ '^ dt\dy dr^ dz drj' 

Thus the type of body shift equation is 
(p-k) m = (X+Ti-CX'+zi'- y/4) !)•} ^ + (,,-]7Ty75D') V« 

, d* /dw dto\ t i^"* \ 

Assuming the period of the wave to be 2ir/c, this equation takes 
the form 

where ^. = X+^-H(V+^'-y/4) o' 

\t±iiL±ylM. C (iiix.). 

p-jc 
Now suppose the plane of yz parallel to that of the waves, and let 

Substituting, we haye 

or (c*— (/h+Pi) a'} -4 = 0, 

- c'JB = --p^a^B -k-jp^iaO, 
^i?G = -^-p^a^O-^p^iaB. 



i 
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The first equation is satisfied either by the longitudinal wave given hy 

or bj putting A = 0, 

Assuming this latter to be true, as' we wish to deal only with waves 
of transverse vibrations, we have 

or (f^jp^cf = ±|?8^» 



We need only take the -f sign of the radical, if we are treating of a 
wave in one direction only. We have thus two values of a, a^ and a^ 
and two of B and (7, — t-Bj = Oj and iB^ = + 0,. Thus we liave 

where ?dl!j^±W,, 



-Ps+v^p'-f4cV« 



a,= -a 



2p, 

Hence, taking B^ = (7e**', B^ = (7e'**, we find, by equating real parts, 
V = (7 [cos (oia+ci + aO+cos (a,aj+c^-faj)}, 
w = {sin (ttj a; +ci+ai)— sin (a^X'j-ct-{'a^]. 

These correspond to two circularly polarised rays of opposite phase. 
Combining the tiigonomeirical terms, we have 

V = 20 COS (^x+ct+ ^) cos (^-'x+ ^), 
«, = 20008 (^a, + c<+2i±£.) sin (?i=aa,+ ^). 
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Thus the velocity of the wave is 

, or ^' 

tti + flj v«'+4cV« 

" \ (10< 

and its rotation is ^T^ a;, or ?^ 

2 2p, 

These give for the velocity 



or it equals the velocity of waves of transverse vibrations if jV be 
small. While the rotation 

= — 2? _. X (thickness) 

2{.+(.'-hr/4)o'} ^ ^^„^ 

= -^ ■:^ r-s X thickness 

2 (p-O^ 

These results are in complete agreement with those of Boussinesq's 
first method (^c. cit.y p. 824) . His second method does not seem applic- 
able to the generalised equations of elasticity, unless we suppose terms 
consisting of products of strains and twist-speeds to occur in the strain- 
energy. At the same time, it must be remembered that (lii.) is only 
an approximation arising from the neglect of the ^ term in (li.). If 
we do not neglect this term, the velocity in the medium will not be 
that of a wave of transverse vibrations outside the medium, and the 
rotation will then have to be expanded in powers of (? or inverse 
powers of T, the wave-length squared. 



16. Theory of Quartz, 

Suppose the term ^^ to occur in a crystal, then, if it has three axes, 
we may treat it as of the form 



■ • 



Further, if we suppose with Bonssinesq the effect on the medium to 
be solely represented by change of density, we have Sarrau's equa- 
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tioQB giTCD na (zzriii.) above, with additional terms dae to twist, 



V dv\ 



with two others of liko type. 

ThcHO equations differ widely from those of Sarran (i 
brook's Report, p. 170) ; but they resemble those by which 
has explained the doable refraction of quarts, if we pat 



and, supposing these g's small, write 

g. - gi _ gi 
p-r, p-e, p-K, 

i.e., neglect qnanlities of the order 2i5! aa small compared with . 

9 
Wo then havo equations of the type 

C« = F!?+i-,r«+-LD'f*£-^) (li 

whore ?/(p-'i) = j'Cp-*;!) = ql(p-'t), 

at any mto (□ a first approximation. 

Thitt equality is not a necessity of Boussinesq's theory, any i 
(linn (he in(i)uality is a uecossitj- of tlio generalised eqaati 
lttiiiaHiiit<F'q*H llioi>iy involves the inequality of «„ k,, and i:,j but, if 
q'f ure eiiuul imd very Miiall. the pniductn of small qnantities ma' 
renHonahly neglected and the above coetEcicnts be all replaced by 
If any facts in the theory should require tlieir inequality, tbey i 
berelaincil in the form given above. I have not cou.sidei-ed the mo 
of a wave in a medium for which equations (liii.) above in their gon 
form bold. With the equality of the twist ooefficicnta and the » 
ditions satisfied by the other coefficients [t.e., 

andf, (3,fl'differingonlyBlightly»mongthemBelveB,asaIso J'„0„J 
elliptio doable refr«otion follows, jnat u in BousaineBq'a investi 
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17, On Metallic Reflection. 

There are only two methods by means of which metallic reflection 
has been explained with any degree of Ruccess. In the first, the 
square of the refractive index r as obtained by equation (xxxiv.) of 
my Art 12 is supposed to be negative. This amounts to the theory 
of Cauchy developed by Eisenlohr,* and dealt with from an individual 
standpoint by Sir William Thomson.t In the second, of which Lord 
Rayleigh^ may be taken as the best exponent, a differential equation 
involving a viscous term is adopted from a modified elastic solid 
theory. The latter explanation starts from an equation of the type 

'i^-^''dt=''\-^^df) ^^''■^' 

for light polai'ised in the plane of incidence — where ajis perpendicular 
to the plane of the reflecting surface, and <; = the trace of tho 
wave front on that surface. It is also necessary to suppose p and h 
'* subject to extensive chromatic variations'* {Fhil. Matj., Vol. XLiii., 
p. 324). xT his leads to a value of r' containing a positive real and a 
negative imaginary part. According to Eisenlohr (cited by GUze- 
brook, p. 197), il^ real part of r* is for silver negative. So that the 
viscous-term explab%tion seems to fail at this point. Sir William 
Thomson, on the othe^^and, starts from the ordinary elastic equa- 
tions, and, having found r* a negative quantity from his molecular 
theory, investigates the changes that take place in the ordinary 
formula [equations (xxxix.) and (xlvi.) above], for a transparent 
medium when r* is negative. The results obtained agree well with 
the facts until we have to deal with the small amount of chromatic 
dispersion observed in metallic reflection. To avoid the dispersion 
consequent on Thomson's theory, it is needful to suppose he holds the 
" effective rigidity of the ether in the interstices between the mole- 
cules" to be some improbable function of the period of vibration (see 
" Molecular Dynamics," p. 313). Lindemann ( Ueber Mulekularphysik^ 
p. 9 of Reprint) endeavours to explain how special forms of the 
expression for r* (in the case of a metal with an immense number of 
spectral lines) may enable us to surmount Thom.^on's diflBculty. 

18. Turning now to the generalised theory of elasticity, wo may 
iisk the type of equation which it can provide for metallic rt-flection. 

^■-- ■- ■■- ■■■■I.. _ « ■ ■ ^ ■! , ■ ■ ■ I ■ — ^.^M^ 

♦ See Glazebrook*8 Report an Optical Theoriet, p. 193 et teq. 

t Molecu'ar Vynamics^ p. 307 et teq, 

X Phil. Moff./Vul. XLIII., 1872, p. 321 et seq, 

VOL. XX. — NO. 364. z 
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It is difficult to conceive how a term of the form required bj Loi 
Rajleigh (h dwjdt) could arise from the generalised expressions f< 
the strain-energy. As it is only a difierential with regard to f, it mm 
have aribcn fi-om the term 



dt \dJ' 



dw 

bnt this involves a term of the type —hunv in ^, or the straii 
enert^y must be a function of the absolute displacements. Bat thi 
would denote that we must replace 



dt ^divf 
by the more complete opei^ation 



\dtv dt dm/' 



dto 

m 

and this, applied to a term such as ^hwwy introduces no term wha 
ever into the generalised shift-equation. A viscous term, then, of tl 
kind demanded by Lord Rajleigh, could not appai'ently be provide 
by the generalised theory of elasticity. 

On the other hand, if we refer to the equations (xxxii.) or t 
(xliv.) of articles 12 and 13 above, we have 

Hence there are several pos-sibilities of r' being made a negativ 
quantity. (It can obviously never be complex.) 

(i.) For an opaque medium ir, may be greater than p, while for 
transparent medium k may be smaller than p. 

The difficulty of this hypothesis arises from the fact that, the velocit 
of a wave in a transparent medium being smaller than in the ether, w 
should expect for transparent bodies that the k's would be essential! 
neyalive. We should then have to assume that for an opaque median 
K wns of a totally different character to what it is for a transparen 
medium. This may, of course, be the fact which separates the tw 
classes of media physically, but there is no evidence, beyond the nee 
for explaining the phenomena of reflection by the theory, to indnc 
us to suppose that k is not always negative. 

In this case, if ft{ and yj were nearly equal to fx and y, there nee< 
be very little chromatic dispersion. 
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(ii.) Suppose both jc and k^ negative, but that y^ is a large negative 
quantity. There are good reasons for supposing the y's, like the jc's, 
to be negative, and the only assumption here will be that for an 
opaque medium y^ has a large negative value. Now Thomson and 
Linderaann develop r* in a series of powers of 1/c^ Thus we 
should find 

p-K /ii + yi/4C c' V^H-y/4j /ii + y,/4y 3 

to the first power. 

Hence, if y, be > — 4/iI, r* will be negative, while, if there be 
chromatic dispersion due to the second terra involving 1/c, it does 
not seem improbable that y^ may bear such a relation to the other 
constants, that its effect will not be very sensible. 

The generalised theory of elasticity appears able, then, to account for 
metallic reflection on the lines adopted by Sir William Thomson, on 
the very reasonable hypothesis that for an opaque body y^ is negative 
and greater than 4/i|', while for a transparent body y is probably still 
negative, but less than 4/i'. This result is independent of any 
particular molecular hypothesis, and is based merely on the magnitude 
of one of the generalised elastic constants. 

(iii.) We have seen that, to explain the rotation of the plane of polari- 
sation, it is necessary to introduce into the expression for the strain- 
energy terms of the type 0,^, or the products of twists into speeds. K 
we take the plane a; = for the reflecting surface, and the axis of z 
for the trace upon it of the front of the incident wave, then for light 
polarised in the plane of incidence 

t* = V = 0, and w is a function only of », y, . 
Hence the total strain-energy, since 

1 dw 1 J 1 dw 1 

must be a function of 



w^» <''m <'"»fs» <'"x«» cTys, 



or, so far as quadratic terms are concei*ned, must be of the form 



// //// 



• • • • 

+ qw (<r^ + o-x.) + qw (<r,. + (r„) . 

z 2 
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We easily find 

zx = (fi—viy*) <r„ + (q-qD) tv, 

zy = (fji-vD^) cr^'\-(q—qD)w. 
|gj Thus the type of body-shift equation is 

(p-<)r..=2,R(;;^+g)+(.-,^,(0+§)...(i™.). 

Thus we see that terms with the coeflScients /i", fi"" and q' do not 
occur in this equation, and, so far as the determination of the refractive 
index is concerned, it is idle to consider the possibility of their 
occurrence in the value of ^. Indeed the terms in /i" and /i"" are of 
no importance, as they do not even enter into the stresses ; while those, 
however, in q and q' introduce important terms into the shears, which 
have now terms (probably negative) proportional to the shift-speed. The 
existence of these terms does not seem beyond the range of possibility, 
aud equation (Ivii.) becomes that for the type of wave we are consider- 
ing. Let us suppose that the t«rm in q has a real existence for an 
opaque medium. Then we have the following equations for the two 
media : — 

^ ..(Iviii.). 



<,-.)i=(.-.i>-)fe^^) 



(lix.). 



da? dy* 
Assume w = ile*<-'*^*'*^ + ilV^-'**»'^*'^, 

We have at once 

(Pi-O <^ = 23c (a' + 6) + (,i,+nc')(o'^+b') 

Thus 

Prifi 0, + ,-c')(«' + 6') = 23c (a'+6) + 0«, + »',c')(a'' + 6'). 

To explain metallic reflection, this equation ought to give us a 
complex value for a. We may write the equation 

a'" + 2Qo'+6'-L(o'+6') + 2Q6 = 0, 
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where Q = — 2£-, and L = ^-i^^ -ii±^,. 

Thus we must have 

Or, for normal incidence when 6 = 0, we most have 

This is impossible nnless L is negative ; but, to make L negative, is 
equivalent to falling back on a negative v,, which is the second case 
we have considered above. Thus, to introduce terms of the form ^,4 
into the strain-encrgj does not give us any assistance in the problem 
of metallic reflection. 

19. Rotation of the Plane of Pclarisation by Magnetism, 

Yery different equations have been obtained by different writers for 
the motion of optical waves in a magnetic field. 

Case (i.) Maxwell introduces a term into the kinetic energy for 
waves moving in the direction of the axis of z^ of the form 



or 



This in our notation may, in this case, be represented by 

on I ' d>T„ • dr,„\ 

^^"^"""57) ^''•>- 

Maxwell then states that the components of the impressed force 
deduced by Lagrange's equations will be of the type 

^^'d^-^'^d^ <'"•>' 

while those forces arising " fi-om the action of the remainder of the 
medium on the element under consideration ** must be in the case of 
an isotropic medium of the form indicated by Cauchy, or 
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He thus arrives at equations of the type* 

There seems to me great difficultj iu nnclersfcanding exactly how 
and why the kinetic energy is thus to be separated from the strain- 
energy. It would be impossible on the th-^ory of generalised elasticity. 
The effect of the anguLir ve'ocity of an element of the raedium would 
be to alter the intermolecular force, and this alteration of inter- 
molecular force would affect the strain-energy. We shonld expect, 
therefore, the term above to occur in the value of the strain-energy f ; 
but then we must assume that tliis strain-ener<2ry depends not only on 
strain, shift-speeds, and strain-speeds, but al.<«o on the fluxions of the 
strain with regard to space. Now this dependence of the strain- 
energy on the strain-fluxions with regard to space, does not seem 
improbable in the case of magnetic nction. In the particular molecular 
hypothesis to which I have previously ipf erred, ihe magnetic terms 
introduce into the strain-energy terms linear in the shift-speeds, and 
so differing in character fi*om the quadratic terms in which the 
strains u ually appear. To -a second approximation we should then 
find the products of shift-speeds and space-fluxions of the strain 
occurring in the value of the strain-energy. 

In the particular case of motion we are dealing with, the only shifts 
are u and r, and the only strains <r„ and o-^s, equal respectively to 
du/dz and dv/dz. Thus the only possible terms which can arise in ^ 
are of the form 



az dz 



(Ixiii.). 




Now let us discover what the value of 

^^5 dx dy dz dt 
contributes to the new b )dy-8hift equations. We have it equal to 

1 K'" g - ^') -: ('• I? - '^i 



• Art. 827, Vol. xi., of tho Electrieity and Magnetism, 
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Integrating by parts, and retaining only quadruple integral terms, 
we obtain 

Thus the constants c\ and cj will not occur in the body-shift 
equations, and we need nut farther consider them. 

We find, therefore, that 

^. = c.u^'+Ci;^ (Ixiv.) 

dz dz 

introduces into the w- and v- shift-equations the teims 

on their right-hand sides respectively. 

Now, in order that a rotation of the axes a;, y round the axis of z 
may not affect the form of ^5, it is needfol that 

c, = — Ci = Cy, say. 

We thus reach for onr strain-energy a form, 

^'=^n\-i?--«5?) <'"-^' 

identical with Maxwell's form for the kinetic energy of his system, but 
leading to jnst double of his expreiisioiis in the body-shift equations. 
These now take the type 

(,-0 5 = 2Cy^^H, -rm^ (1-i.). 

or, neglecting the dispersion terms, Ac. (in *: and ^'"), we have 

^ dt* " '^ d;?dt'^^dz* . 

(Ixvii.). 

The introduction of the factor 2 is thus the only difference whioh 
aiises from dealing with the term which Maxwell takes as a part of 
his kinetic energy, as if it arose from the strain-energy in our 
gencrah'sed theory. (Similar equations follow from a more specialised 
atomic theory ; see Froc, London Math. Soc, Vol. xx., p. 62.) 
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CaBQ(n.) Lindemann {Ueber Moiakularphytik, Reprint, p. ^) hi 
arrived at eqnationa of the form 



'(z, 



'(hdf 



..(Ixriii.^ 



'5? ""Si-*" <•'-">-"'■ 5^') 

where -L = — L = a certain fanction of the period of vibration, an 
u 

y, y are constants. The generalised theory of elasticity doee no 
obvionsly lend itself to the terms with coeEBcients v and >>', and i 
Buema in any case that they might be replaced by tenna in tPw/df* ant 
iPc/dl', since the latter wonld only alter the above function of tbi 
period of vibration. Such terms arise, then, from the changes ii 
apparent density of the medium prodnced by the c-terma (ft) of f 
the strain -energy. Wiih regard to the last or rotatory terma, titoj 
differ essentially from Mnzwell'a, partly in beiag of like sign, ani 
partly in the character of the differential. I do not see from wha 
terms in the generalised strala-energy they would be likely to arise 
nor do I follow the analysis by which Lindemann obtains them. 

Case (iii.) Boossinesq* baa deduced the magnetic rotation o 
the plane of polarisation by the inti-odnotion into the body-shif 
equations of the following terms, the wave moving parallel to thi 
oxia of 3 ; — 

-— ; instead of Maxwell's - . . , , 



and 



d(' " " di'di' 



llaswelt dnea not seem to have seen BoQSsinsaq'a theory, for hi 
remarks, " I aiu not aware that this form of the equations baa beei 
suggested by any physical theory."t It gives a value for the angle o: 
nitatioti which iifji-eca tolerably well with observation for bodies o 
moderate dinptrsive }H>wer. 

We may now ask whether our theory of generalised strain-energ] 
can be made to render np Bonssincsq's terms as well as Maxwell's 
Obvioasly, Boussinesq's theory cannot give terms like Maxwell's, hi 
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it must introduce second difEerentials with regard to t. It can, how- 
ever, give Lindemann's terras, only -they will appear with a difference 
in sign. These are, indeed, the terms by which on our theory of 
straia-energy we have endeavoured to explain the rotation of the 
plane of polarisation in a liquid. 

In order to obtain Bou8sinesq*s terms, we must suppose the strain- 
energy not only a function of the shift-speeds, but also of the shift- 
accelerations. Whether this assumption is probable or not, is another 
matter. Looked at from the standpoint of the particular molecular 
hypothesis, which leads me to believe that the strain-energy is a 
function not only of strain, but of shift- and strain- speeds, it does not 
seem impossible. Certain internal molecular coordinates have to be 
determined from equations involving molecular velocities, and the 
differentials of these quantities by the Hamiltonian method ; hence 
the " constants " of intermolecular force depending on the internal 
molecular coordinates may really involve the mean molecular 
acceleration. The probability seems just as great as the assumption 
by Boussinesq that the shift of an element of the body through 
which the wave is passing is a function of the ether-velocity, as well 
as its shift at the same point. 

We have, then, in the case where u and v are the only shifts, the 
following terms to be added to ^^ : — 

••• ••• ••• ••• 

Hence the terms 3- -? and — -f 

at du »^ dv 

in the body-shift equations must be replaced by 

d (d^\_^ (dp\ 
dt \dJ dt' \dJ 

and -jx ( • ) "" 37 ( - ) » respectively. 

> • ■ ■ • • 

This leads to terms (/I'l—A;,) v and (Jc^ — k^) t*, appearing in the u- and 
t;- shift-equations respectively. Hence it is only necessary to deal 
with the terms 

• • • • • • 

k^ uv-^-k^vu 

in the strain-energy ; but, in order that a rotation of axes round z 
should leave these unchanged in form, we must have 

A;i = — ^, = + Cy, say. 
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Thus oar equations of motion become 



(Ixix.). 



Tliese are of the form originally suggested by Airy {Phil. Mag,^ 
Jane, 184<>) to explain the phenomenon, and they have been fally 
discussed by Bonssinesq in the memoir cited above. 

Thus, while neither the Bonssinesq nor the Maxwell terms alone will 
give results in complete accordance wi^h experiment, it is possible 
that their combination, which is possible on the theory of generalised 
strain energy, will be more successfnl. At any rate it is of value to 
see the form of terms in the strain-energy from which either set of 
e(juations arises; for it is to an expression for the generalised strain- 
energy that we may expect any future molecular theories to lead us. 

19. Aberration, 

We have seen (Eqn. xxvi.) that the generalised strain-energy leads, 
in the case of an isotropic elastic medium, to an equation of the form 

P (u- X) = Ku-\. {rr^-TrrV'm f- + di-fi-r/') v'«, 

where D* = cP/dt\ 

and \'"=X'— 7/2 and /u"' = /* -f y/4. 

This equation is obtained on the hypothesi.-^ that the displacements 
are small, and we suppose the acceleration of the element u on both 
sides of this equation to be the same. Now the term ku arises from 
the strain-energy, while the term pu really expresses the so-called 
** effective force " per nnit volume of the element. Hence u in pu 

• • • • 

has reference to axes fixed in space, while u in kh is acceleration 
relative to the ether in the neighbourhood of the vibrating particles. 
Thus the d'dt in the terms pu and ku, when the medium is moving 
rapidly through space, will be different in character. But the diflS- 
culty is to know exactly what is motion relative to the ether. It 
would appear that a certain portion of the ether really moves with 
the transparent medium, while another portion appears to pasa 
through the medium. If we attribute the light vibration to the 
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** bound '* portion of the ether, then, by imposing on the system 
velocities equal and opposite to that with which the body is moving 

through space, u in pu will be the acceleration of tl»e "bound " ether 

• • • • 

relative to the body, and u in ku the Rccelerati* n of the ** bound " 
ether n^lative to the free ether, which will now be passing through 
the bound ether with a velocity equal and oppo-^ite to that of the 
original velocity of the transparent medium. It seems, then, reason- 

able to replace the djdf in ku by the form usual in hydro-dynamical 
investigations, as then* is now no longer the conditicm of small relative 
velocirirs. If Ts F, W be th*' ve'ooity-components of the moving 
transpariMit midium tho-e ot* the free ether after the b»dy has been 
brought to rest will l)e — U^ —V^ and —W. Now we shall suppose 
that r', F, IF remain sensib y constant during a very grea' nun;ber 
of light vibiations. Henc ', neglec ing the products of shift- speeds, 

• • • 

we shall have to replace u in rtt by 

at ae ay az 

\at ax dij dzl 

Thus the equations of motion become of the type 

\dt dx du dil 



d6 



d'C 



Let us take a wave of the foi-m 



A~ B~ U~ 

dn __ a^ du dn a, du dn n^ dn 

dx c di ' dy c dt ' dz c dt ' 



then 



dt dx dy dz \ c } dt' 

Thus, omitting -X and the terms which give rise to dispersion, we have 



Professor K. Pearson on 



[A 



Kuw let a,, />,, Vi be the direction cosines of the wave-front, 
the velocity of the wave, then 

Ua, + Va, + W'a. ^ ga, + V0, + BV. _ f 



irhere ( ^= velocity of medium resolved iu direction of the 
Thni oar eq^aations of vibrations became of the type 

{'-'{^'irw^^^t*"^ ' 



These equations, therefore, lead to resDlts precisely similar to i 
the preceding articles, when the k of those articles ia replaced 

K being, as we have already noted, in all probability negative. 
Thus the velocity of the wave of transverse vibrations ■ 



Let n be the velocity of the wave if f = 0. Then, if we negl 
squares of i/Q^ and put Q = fl' iu the small terms, we have 

or O' = n — c 

Kow, neglecting dispersion terms, and supposiug k = 0, for th 
outside the transparent medium, we have for the refractive in 



Thui 



or, finally, 0' = 0+(l--lW (j 

This is tho formula given by FrosncI for aberration, nud coufiri 
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experiment. It has been obtained hj neglecting the dispersion terms, 
and supposing the transparent medium to be in motion relative to 
the free ether. The type of equation we have obtained, and the 
method in which I have dealt with it, are both the same as those of 
Boussinesq,* but the assumptions on which our equations are based 
are very different. My equations are here, as elsewhere, obtained 
from the assumption that the strain-energy is a function not only of 
the stniin, bat of the strain-speeds, and of the shift-speeds relative 
to the free ether. I have avoided, as far as possible, making any 
assumptions as to the medium which propagates light in material 
bodies ; I have not definitely identified it with the " bound*' ether, or 
with the matter of the transparent body, or with a combination of the 
two. The sole hypothesis is, that it is a medium for which the 
generalised equations of elasticity hold, and that this medium moves 
relatively to the free ether. I think Boussinesq snpposes the whole 
of the ether to be in motionf through the body, and he also considers 
that intermolecular distance is very great as compared with molecular 
diameter.J Boussinesq's theory is, therefore, not a purely elastic 
medium theory, as the present theory professes to be. 

20. We have seen in the present paper how far an elastic medium 
theory can be extended in the endeavour to explain the phenomena 
of light. With the generalised equations of elasticity, the terms 
which give rise to dispersion in a simple transparent medium enter 
naturally, but anomalous dispersion and absorption are beyond the 
control of such a theory ; the rotation of the plane of polarised light 
by certain liquids is explained by the assumption of ''dissymmetrical 
isotropy '* in such media ; the terms involving rotation of the plane 
of polarised light by magnetism are obtained also from the generalised 
strain-energy, and these terms may combine both the sets to which 
Maxwell and Boussinesq have attributed the rotation. The pheno- 
mena of double refraction and elliptic refraction, as well as those of 
ordinary refraction and reflection, are explained better than by the 



♦ See the Journal de Liouvilie, Vol. xiii., 1868, pp. 433-438. 

t " Comme les actions ddvelopp^os entre Tether et la mati^re pond&rable, lors de 
tout mouvement d*axnplitude finie, sont extr^mement faibles, Pother da corps ne 
sera presque pas entraine avec lui, mais restera comparativement immobile." 
—Liouville^ xiii., 1868, p. 433. 

% Compare with the whole of the above a second paper of Boussinesq's on aberra- 
tion, Journal cU Liouville^ Vol. xviii., 1873, pp. 361-390, where he supposes the 
observer, the transparent body, and the source of light have no relative motion, but a 
common velocity relative to the ether. 
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ordinary theory of elasticity, but with the same sort of difficalties i 
arise in the wave theory of Boussinesq. The present theory seems al 
to throw a considerable amount of light on elastic after-strain, ai 
shows that the velocity of sound in bars will vary with the length 
the wave. 

In another paper I propose to explain how the temis in 11 
generalised strain-energy arise in the case of at least one niolccali 
hypothesis. 
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On Crystalline Reflection and Refraction, By A. B. Basskt, 

[ReudJune 13M, 1889.] 

1. The electro-magnetic theory of light has been applied to the 
problem of reflection and refraction by the authors cited below ;• and 
the general equations which determine the intensities of the two 

* Lorentz, Schlomilch Zeitsehrift, Vol. xxii. ; J. J. Thomson, PAi/. Moff., April, 
1880; Fiizgerald, Fhil. Tram., 1880; Lord Ray leigh, Fhil, Ma^., August, 1881; 
Idid., September, 1888. 
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refracted waves and the reflected wave, and the deviation of the plane 
of polarisation of the latter, when polarised light is incident upon the 
surface of a doubly refracting crystal, have been g^ven by Glaxe- 
brook.* It is remarkable that these equations are of the same form 
as those obtained as long ago as 1835 by MacCallagh, by means of 
an erzx)neous theory. MacCallagh published two papers on the 
subject of ** Crystalline Reflection and Refraction." In the first paperf 
he attempted to solve the problem by means of a generalisation of the 
assumptions employed by Fi*esnel in the case of isotropic media. 
His four assumptions are the following : — (i.) that the displacements 
are continuous ; (ii.) that the kinetic energy per wave-length of the 
incident wave is equal to the kinetic energy per wave-len|^h of the 
reflected and refracted waves ; (iii.) that the density of the ether is 
the same in all media; (iv.) that the vibrations of polarised light are 
parallel to the plane of polarisation. Probably little fanlt will be 
found with the first two assumptions, but the last two are not generally 
accepted as correct at the present time. In his second paper,^ 
MacCulhigh attempted to deduce his previous results by means of a 
dynamical theory, which consisted in supposing that the potential 
ener^ry per unit of volume of the ether within a crystal is a quadratic 
function of the rotations i, i?, f ; where l=^dw/dy—dv/dz^ Ac., li, t; and 
w being the displacements. This assumption as to the form of the 
energy of an anisotropic elastic medium, is well known to be erroneous, 
the correct expression having been given by Green ; and therefore 
MacCullagh*s final equations for determining the intensities of the 
reflected and refracted light, cannot be considered to stand upon a 
sound dynamical basis ; but, as these final equations are (he same as 
those furnished by the electro-magnetic theory, most of the results of 
MacCullagh's first paper, with certain modifications necessitated by 
his having supposed that the vibrations of polarised light are parallel 
to the plane of polarisation, are applicable to the latter theoiy, and 
thus MacCullagh*s results regain their interest. 

A theory totally different from the electro-magnetic theory has 
been recently proposed by Sir W. Thomsou,§ which, so far as it 
applies to isotropic media, consists in regarding the luminiferoos ether 
as an clastic medium, whose elasticity of volume is negative, and equal, 
or very nearly so, to — Jn, where n is the rigidity ; and he has applied 
this theoi*y to the problem of reflection and refraction at the common 
surface of two isoti-opic medin. This theory, by the aid of a 

• Proc. Cainb. Phil. Soc,, Vt»l. iv., p. 166. 
t TranM. Hoy, Irinh Aead., Vol. xviii., p. 31. 
X TniUH. Roy. Liah Avmi.y Vol. xxi., p. 17. 
\ J'hil. May., Nuvcmber uuJ DoccmbtT, 1888. 
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subsidiary hypothesis, which was originally suggested by Bankine 
and Stokes,* and more fully developed by Lord Rayleigh,t has been 
applied by Glazebrook j! to the problem of double refraction ; and it 
is found to lead to FresneFs wave-surface, and also makes the 
vibrations of a ray of polarised light, on emerging from a crystal, 
perpendicular to the plane of polarisation, although the direction ot 
vibration within the crystal is not quite the same as that given by 
Fresnel and the electro- magnetic theory. 

In the present paper I propose to discuss some of the results of the 
electro- magnetic theory, with special reference to reflection and 
refraction at the surface of a uniaxal crystal and to MacGullagh's 
work; in the next place, I shall show how Green's theory fails when 
it is applied to crystalline reflection and refraction ; and lastly, I shall 
solve the problem by means of Sir W. Thomson's theory. 

The Electro-magnetic Theory, 

2. Let i be the angle of incidence ; r^, r, the angles which the two 
refracted wave normals make with the normal to the reflecting surface ; 
A, A\ A^y A^ the square roots of the intensities of the incident, reflected, 
and two refracted waves ; let tf, ffj 6^, 0^ be the angles which the direc- 
tions of vibration in these four waves make with their common line of 
intersection with the reflecting surface ; also let Xi, xt ^ ^^^ angles 
between the two refracted rays and the corresponding wave normals. 

If we suppose that the magnetic inductive capacity is the same in 
the two media (which is very nearly the case for all transparent 
dielectrics), Glazebrook's equationB§ may be put into the form 

{A cos 6 -h J.' cos 0') sin i = Ai cos $i sin rj + -4, cos 6^ sinr, (1), 

{AcoB6'-A'cosff)cosi = ^icos0,cosri-|-i!jcostf,cosr, (2), 

AamO-^-Asinff = AiSiaOi+A^Bind^ (3), 

(A sin ^— -4'sin ff) sin 2i = A^ (sin 6^ sin 2ri + 2 sin* r^ tan Xi) 

+ A^ (sin d, sin 2r,-i-2 sin* r, tan Xs) ...(4). 

3. MacGullagh supposed that the vibrations of polarised light 



• Brit. Assoc. Rep, on ** Double Refraction," 1862. 

t Hon. J. W. Strutt, Fhil, Mag,y June, 1871. 

X Ibid.t December, 1888. [October, 1889. Since this paper was read, a paper 
has been published by Mr. Glazcbrook in the Philosophical Magazine for August, 
1889, in which ho has applied Sir W. Thomson's theory to the problem of 
" Crystalline Roilection and Refraction," and has obtained the same results as are 
g^ven in the present paper.] 

§ Froe. Camb, Fhil, Soe,, Vol. nr., p. 166. 

VOL. XX. — NO. 365. 2 A 
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were parallel to, instead of perpendicular to, the plane of polarisation ; 
but his geometrical theorems with regard to uniradial directions may 
be easily modified so as to apply to the present theory. When 
polarised light is incident upon a crystalline plate at a given angle, 
it is always possible, hy pToperly choosing the plane of polarisation, 
to make one or other of the two refracted rays disappear. The two 
directions of vibration for which this is possible are called uniradtal 
directions. Wo can thus obtain the following modification of a 
theorem due to MacCullagh, viz. : that whenever one of the refracted 
rays is absent, the lines of intersection of the planes of polarisation of 
the three waves with their respective wave fronts lie in a plane. 

Let the axis of x be the normal to the reflecting surface, and let the 
line of intersection of the latter with the wave fronts be the axis of z ; 
the point of incidence, OP, OF', OP^ the lines of intersection of the 
three planes of polarisation with their respective wave fronts ; X, ^, y ; 
X', fji\ V \ \, /L/„ Vj the direction cosines of OP, OP', OPj. 

Then 

X = cos sin *, fjL = cos cos i, f = — sin 0, 

X' = cos 6* sin i, ix = —cos 0'cos i, v = —sin O', 
X^ = cos 0, sin rj, ftj = cos cos rj, v^ =r —sin B^, 

Putting -4, = in (1), (2), (3), and substituting, we obtain 

^X-f-^'X' = ^iX„ 

Av + Alv = -4i fi ; 



whence 



X, X , Xj 
A*, /*'» /*i 



^> »' , V\ 



= 0, 



which is the condition that OP, OF, OPi should lie in the same 
plane. 

4. The intensities of the reflected and refracted waves, when the 
second medium is a uniaxal crystal which is cut perpendicularly to its 
axis, may be deduced from the general formuleB (1), (2), (3), and (4) ; 
but in this case it is simpler to proceed from first principles.. 

The wave-surface consists of the sphere 
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and the ellipsoid 



a?/c''{-(y'+z')/a' = l, 



and if the crystal is a negative one, such as Iceland spar, a > c, so 
that the ellipsoid is planetary. 

Let us first suppose that the incident light is polarised perpen- 
dicularly to the plane of incidence, so that the refracted ray is an 
extraordinary ray ; and let 8, S', 8i be the electric displacements in 
the incident, reflected, and refracted waves. 




(6). 



The condition that the electric displacements perpendicnlar to the 
reflecting surface should be the same in both media, gives 

(S + S') sini = -Sisinr (5). 

The condition that the electric forces parallel to the reflecting sur- 
face should be the same in both media, gives 

F* (S-S') cost = -SiC»co8r 

where V is the velocity of light in the first medium. 

If Ay A\ Ai be the square roots of the intensities, 

il _ ^^ _. A, 

VS VS V,8, 

Also, V/V,=^ 

f! 



\ = sint/sinr ^ 

^\ = c* cos* r+a* sin' r = jpM 



(7). 



(8). 



where p is the perpendicular from the point of incidence on to the 
tangent plane to the ellipsoid at the extremity of the extraordinary 
ray. Equations (5) and (6), therefore, become 

A+A'=-A, (9), 

A^ c* sin 2r 



A-A'zz - 



(a* sin* r+(f cos* r) sin 2t 
2 A 2 



(10), 



856 

and tberotore 
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A= A ^ - .1- , 1 ■ .> 

j^ Bin 2i + c' 8in zr 

, '2 A p' sin 2t 
' ' y'8in2i + e'Bin2r 

whiob dctormino tlio intonsitiea of the refiected and refaracted i 

If OP be the extraoniinaiy ray, OT the perpendlcalar 
negative sign ehowa that the vibration ia the extraordinarj wai 
the direction YP. 

Tho intensity of tho reflected light raniflhea when 
j)'8in2i— (^Bin2r = 0, 
and therefore, by (8), 



whoDce, eliminating r 



T"coti = c'cotr, 



If, therefore, common light be incident npon tbe crystalline pi 
thiB angle, the reflected light will bo completely polarised in the 
of incidence ; (13), therefore, determines the polarising angle. 

5. Let UB now suppose that the incident light ia polarised { 
piano of incidence. 

The condition that tbe electi-ic forces parallel to the pis 
incidence shonld bo continnous, gives 

P(S+S') = c*S,; 
and the condition that the corresponding componentB of the mi^ 
forces should be continnous, gives 

(S-S") Tcos i = cS, cos *■, 
whence (A + A') sin i = Aj sin r, 

(A— A') coBi = ^,cosr, 
_ A sin (i—r) 



and there foro 



A' = 



n(. + r) 
n2t 



sin ii+r) 
These are tbe same formnln as are known to hold good in the 
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of two isotropic media, which might have been expected, since the 
law of refraction of the ordinary ray is the same as in the case of 
isotropic media. 

6. When light is internally reflected at the surface of glass which 
is in contact with a rarer medium, such as air, it is known that total 
reflection is accompanied by a change of phase ; and since the results 
which hold good in the case of two isotropic media are particular 
cases of more general results which hold good in the case of crystal- 
line media, it follows that there must be a change of phase when a 
crystal is substituted for the glass. 

If the incident light is polarised perpendicularly to the plane of 
incidence, (9) and (10) must be replaced by 

A+A' = A, (U), 

A— A' = Ai (a*8in*i4-c'cos*i) sin2r/c*8in2i (15)i 

whence A' = A ';«'°^^-;'^;«!°;^+'^;°«^^)"'^;r ae). 

c' sm 2% -f (a' sm' t + c' cos' i) sin 2r 

In these formula?, the incident wave is the real part of 

(A/V) e**'^'*<*»"«'*^»+^»'^ 

where 2'n'/K is the wave-length, and Vi the velocity of the incident 
wave in the crystal ; and the reflected and refracted waves are the 
real parts of 

(i47Fi)€-'^''*^*"*'"^"**^*'^ and (AJV) ^^"^''-'*^''^^*\ 

Since a' sin* t -|- c' cos* i = "Pj = F* sin' t'/sin* r, 

(/ cos' i ~~ ( V ^ o? ) sin' 't 

it follows that cos'r= ^ . ^\ . , — V; (17), 

or sm* i 4- c' cos' % v •» 

and therefore, since F > a, it follows that cos r becomes imaginary when 

**'^*>7(^ ^''^- 

This is therefore the value of the critical angle at which total 
reflection takes place. 

In order to calculate the change of phase which occurs, let 
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where a, /3, Cj, /3j are real. Then (14) and (15) become 

where g= F {(F«-a»)tanS-c^}Vc», 

hj (17). Whence il + a = a^, /? = /Ji, 

lu^ccrdmgly, a = -L_^, ^ = "1?^' !+?• 

The reflected wave is therefore 

(a/F,) cos ^ (« cos i+y sint-F,0 + (i3/Fi)sin^(a5O08*+y sin*- F,0, 

A A 



or 



(i4/Fi)cosJ ~(«C08t+ysini— Fi0+2e >, 



where tan 2e = f^, ; 

l—q 

whence tane = 5= F {(F'-o') tan* i-c']7c« (19), 

which determines the change of phase. 

In order to obtain the corresponding result for an isotropic medium, 
we must put a=^ c^ V/a = fi, where ft is the index of refraction of 
the two media, and (19) becomes 

tane = /iA/(/i'tan'i— sec*i), 

which is the same expression as that obtained by Fresnel, and which 
approximately agrees with that obtained by Green on the theory of an 
elastic medium. 

In the case of light polarised in the plane of incidence, it can be 
shown in a similar manner that 

ft cost 
which is Fresners and Green's result. 

7. When the reflecting surface is parallel to the axis of the oxysta], 
results of corresponding simplicity can be obtained, provided the plane 
of incidence contains the axis. 

for light plarised perpen4icalarl^ to the pli^e of inqidenoe, il|e 
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formnlsD can easily be shown to be 



il-^' = 



Ai o* sin 2r 



(a* cos' r-\-c? sin' r) sin 2t • 

These equations are what equations (9) and (10) become when a 
and c are interchanged, and the sign of A^ is changed. Hence the 
valne of the polarising angle, the angle at which total reflection takes 
place, and the change of phase are obtained for this case by writing 
a for c in (13), (18), and (19). 

8. There would be no difficulty in working out the results when 
the plane of incidence contains the axis, but the axis does not lie in 
the reflecting surface, although the results would be rather long. 
The value of the polarising angle may, however, be directly obtained 
from (1), (2), (8), and (4), by putting 

il' = ^, = 0, = 6' = 6i = fTT, 

eliminating A and ^„ and remembering that 

. __ (g'—c*) sin tt cos ut 

a' sm^ w + r cos* w 

where w is the angle which the extraordinary wave normal makes 

with the optic axis. This is what has been done by MacCuUagh, and 

his result is, that if \ be the angle which the optic axis makes with 

the reflecting surface, the polarising angle i is given by the elegant 

formula 

. ,. F»(V''-a*cos*X-c»8in'X) 

sin' t = "^ :^zn r-= ~ . 

This value of the polarising angle (which MacCuUagh states was 
first obtained by Seebeck) is easily seen to agree with the particular 
results which we have obtained for the cases \ = 0, X = §ir. 

Qreen*8 Theory. 

9. We shall now very briefly consider the application of Green's 
theory. 

If an anisotropic medium be symmetrical with respect to three fixed 
rectangular planes, the potential energy will be of the form 

W = l(Ee' + Ff'^Og''^2Eyg + 2Fge+2G'ef+Aa'-\-Bb'-{-C(?), 

where e, /, g, a, 6, c denote the strains. 

In a medium of this kind it is not possible for distortional waves 



■I 
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to be propagated independently of dilatational wayes, unless oeriani 
relations exist between the coefficients, which reduce W to the form 

which requires that 

^ i (19a). 

Qreen therefore assumes that these relations exist amongst the 
coefficients, and thus the equations of motion reduce to the form 

with two similar ones, where h is the dilatation and {, ly, i are the 
rotations. 

It is to be noticed that, if ^ = 0, the equations satisfied hj the dis- 
placements in Qreen's theory are of the same form as those satisfied 
by the magnetic displacements in the electro-magnetic theory ; whilst 
the equations which are satisfied by the rotations f, i|, ( are the same 
as those satisfied by the electric displacements.* 

10. Green's medium also possesses the following property. 

Let Oaj, Oy, Oz be the axes of crystalline symmetry ; and let BG be 
the intersection of any plane parallel to Ox with the plane yz ; and 




consider a portion of the medium which is bounded by the plane BO 
and two fixed rigid planes perpendicular to Ox, Draw Q^i, Oir, re- 



* Olazebrook, Proe. Comb. Thil. Soc., Vol. it., pp. 157 and 169. 
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spectively perpendicnlar and parallel to BO, and let the suffixed letters 
denote the values of corresponding quantities referred to Oa>, Oyi, Oz^ 
as axes. 

If in a crystalline medium which possesses three rectangular planes 
of symmetry, a shearing stress 8i be applied to the plane BO, this 
stress will usually be a function of the extensions along Oy^ and Ozi, 
as well as of the shearing strain Oj, unless the plane BO be a principal 
plane ; but, in a medium such as Green considers, the coefficients of 
the extensions are zero, and the relation 8i = Aa^ holds good for all 
positions of BO, 

In order to prove this, we see at once that 

iSi = Scos2a+J (B-Q) sin 26. 

Also, since the medium is supposed to be bounded by two rigid 
planes perpendicular to Ox, there can be no extension nor contraction 
parallel to Ox, whence 

accordingly, 

S, = Aacoa2d+l {(^-.J7^/+(G_^^} sin 26 (196). 

But, if m = cos 0, n = sin 0, 

9 = n'/i+mVi+tiitiai. 



also 






Again, 






a = 


dw 
dy 


.dv 
^ dz 



= ( m t; n-- ) (nvi+mMT,)-f ( n - — Vm -t-\ (wiv,— nw,) 

\ dyi dzj ^ oAfi dzj 

= Oj cos 2d-f (fi—Qi) sin 26. 

Substituting in (196), we obtain 

8,=^ a, {ilcos«2a+i(G+J?'-2Jr)8in'2tf} 

H (fi-gi) {^-i (0+1?'- 2J^)} Bin 4a 
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It therefore follows that if 

we shall have 8i = Aa^ . 

A similar property is also trae in the case bt each of the other two 
axes ; hence, if any two of the coordinate axes be rotated round the 
third, the shearing stress which tends to produce rotation about the 
third axis, is always eqnal to the product of the shearing strain and 
the principal rigidity corresponding to that axis. 

It therefore follows that the relations between the constants which 
have been assumed by Green, are not mere arbitrary assumptions 
which have been made for the purpose of obtaining a particular 
analytical result, but correspond to definite physical properties of the 
medium. 

11. The theory of Green, although dynamically sound, renders it 
necessary to suppose that the vibrations of polarised light are parallel 
to the plane of polarisation, which is one objection ; also, if we agree 
to disregard this difficulty, another difficulty crops up in applying the 
theory to crystalline reflection and refraction, owing to the necessity 
of making some assumption involving relations between the physical 
constants of isotropic and crystalline media. 

To investigate this point, let us consider the reflection and refrac- 
tion of light at the surface of a uniazal crystal, whose face is perpen- 
dicular to the axis. In order that the incident light should give rise 
to an extraordinary wave, it is necessary, on this theory, to suppose 
that the incident vibrations are perpendicular to the plane of 
incidence. 

In the first medium, the equation of motion is 

cPto /cPw . cPto\ ^^^-^ 

f-lF^'^i^^dy^) (2<»)' 

and in the crystal Pi -^ = ^'"Tl^+^ "^ (21), 

where we have written a', c* for A and 0. 

Let w = fif €-^"^*->'«^*+'''> + iS'e«t-'«*'->'«*»<*'^>, 

where ifsiji* == ifjsinr, icF=rjF, (22). 
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From (20) we obtain F* = n/p, 

and from (21) F* = (a* 8in'r+c'coflV)/Pi. 

The surface conditions for continuity of displacement and stress give 

dw « dtOi 

« = «'» «;to='^^' 

when aj = ; whence S+ fif = Si, 

Kn (S— 8') cos t = Si Ai cos r, 

the last of which, bj (22), becomes 

s_isr = iSi^^. 

ntanr 

whence y^g ntanr-^tani ^23^ 

n tan r-f<r tan t 

». = ,^^"^;: • (24). 

ntanr+(rtant 

We have hitherto avoided assuming that any relations exist between 
the physical constants of the two media; but, in order that these 
results should be consistent with those which the theory furnishes 
for isotropic media, it seems necessary to suppose that n = c*. Now 
the intensity of light is measured by the energy, and the formulsB 
then show that the intensity of the reflected light would be the same 
as if the crystal were an isotropic medium, whilst that of the re&acted 
light would be different. These results are, however, inconsistent 
with the electro-magnetic theory. Since the wave whose velocity is c 
is refracted according to the ordinary law, the assumption that 
n=ic^ might at first sight appear to be a plausible one in the case 
of uniaxal crystals ; but, if we attempt to apply the theory to biazal 
crystals, there is no valid reason why n should be assumed to be 
equal to one of the three principal rigidities, rather than to either 
of the other two. 

If we adopt the assumption of MacCullagh and Neumann, that 
p = Pi, the intensities will be proportional to the square roots of the 
amplitudes, and we shall obtain 

A' -— A (q* sin* r+<? cos* r) sin 2t— c^ sin 2r 
(a* sin' r-hc^ cos* r) sin 2i+c* sin 2r' 



J ^ 2 A (g* sin* r+t? cos* r) sin 2i 
^ ~ ((»* sin* r+c* cos* r) sin 2* +c* sin 



8in2r* 
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The latter formula agrees with the expresmon found for the 
intensity of the extraordinary wave on the electro-ma^etic thecHj; 
bnt Lord Rajleigh* has shown that the assumption that the densitifli 
are equal is not a legitimate one in the case of two isotropic media, 
since it leads to two polarising angles, and there can be little doubt 
that, in the case of crystalline media, the same assnuiption would 
lead to a similar result, and would therefore be one which it is not 
permissible to make. It thus appears that Green's theoiy faib to 
furnish a satisfactory explanation of crystalline reflection and re- 
fraction. 

To work out a rigorous theory of the reflection and refraction of 
waves, at the surface of separation of an isotropic medium, and an 
anisotropic medium such as Green's, on the supposition that the 
velocities of propagation of the dilatational or pressnral waves in 
both media, are very great in comparison with the velocities -of pro- 
pagation of the distortional waves, would be a mere question of 
mathematics, and could be effected without difficulty on the lines of 
Green's and Ix)rd Rayleigb's investigations, when both media are 
isotropic. But the only physical interest of such investigations lies 
in their ability (or inability) to explain optical phenomena; and 
therefore, having regard to the failure of Green's theory to furnish 
Hatisfactory results in the case of crystalline reflection and refraction, 
it seems scarcely worth while to pursue such investigations. 

Sir W, Thomson's Theory, 

12. We shall now consider a new theory, which was proposed by 
Sir W. Thomson in the autumn of 1888. 

Wlien a disturbance is communicated to a homogeneous isotropic 
elastic medium, two waves are propagated from the centre of disturb- 
ance with different velocities, one of which is a wave of dilatation 
whose vibrations are perpendicular to the wave front, and whose 
velocity of propagation is equal to 

and the other is a distortional wave which does not involve dilatation, 
and whoso velocity of propagation is 

where p is the density, k the resistance and compression, and n the 
rigidity of the medium. 

■ 

* Hon. J. W. Strutt, FML Mag., Augost, 1871. 
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In applying the theory of elastic media to explain optical pheno- 
mena, it is necessary to get rid of the difficulty which arises from the 
fact that such media are capable of propagating dilatational waves. 
This maybe done by supposing that the ratio (fc + Tw)*/n*, of the 
velocity of propagation of the dilatational wave to that of the 
distortion al wave, is either very large or very small ; which requires 
either that k should be very large compared with n, or should be very 
neariy equal to — fn. Green adopted the former supposition, on the 
ground that, if the latter were true, the medium would be unstable. 
Sir W. Thomson, however, has recently shown that, if /c is negative 
and numerically less than f n, the medium will be stable, provided we 
either suppose tlie medium to extend all through boundless space^ or give 
it a fixed containing vessel as a boundary. 

Putting U=(k-\- in)* /p*, V=n^ /p*, 

it is obvious that, if a small disturbance be communicated to the 
medium, U will be real, provided k + ^nhe positive, and therefore the 
motion will not increase indefinitely with the time, but will be periodic ; 
but, i^ k-^^n be negative, U will be imaginary, in which case the dis- 
turbance will either increase or diminish indefinitely with the time, 
and the mediam will either explode or collapse, and will therefore be 
thoroughly unstable. If A; = ^w, U will be zero, and therefore the 
medium will be incapable of propagating a dilatational wave. The 
principal difficulty in adopting this hypothesis appears to me to 
arise from the fact, that it requires us to suppose that the compressi- 
bility is negative, — in other words, that an increase of pressure pro- 
duces an increase of volume. So far as I am aware, no medium with 
which we are acquainted possesses this property ; and it is very 
difficult to form a conception of such a medium. On the other hand, 
it cannot be asserted that a medium possessing this property does 
not exist ; if, therefore, we accept Sir W. Thomson's hypothesis, it 
follows that elastic media may be classed under the following three 
categories : — (i.) media which contract under pressure, for which k 
may have any positive value ; (ii.) media which expand but do not 
explode or collapse under pressure, for which k may have any negative 
value which is numerically less than |n; (iii.) media which explode 
or collapse under pressure, for which k may have any negative value 
which is numerically greater than fn. 

13. Sir W. Thomson did not apply his theory to the problem of 
double refraction. This has been since done by Glazebrook,* by the 

* Phil. Moff,, Dec, 1888. 
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k'i :f » ^Ttii^hesis o;i?i2»!]T sssseAed br RanVine and Sii 
.Siik-es-* fcci zjC'^e filiv ieveloped br Lotd BajleiglLt-f* w^hich c 
::: • -7 !• jlnz •'-it ^Le eth-er bebsTies like m medinm which is anist 
i£ reriri* dei-siij. bai isMropic &5 regmrds rigidity.^ 

Ar:>:riii:e to 'j^^^ bTpothesis. if the mxes of crystalline syii 
be the cxriirAtc &xe5. the kiDeiic energy per unit of rohune is 



'xt 



f 



a£.d the pDicnti&l eziercy fT is of the same form as in the csase 

i5.o:n:.p;c mediiira. Paining 

i'— a* = m o,, t"*— y = ■! p^ c** — c^ = Hi/Pa 

where, as Uiual, m ^ it+^w, 

and using the Principle of Least Action, viz^ 

• • • 
the equations of motion can be shown to be 

at' ay 

and the velocity of propagation is determihed bj the en bio 

where T, m', n' are the direction cosines of the normal to the i 
front. 

It therefore follows that, in general, there are three waves withi] 
crystal, one of which is a quasi-dilatational wave, whilst the < 
two are qnasi-distortional waves. If fe + ^n is absolutely aero, 

' • Jirit, Ahhoc. Rep. on Double Mefraction, 1862. 

t Hon. J. W. Strutt, PhiL Mag., June, 1871. 
' jj, t [9^' 1^^^* — l^l^o assumption that the density of the ether, which is a 

] 'I qiiantitv, is apparently a function of the direction of a line, has been fully diac 

yJT ^Y Lora liayleigh, and he has shown that it does not involve a physicalim 

IJ." bility.] 
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quasi-dilatational wave disappears, leaving the two qnasi-distortional 
or optical waves, which are propagated according to Fresnel's law. 

The direction of vibration in the optical wave is not the same as in 
Fresners theory, but is found by the following construction. 

Let P be the point where the ray proceeding from a 
point within the crystal, meets the wave surface 
whose centre is 0; let PY be the tangent plane to the 
wave surface at P, OYthe perpendicular on to it from 
0, and draw YR perpendicular to OT, Then RY 
is the direction of vibration. It therefore follows 
that, although the direction of vibration is not the 
same as in Fresnel's theory, yet it lies in the plane 
containing the ray and the wave normal ; and there- 
fore, according to the present theory, the vibrations of 
a ray of polarised light on emerging from a crystal are 
perpendicular to the plane of polarisation. 

If POY -^x^ the displacement 8 is equivalent to a displacement 
iScos X along PY, and a displacement iSsin % along the wave normal. 

Another point of importance is that, according to this theory, it is 
necessary to suppose that the rigidity of the ether is the same in a 
crystalline as in an isotropic medium ; and therefore that refraction is 
due to a difference of density. For, if we consider two different media 
bounded by the plane ;k = 0, the displacements u, v, w must be con- 
tinuous ; also the continuity of v and w^ when « = 0, involves the 
continuity of dvldxj -h dwjdz ; but, if A; + ^n = 0, the continuity of the 
normal stress P requires that 




\dy dz ) \dy dz r 



when a; = 0, and this requires that n = n^: 

14. Having given the preceding outline of the above theory, which 
is due to the combined efforts of Lord Bayleigh, Sir W. Thomson, and 
Glazebrook, we shall now consider its application to the problem of 
crystalline reflection and refraction. 

The conditions at the surface of separation are 

t* = t*i (26), 

v = v, (27), 

w = w^ (28), 



36S Hr. A. B. Bsiiet m [. 

du , At drj , d«j 

(ie dy (ic dy 

dM , dw _ dni . dWi 
di dx ds dx 

ia n-liich m + n and m' +n are ultimately zero. If , therefore, v 
gardcd tbo dilatational waves altogether, we sboold have aix eq 
to determine foar unknown qnantities. We moat therefore in 
a dilatational reflected and a qnasi-dilatational refracted wave 
must bo eliminated, and we sball thus obtain the correct eq 
for determining the amplitudes of the reflected and two re 
optical waves, and the deviation of tbe plane of polarisation 

Let tbe diBplacementa in the four optical waves be 



mid let tbe displacements in the dilatational reflected and 
dilatational refracted waves be 



also, let I and B be tbe angles which the normals to tliese wavei 
with the axis of x. Let 8, ff be the angles which tbe directi 
vibrations in the incident and reflected optical waves make wi 
axis of X ; 6|, 6, tbe angles which the projections npon their resf 
wave fronts of tbe directions of vibration in the two refracted ' 
make with this axis. 

Then, adopting the notation of § 2, and omitting the co 
exponential factor, and also all terms involving 2„ which are 
same form as those involving S^ and can therefore be supplied 
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end of the investigation, we have at the surface* 

u = S COS AP-]- 8' COB AF +B cos I 
V = S cos BP-^ S' cos BF -^B sin I 
w= 8 cos CP+ 8' cos CF 



(32) 




z 

for the first medinm. For the second medium 

ttj = Si (cos Xi cos APi — sin Xi cos r,) + ^j cos B 

V, = Si (cosxicos J5Pi + sinxiSinri)+Bi8inB r \y^)* 

Wi = Si cos Xi cos CPi 

Since dw/dy = dwjdy when » = 0, and duldz = du'jdz = 0, 
(30) and (31) give 

( 8 cos J5P — 8^ cos BP') a 4- i?y sin 7 = *Si (cos Xi cos BPi + sin Xi sin »*i) « 

4--B,yisinE (34), 

(S cos CP- 8' cos CF) a = S, a, cos xi cos OPi (36), 

Since w + n and m-^n are ultimately zero, and dv/dy = dv/dj/t both 

* If A, ft, y be the direction of vibrution, 

(n-fl«) A/an - (ra-AS) ^/A^w = (F'-^?') f/cSfi. 

In the case of the quasi -dilatational waves, Via zero, or at any rate very small, 
compared with a, 6, <?, whence 

X/l = fi/m = p/n 

very nearly ; and therefore the direction of vibration in this wave is sensibly 
perpendicular to the wave front. 

VOL. X*. — 50. 366. 2 B 
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Hides of (29) ultimately become identically equal, and this 

n(.'cd not therefore be considered. 

Now. if A, A, be the wave-lengths of the waves ®, €, ; V 
velocities of propagation, 



and thLTefore. since U. C, are nltimately zero. A, A, are also nl 
/iTo; wlicuce i = U. B = 0, and therefore y, y, are ultimately 

Also, ysin7= ™cos/sin/ = /3co8/. 

Writing lint tlio tM|Dntion h = w, in fall, ninltiplying by 
fubtnicling from (34), we obtain 

{S cos IIP- ScoR M"-) a-{S cos AP+ S" cos AF") (i 

= S,(co8x,TOsi*f, + Hinx,einr,)a,-S,(cosxiC0s^P,-einx.i 



From tho pi-eccding invcKtigntion we see that B and B, are n< 
I ut tiuito, ami therefiii-e the existence of tho waves ©, S, cai 
(iitirely igiioreil ; imt, Hince I = It = the terms involving 
dinB|i]ii'iir from the t'limitiou « = e', which gives 

Nc.» IIP + ff ros I1F= S, fcoB X, cos /iZ>,+mn x, sin n).... 
mill the i''inntion «■ = «■' gives 

.Scosc^r+i^'coBnr = «, cos x, cos cp, 

Eqnatinns (35), (.'itl), (37), and (3?) contain the complete s< 
of (hi- )>i'<i1>lctii. 

Now 

cos AP = sill I Bin fl, cos np = cos i sin $, cos CP = cos ( 
with similar expressions for cos AP,, &C. ; also, 

cos A r = Hill t sill ff, COB DP' = ~ COB i sin «', cos €?"= Co 
whcni« 

(,'^cosH — .'''cosfl') cnt 1 = .'?|Cr.tr,cofiXiC'>B^i ^ 

(KsiriHl ,S-»infO-"spcV = S,coR(.cncosxiSinfl, / 

(Ssind-fe'KinO'j COS! = N, Ccosr.cosXiSinfi. + Binr.sinxOf 
y COB C + jS" cos = iS'i cos Xi con e, J 
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in which equations we are to recollect, that we are to add to the right- 
liand sides terms in 8^ similar to those involving Sy 

15. Tlie preceding equations may also be obtained by a process 
which does not involve the introduction of the dilatational waves. 

Since the continuity of w, v, w involves the continuity of their 
differential coefficients with respect to y and z, (26), (30) and (31) 
involve thecontinuity of the rotations lyand f ; also, since m = tn'= — n, 
both sides of ('29) are identicall}^ equal, and therefore this equation 
disa])pears; we are thus left with (27) and (28). The surface 
conditions are therefore 

V = rj, M? = iTi ; 

which furnish four equations to determine the four unknown 
quantities. 

p]quations (o9) determine the amplitudes of the reflected and 
refracted light, but, according to the electro-magnetic theory, the 
intensity is to be measured by the energt/ ; and, in order to be consistent, 
the intensity, according to the present theory, ought to be measured in 
the same way. 

If \, ;i, v be the direction of displacement, the kinetic energy per 
unit of volume corresponding to the displacement 2i is 

and therefore the intensity is proportional to 

Tliis quantity* can easily be shown to be equal to (S^i/FJ'cos'xn ^^^ 
therefore, if A, A\ A^, A^ be the square roots of the intensities, wo 

shall have 

S __ S' __ 5| cos X i _ Sj cos Xa 
Asmi .^'sini Jisinrj ^^sinri* 

* The direction cosines of PY are proportional to A/a', /u/^', f/e" ; whence 



but cosx«i:= i- M^^^f^V^U^V^^k 

^ r r \K'laU 



'laUfiyt^ + y^lc*) ' 



, I \- U^ V^ C0s2y 

whence — = — + ?i- + _= , ^ 

r- a^ b^ c^ V^ 

2 B 2 
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Substituting in (39), it is at once seen that the eqaatioos for 
determiTiing tlio intensities are the same as those deduced by means 
of the clectro-niagnctic theory. 

The principal results of the theory are — (i.) that the eqiiations which 
solve tho prol)lein of crystalline reflection and refraction, are the same 
as those which ai*o obtained by means of the electro-mafpietic theory, 
and which have experimentjilly been proved to be fairly, although not 
accurately, true ; (ii.) that the theory leads to a wave-surface which is 
approxim;itely, although not accui'atoly, Fresnel's >vave-8urface, unless 
k is absolutely and not approximately equal to — ffL Also, as soon 
as tho assumptions have been made that k is equal or nearly so to 
— *i/, and tliat double refraction arises from the ciitJumstance, that 
crystalline media behave as if they were anisotixjpic as regards 
density ; results which can be proved to be approximately true, are 
capable of being deduced without the aid of any of those additional 
assumptions, which in many physical problems are indispensable in 
order to obtain a particular analytical result. 



On the TJnifnrni Defnrmatvui in Two Dimensions of a Cylindrical 
Shell of Finite T/iickness, with application to the Oeneral 
Theory (f Deformation nf Thin Shells, /?</ Lord Rat LBIOH, 
Sec. U.S. 

[lif'ur/ JfOif \Z(h, 1889.] 

The theory of a thin uniform shell of elastic isotropic material, 
slijLrlitly deformed from an originally curved condition, does not seem 
to be yet upon an entirely satisfactory footing. If the middle surface 
bj^ extcnrlod, it is clear* that, to a first approximation, tho potential 
encrjjy per unit of area is 

2nh\ .r\ + a-l + i^'-+'^" (<r,+,T,y} (1). 

where 2h denotes tho thickness of the shell ; m, nthe elastic constants 



♦ Snc I^mK Proc. Math. Soe.y Doc. 1882. JS\m Frti Roy. Soe.^ XLV. (1888), 
p. ill, «;qimtion (13). 
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of Thomson and Tait*s notation ; o-,, o-j, fsr the elongations and shear 
of the middle surface at the place under consideration. Again, if 
the deformation bo such that the middle surface remain unextended, 
so that (1) vanishes, it is tolerably clear that the potential energy 
takes the form 

^nh»\hM'+hM\'"-^hl+siy+2A (2), 

C \ Pi / \ Pi ' w-f n \ p, p, / ) 

where ^p~^, ^p^^ are the changes of principal curvatures of the middle 
surface, and r is determined by the angle (x) through which the 
principal planes are shifted according to the equation 

r = 2x(-- ^-) (3).* 

But when the middle surface undergoes stretching, so that (1) is 
finit-e, while yet the circumstances of the problem forbid us to remain 
satisfied with terms involving the first power of h, it is a more 
difficult question to determine the expression for the potential energy 
complete to the order A*. An investigation of this problem has, how- 
ever, been given by Mr. Love, and his resultf is exhibited in terms 
of o-,, o-j, vr, and of quantities depending upon these, and upon the 
alterations of curvature of the middle surface. 

It may, indeed, be an under-statement of the case to speak of the 
problem as difficult, for to all appeai*ance it may well be impossible 
in the form proposed. When the middle surface is plane, or when, 
though originally curved, it remains unstretched, there is no difficulty 
in supposing that the faces are exempt from imposed force. But 
when the middle surface of a shell is originally curved, and under- 
goes extension, equilibrium cannot be maintained without the co- 
operation of forces normal to the shell, and acting either upon the 
interior or upon the faces. It is easy to undei*stand that the precise 
seat of these forces may be a matter of indifPerence, so far as the term 
of the first order (1) is concerned; but is there any reason for 
anticipating that there would be no effect upon the term of the third 
•order? Rather, it would appear probable that there is no expression 
for the potential energy complete to the order /i', in the absence of 
more definite suppositions as to the manner of application of the 
normal forces necessary in the general case. These doubts led me 



* See Love, PA»7. Trans, clxxix. (188S), A, pp. 505, 512; Eayloigh, Ahj. ci7., 
p. 113. t Loc, eit,f p. 605. 
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to think an investigation desirable, which should be based upon the 
general equations of elasticity, and conducted i/rithont the aid of 
approximations of ill-defined significance. For this purpose I haw 
chosen the simplest problem involving the questions at issac, that 
namely of the deformation in two dimensions of a shell originally 
cylindrical. 

Taking polar coordinates, let u, v* be the displacements at the 
point (r, 6) parallel to r and I'espectively. The displacement if, 
parallel to the axis of the cylinder, vanishes by hypothesis. The 
stmins relative to these directions ai^et 

'=t^=i{f)+*- »=-> <«■ 

»="■ »-»• '='£(7)+ IS w 

The sti-esses P, Q, /?, *S', T, U corresponding to these strains arc 
given by 

P = (m-f-n) e-i-(m-w)/, Q = (m + n)/-|- (^m-^n) e (6), 

S = 0, T = 0, TJ=^nc (7). 

If there be no internal impressed forces, the equations of equilibrinm 
are 

£(r.) + f-« = o (8), 

i^^-'^'^-' W- 

We will now limit the pi'oblem by the snpposition that the strains 
and stresses arc independent of 0. Thus 

dU!dd = 0, (lQ;(ld = (10); 

and (8), (9) reduce to 

;^(Pr)-(3 = (11), 

l;iu^) = ^ (12). 



• Thifi notation differs from that employed in my former pajK-TS, where tt denoted 
tl diHplfu-emcnt paiullrl to the axis. 

t Ibbotson'fl **Elii8tic Solidp," 18s7, p. 238. 
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From (12) it follows that Ur^ is an absolute constant. Hence if, as 
we will now suppose, U vanishes over the cylindrical faces of the 
shell, it necessarily vanishes throughout the interior. Thus, by (7), 

c = (13) 

throughout. From (5) and (13), 

Jr ( dr \Vj ) dh dr^ dO^ ' 

by hypothesis. Hence 

v = C, + C,r (U), 

where (7„ (7, are independent of r, but may be functions o£ 0, Again, 
from (5) and (14), 

dd" "^drKrJ ^'' 
so that, by (4), 

dl^l_(^i,d^C,a^ 
~de T dtfi dff" r • 

But df/dO = 0, by supposition. Accordingly, 

or Ci = If cos a -hZ sin 0, 0, = G-^BO (16), 

where U, K, 0, D are absolute constants. Thus, by (14), 

v=:Hcos0 + iCsin0+((7-i-Da)r (16), 

and w = irsinfl — iCcos(^ + ^ (r) (17), 

where ^ (r) is a function of r which is, so far, arbitrary. Again, 

by (4), 

^ = ^'(r), /=D + r->(r) (18), 

indicating that the strains are independent of the coefficients U^ K, C. 
The terms in //, K represent merely a displacement of the cylinder 
without rotation or strain, and the term in C represents simple rota- 
tion of the cylinder about its axis as a rigid body. They may bo 
omitted without loss of anything material to the present inquiry. 

So far, we have made no use of the condition (11) that there is no 
internal force in the radial dii'oction. It is by means of this that the 
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form of ^ must be determined. From (6), (18), 

P=(m+n)f (r) + (m-n) [D+r-V (r)} (19); 

(2 = (m + n) [D+r-Xr)}+(w-n)^'(0 C-0) ; 

80 that, by (11), 

r -^ -h r -^ -^ = -— (21), 

dr dr m + n 

the differential equation which must be satisfied by ^. 
The solution of (21) is 

= ^r+jBr-*+-^ rlogr (22), 

7n-\-7i 

"where A and B are arbitraiy constants. Corresponding to (22), 

e = A'lJr-'+ "^f (logr-fl) (23), 

/ = i) + .4+jBr-H-^logr (24); 

and from (10), (17), if il = ii = = 0, 

tt = ilr + 2^r->+-^?^rlogr (25), 

v^DrQ (26). 

We have now to consider the potential energy of strain. The general 
cx])rcs8ion for the energy per unit of volume in a strained solid is 

W= -i (m + n)(«^-|-f -h(7')-h()U-70(/i/ + ^e + e/) + iH(a« + t' + c') 

..(27). 

By (4), (5), (13), we have *" 

a = 0, 6 = 0, c=0, ^ = 0; 
BO that (27) reduces to 

>7 = i (m+n)(e'H/') + (m-M) e/= > (e+/)2-hin (e-/)*... (28). 
In the present problem 

e-h/ = D-h2.1+-'^(21ogr + l) (20), 

e-/=-D-2Br-»+ "~- (30). 
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Before proceeding further, we will consider in detail the very 
simple case which arises when 2) = 0. We have 

e^A-Br-^ f=:A + Br^ (31); 

u = Ar-hBr\ t; = (32). 

These equations constitute the solution of the problem of the deforma- 
tion of a complete cylindrical shell (of finite thickness) under the 
action of hydrostatic pressures (or tractions) upon its inner and outer 
faces.* For the radial stress at any point, we have 

P = 2m^-2nBr-» (33)- 

Thus, if the stress upon the inner face r = rj be IIi, and upon the 
outer face r = r, be 11^, 

Hi = 2niA''2nBr;^) 

[ (34), 

n, = 2mJ-2uJ5r;«) 

by which A and B are determined. 

The expression for the energy becomes, by (28), (29), (30), 

W= 2niA^-\'2nB*r'^ (35). 

The whole potential energy per unit of length parallel to the axis is 
given by 

2ir f" Wrdr = 2ir{m^*(r»j-7-^)-n2J' (r;«-rf«)} (3G). 

In order to apply this result to a thin shell, we will write 

where 2h denotes the thickness of the shelly and a the radias of the 
middle surface. Thus 



{ Wrdr = 4ah | mA^-\-n^„ I 



= 4ah {mil*+ni?'a-* + 2ni;'a-«^'} (37), 

approxiniately. 

The extension of the middle surface is here, by (31), 

<r = ^ + i?a-» (38). 

* Ibhutson, he, cU,, pp. 313, 314. 
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Since there are two independent variables A, B, or IIi, IIj, in (37), 
it is clear that the potential energy cannot, in strictness, be determined 
bj <r only. Let us, however, inquire to what order of approximation 
the energy is a function of o-, when h is regarded as small. 

If vr denote the ratio of surface forces by which the deformation 
is maintained, we have, from (34), 

mA (l-w) = nB (r;»- fffr;^') ; 
from which, and (38), 

(r = A ]l-h -~- — ~ \ 



.-2 ^^-2 



= Ba''h-{- ^ IJZ^'^IL.] (39), 

equations giving A and B in terms of o- and or. Using these, wo 
iiud, on reduction, 

r^/j m-^7iL m + na^ (?/i -h n)' a* \ 1 — tsr / 3 

the term containing the first power of h disappearing. Thus, for the 
potential energy per unit of area of the shell, we obtain 

a-, f wrdr = ^^"^ h+l!!L.'l + _ii;i!L_ 'i! (1±-)' { ....(4.)). 

The term in h agrees, as might have been expected, with (1).* But, 
when the approximation is carried so far as to include h\ (40) 
depends upon tir as well as upon <r. If the normal forces are limited 
to one surface, tir = 0, or tar = oo . In either case 

(l-tir)V/(l-ftir)^ = I, 
and 

1 f ir- J Amna'h f , , 2/n- /t^ , 4mn h^l ,-,. 

a \\ rdr = ] H -— -: -f - — ; — -i -, \ (41). 

The energy involved in a given extension of the middle surface is thus 
thiJ same, whether the necessary normal force be an internal pressure 
or an external traction ; but the case is otherwise if the forces be 
distributed. When the work is C(pially divided between the two 



* V h:ifl thero a ditfurcnt moaninp: from tliat ht^Iongiiig to it in (40). In (1) 
= 0, (T. = 0, lor the purposes of the presout problem. 
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surfaces, so that there is (for example) a pressure upon the internal 
surface and a traction upon the external surface, or = — 1 ; and 

a->fTVrdr=*^!nL!:!^il + -?!iLA'| (42). 

J 7/1 -h w C m-\-n a^ ) 

It will be seen that, in order to give rise to this discrepancy, it is not 
necchsary to suppose tlie introduction of surface forces more power- 
ful than are actually required to maintain the deformation. This 
instance is sufficient to show that the potential energy of deformation 
cannot, in general, be expressed in terms of extensions and changes of 
curvature of the middle surface, when it is necessary to include terms 
of order /t', without further infoi matioo as to the manner in which 
the surface foices are applied. According to Mr. Love's results,* the 
expression for the energy in the present problem shoald reduce to 
its first term ; whereas (4-0) indicates that there is no manner of 
application of the surface forces by which such a result could be 
brought about. 

We will now abandon the restriction to D = 0. It will then be 
possible to find a deformation such that, not only is there no impressed 
force upon the interior of the shell, but also none upon either of the 
surfaces. Under these circumstances the stresses between contiguous 
parts must reduce themselves to a simple couple. 

From (6), (29), (30), we find 

P=:m(e-f/) + »(e~/) 

= 2mA-2nBr"^^B \ m+ 2t/m]o£r | ^^3^ 

If P = 0, both when r ^ r^^ and when r = r,, the values of -4, J9, in 
terms of i), are 

^ = _2)ji+.»_/i!i!i^^prr;i2Ei»{ (44), 

2J= 2^ 1 ^(>-A) . (45). 



* Z(/r. d^, equatioos (12), (18). [December, 1889. I have been reminded by the 
Secretary that in the investigation of Mr. Love it is expressly supposed (p. 604) 
that no surtace tnictions are applied. But the absence of normal forces would, as 
it a[>peai-8 to mo, be equivalent to a limitation upon the generality of the middle 
Burlace extonuiuno, cT), o-^.] 
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These values, substituted in (23), (24), (25), (26), deterniine a 
definite typo of deformation, satisfying the conditions that there shall 
be no internal or surface forces, and that the strains sliali be 
independent of d, and this without anj supposition limiting the 
thickness of the shell. 

From the expression for Q in terms of e and /, or, more readily, 
by means of (11), we may verify that 



1 



"QcZr = (46). 



In order to apply these results to a thin shell, we write, as before, 

Ti = a— ^, r^:=a-{-h; 



thus 



'"-''{h.-^X"^'*l^B)] <"»■ 



Corresponding to these, from (29), (30), 

or, if r = a-\-p, 

.- vD (2p p' //M /.IN 



6 



e 



The strains e, f both vanish approximately when r ^ a. By (6), 

P = 2»^J<_i;| (53), 

^ 4m«JD ( p p^ Ji^ 1 ,«,. 

m-{-n t a a^ oa* ) 

We will now calculate the potential energy of deformation. From 
(28), (51), (52), 

W - J!1!^JL f V _ 2p» _ 2ph* \ whiD ( 2p* _ 6p» lOp A' ) 
(m-f/t/- I a' ~a' 3a» ) "c^'/i + mJ- ( ~a} a»" "^ 3a- J * 
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80 that, for the potential energy per unit of area, wo get 

a-fpFrir=rTF(n.Mip=„4?^^ (55), 

J J -A \ a/ 6{m-\-n) a 

the next term involving h^. 

In order to connect this with the change of curvature of the middle 
surface, we require the expression for t*. From (25), 

-oT"-r— N II-Q-2) +— — rlogr (56); 

so that the value of u at the middle surface (r = a) is, approximately, 

u = --oD (57). 

Now a+u is the radius of curvature of the middle surface after 
deformation, or ^pi = u. Thus 

1. 1 \' t*' D» 
The expression for the energy ppr unit area of surface is thus 



a-Awrdr= ^'»"^*' (^ 1 V. 
J 3 (??i-|-n) \ pi / 



in agreement with (2) ; for in the present application 

ai-=0, r = 0. 

It is evident that the rigorous solution from which we starred is 
available for continuing the approximation, should it be thought 
desirable to retain higher powers of A. 

The solution of the problem of the bending of a cylindrical shell, 
here put for^vard, favours then the idea that it is only when the 
middle surface of a curved shell remains unextcnded that it is possible 
to express the potential energy to the order /*' in terms merely of the 
extensions and curvatures of the middle surface. 
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On the Fiijuree of a rert-iin OJass of Cubic Citrves and flu 
Concomitants. By J, J. Walkee. 

[Reailjtiiie \3lh, 1889.] 

Wlipii recciilly oconpicd wiili tlio ili-awing of fignres to illui^tri 
the ]ii-.>|ii-rtii'S nf the l'oN>iiI of ii Hnc ruhitive to a cubio, I was led 
Cdiisiiiw the ilcsirnl)ili(v-i)f nti altciiipt being mftdo to trace tlif tipiii 
of tho Ufssiiin, Cayleynn, ami Quippian of some non-sinpalar cuh 
I dtridi-a to select (inuxamiilc from tliat clniss which is the Hessii 
of its own IIi'Ksinn, as btiug nlwaya reducible t^> a tritioniial fori 
and alwn^'s noii-Ring'ular, wlicn a pi-nper cubic; and, fiir mai 
reamns, dcaerving of special study. Before explaining the trncin|r 
tlie cui-vefs fur B)>ccial nnmerical values of the coefficients, it may 1 
desirable to consider the genera] equations to this cIhss of cabics, ai 
its principal concomitants. In a paper which will be fooiid in tl 
Qit«rUrlij J<..>,ninK xvi.. pp. IBS, 1S1». Mr. W. J G. Sharp has paiiih 
oui thiit the I'lpiatian of every plane cubic for which the sestic ) 
vai-iaiit viinishi's nuiy be reiluced to the form 

It = a-j?+3hi/x + Ze:'x' = (1 

its Hpssiiiin being of the same form, except that z and ( are inte 
changed, viz., 

w = ahc.r^:-ah-y\t-b(rz' = (2 

■while the eoiieomilants J' and Q are of the same forma in lino CCM) 
dinntc.t as u and w rcsjiectively are in point conrdinatca, vii., 

P= 6Vn»+2«tr^y + otVa {3 

Q = 2(an,V + 6,<b'c',i'a-Sal'ca'y) (4 

The reciprocal of u may bo most conveniently arranged by powe 

of /i ; it is 

i>=Uc'/l' + 2lal.c'y<„i' + 3 (-iV<i*4 lO^Vc-^a* + Za^bY) I? 

-4/,»(3<-«' + /,y')"V (5 



• As to siKtm : " Winp n^finnti'ii nn ossfniiiillv piiaitiTC, by choosing the •ifrn 
E, th.> I'TDi i/- ■"".'* '"' '"»'b' [.nsiti*-i>, iki tlmi tiif torm ci'x shall Im nlone ot doulit 
EJgn. Or, A iiiiij' )h' i'i>iisi<]<'ii-d puMitive, niiil 1>y choosing the sign of j- tha ta 
ft'* niny Lu m:tri<> jioHilivo, Hu th:it a hIiiiII In) tlit'i only coeHieitnt o( doubtful sig 
The liitti.r is the coiivuiiliun nMiimeil in wlint toJIuws. 
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and it is convenient to remark that, if 

then cv = 4cai3'« + 36' ( - c^a* - ecay^a^ + 3a6/) (P 

-6 (cV + 3aV) h^ya (6). 

The equation to P in point coordinates may, plainly, be deduced from 
V by writing x for o, z for 7, 36*c for a, 2a6c for 6, and afe* for c ; viz., 
it is (the factors 12a*6*c rejected) 

P = a6y + 12a6'c;ja^*+(276cV + 30aWz'a^-a'6caj*) y' 

-8acVz(aaj' + cif')=0 (7); 

or, writing, y'^ = 5y^ + 4(;»aj, 

P = ay'»-f c (27cV-18ca;r^aj^-aV) y'^-^chx (a.V + 27A*) = ...(8). 

Similarly, the equation to Q, in point coordinates, may be deduced 
from the reciprocal of u by writing z for a, x for y, y for P, ah for a, 
2c^ for 6, — fee for c ; which changes give, the factors — 4a'6 being 
dropped, 

Q = aiy- l2ah^czxi/-hS (bcV+lOaW^V-Sa^feca;*) y* 

+ 8cVaj(aa;'-3c«») =0 (9). 

If y'^ =z a (by^'-4czx)f 

the equaticm to Q may be written 

Q = y « + 3ac (aV-6ca;jV-3aV) y'^-UaVxz (3aV+c'«*) = 

•^ (10). 

The satellite line of a« + /5y + y2 = 

with respect to 11, calculated from the formula (49), Phil, Trans., 
1888, A, p. 170, is 

4ah* (36ca»y + 30^0^3' -f afeay»- 3ac/5V) x- SaP (3ca» -h ay*) pyy 

+ (9fc'W-6afe»caV'-24a6Va/3V- 12a6c»/3*-h aVy*) « = 0...(11). 

Itiplying this by (aa;+i% + y«)', and adding to it the product 
1) (5), the equation of the three tangents to u, at the points 
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oommon to it and itx+fiy + yt, is fotmd to be 

+ 6{6'(3ca'-oy')'-12oc'{c/3' + 26ya)^>'J yV 

+36 {36V(ca'+a>')'-4aca/3'(c'o;J' + 2tt6y')} «*» 

+ 12ufc'/J' {cfl' (c,)' - Stay) -ffly' (0/3* + fcay) } y'« 

+ 12tV J-fcV(3cr.' + oy')+3a6ca',3V+4ac'a;3*+o'(>/Py'} »*» ...(12). 

These are the only equations used in the sefjnol. 

To trace u and w, which, plainly, are both non-singular : eliminating 
y' between (1) and (2), 

(3±2v^3)a.i;' = 3c*', 



or if, for shortness, 








y= v'S + l, g= ^3-1, r = 


= ^2 -/3, 




p, q, T being positive arithmetical magnitudes, then the real values 
of a;/i are determined by 


or 


3'aa? = -,^M', 






according; as ( 
Bubstitiition ii 


T, c ai'c of like or unlike sign ; and, correspondingly, by 
3 either « or w. 




3V=P'-yra*M 
j> -Jax = — r Vcj ) 




(i). 


with 




OP 


3V = ?'v'^^k') 




.-.-(ii.). 


with 






givpH, in the 
inflexion of u 


1 several cases, the coordinatee 
and w, in the same right lino wi 


I of the points 
th the inflexion- 


of real 
■point 




-v 




The tangenta 


to ic at the points (i.) are, if i 

X is written for /n x . " 


\ 


^ 


L 


«' „ „ ycz 


1 


■ 
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taking the absolute numerical value of a, euppoeed to be the only one 
of the coefficients of doubtful sign, 

2^ta:'±2rly'-t-f»»r'i' = (iv.), 

the pair of tangents at the points (ii.) being 

2qtx:iz2riy-+qi7*z' = (v.)- 

Eliminating y between these eqnationa saccesaively, and u = 0, 
r**"* + 3p'a!''ji' +3(1 +p') t*x'z'' + 9pj^i' = 0, 

*"• (px'+n-)(rx:'+^piy = (Ti.); 

VIZ., the tangents to to at the points (i.) touch u at points on 

n:'+3pg = Q (vii.), 

and, siniilai'ly, the tangents to w at the points (ii.) touch « on 

n!'~3qi=0 (viii.). 

Again, the real tangents lo u, at the same points of inflexion, are 

prx' ^ piTiy'—2z' = (w-)i 

if a, G are of the same sign ; 

qrji'=fqiri!/'-2t' = Q (i.), 

if of contrary signs. Eliminating y between (ix,) and (2), 

p (px + rz) (rz'—pt')* = ; 
viz., the tangents to u at the points (i.) touch to on the line 

r/— pz' or r./ax—p^ez = (ti.)- 

Similarly, those at the points (ii.) touch w on the line 

r^—qi OP r^—ax—qVct = (xii.). 

To obtain a general conception of the form oF u, let 

giving (1) 8fcV = - (»+3efc*) at». 

Supposing a to be essentially positive, as well aa h and c, yjx will 
^|ly be real for negative values of k. In this case, then, the curve u 
\ single real part only, vis., a serpentine branch with 
kreal inSeiiona lying within one of the angles contained by the 
B to it and its Hessian at any one of the three real points of 
Land having one real asymptote. Or, it consists of two 
<»07. 2 c 
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infiiiito branches liaving one oonuaon aaymptote, and eaab one separata 
real asymptote. 

But, snppoaing a to be essentullj negative, aaj 



then 3tV=(d-3ci')a^, 

and y/x will be real for all positive values of 1e not exceeding ^d/Se, 
and for negative values of it exceeding that valne, 

being tangents to u. 

The axis of inflexions, (ii.)> P- '^^ 

q ./d x=r'/et, 
plainlj lies between i = and the tangent 

rinoe 9/r = (v/3-l)/*/273, 

<(v'3-l)/v'3, 

<l/v'3. 

In this case, then, the serpentine branch with three real iuflexionB 
lies between the inSexinnal tangent c = and the ordinary tangent 
V't/x = v3r:, drawn from the point of inflexion x -= Q, k = • while 
no part of the cnrrc lies between that ordinary tangent and the tan- 
gent to the Hessian r = 0, but n convex part lies between the Ust- 
named tangent and the third ordinary tangent to tt. 

The aeoompnnying fignre is the locne of 

via., in the above formnla. — a = d = 16, h=% c = \, the sides of 
the triangle {AliC) of reference being as 4 : 3 : 2. The longest and 
phortcst sides are the segmenti on the inflexion tnngents to w and it« 
Hessian (which, to a nnmerical factor, is) 

respectively, between a point of inflexion and Jta harmonic polar the 
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mean side CA being the segment on the barmonio polar of B (zx) 
between those tangents. 

Curves have been but little traced through their trilinear, or other 
homogeneous equations. In the present case, two of the three 
corners of the triangle of reference, viz., aj = 0, « = ; a> = 0, y = 0, 
being on the curve, it is easy to determine other points as the inter- 
sections of lines through those two corners, drawing such lines 
tlirough their ascertained divisions of the sides of the triangle of 
reference. If the line 

z = Jcx 

divides (hat side which is a segment of y = into parts z^^ aj^, then, 
plainly, the coordinate's of t!ie point of divisi »n will be 

whence z^^ = 2k'XQ, 

Then (iv.) the lines drawn to y = 0, or = from the points in which 
(v.) meets the cubic u are 



and, if these divide the side (AB) which is a segment of « = into 
the two parts t/j, a;,, 

y : x = 2i/i :3.ei, 

whence aj, : y, = 2 y/6k : =t 3>/l1^-3^, 

ar, = 2 y/Oh AB/(2 y/ijk±S x/lQ-Sk*). 

One of the values of x^ having been calculated, the other may be con- 
structed with the ruler by the property of the harmonic division. 

It will be remarked in the figure, that the three harmonic polars 
Oil, (TA\ CA' of the inflexion points i?, J?*, ^' have a common inter- 
section 0. This is a property not confined to the class of cubics 
now under consideration, but common to all cnbics : viz., the property 
that " the harmonic polars of three coUinear points of inflexion on 
any cubic meet in one point," but it is beside the object of the pre- 
sent paper to discuss this question generally. In the particular case 
of the fignre, the reason is at once evident from the consideration of 
the harmonic division of lines . 

2c2 
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To determine the asymptotes of («), 

-lGiC»-|-6y';j-|-3«'a; = 0, 

Bubstitution may be made in the general formula (12), or, as involving 
less arithmetical calculation, investigate the question from elementary 
considerations, thus : 

The line at infinity being, in the present case, 

2aj-|-3i/+4z = (13), 

eliminating y between it and u, 

- 48aj» -h Sa^z + i^lz'x -h 322r» = 0, 
the real root of which is, very nearly, 

x/z = 101/80, 
whence (13) y/z = - 87/40. 

For these values of the coordinates the first difPerential coefficients 

of u are 

t*i : w, : tt, = - 21202 : -6860 : 9589. 

The real asymptote, therefore, coincides nearly with 

212020? + 6860^-9589^ = 0. 

As many points, other than the contacts particularly considered above, 
as desired may now be obtained by giving k different numerical 
Values in the equations, p. 367. 

The inflexional tangents to t^; ( jT. . . ) touch u on the lines BdCT (viii.) ... 

To trace-the Hessian 

M;/2 = «»-hl6j;«»-32y'j; = (U), 

making, as above, z = kx^ 

32y*/aj« = ik(A;» + 16); 

so that "k can have no negative value — viz., the curve lies wholly 
within one angle contained by tangents to the primitive curve and its 
Hessian at a point of inflexion — and consists of a single serpentine 
branch, with a single real asymptote. 

Proceeding, as for ti, to determine this asymptote, 

9a»-512^««-368*V-^128a^ = 0, 
the real root of which is, very nearly, 

i5-57G05a! = 0, 
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from which y = ~" 76*8a?. 

Substituting these values of the coordinates in the first differential 
coefficients of i^, viz., 

32 (zx-i/), -64ry, 16aj«-h3;3*, 

they are found to be proportional to the coefficients in 

-1521a;+4.0y + 648« = 0, 

the locus of which is therefore the real asymptote. 

The three real inflexional tangents to the Hessian, to, are a; = 0, 
BG, touching it at the point aj = 0, « = 0, and the two lines, IfC\ B"C'\ 
the equations to which are given in general terms above (v., p. 385). 

The inflexional tangents to u{T ...) touch w on the lines (xii.) 

Making in Wy (14), z = Xy, 

which will have equal roots, if 

X* = 16, 
X = =t2; 
viz., 2 = =fc2y, 

are the real tangents to w from the point t/ = 0, = 0, besides the 
line 2 = itself. Between the values X = 2, X = — 2, no line through 
the point y z= 0, z = meets w in any real point ; while, for all values 
of X greater than 2 and less than — 2, every line through y = 0, «? = 
meets the Hessian w in two distinct real points. By giving X different 
numerical values, as many moi'e real points on w as desired may be 
constructed. 

The equation to P in line coordinates being (3) for the values 

a = - 16, 6 = 2, c = 1, 
P = -a»+16/3V-hl6A = (15), 

y = will bo a cusp, and a = 0, y = the corresponding cuspidal 
tangent. 

Analogously, the other points of contact of the inflexional tangents 
to the Hessian with u will be cusps on P, and the connectors of those 
pcjints with the corresponding points of contact with the Hessian of 
the inflexional tangents to u will be the cuspidal tangents to P. 
Thus the real tricuspidal part of P is inscribed in the convex part 
of u. 
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Making /3 = in (15), 

a = or a=fc4y = 0; 

viz., z = Oy i.e.j the inflexional tangent of u is a tangent to P at its 
contact with the Hessian ; or, what is the same thing, P touches the 
Hessian at the points at which it is touched by the inflexional tan- 
gents to u. P, til ere fore, does not meet the Hessian at any real point 
other than the three points of contact of the real inflexional tangents 
to u. 

Since (15) 

dP/da = -3a«-hl6y», dP/dfi = 32/3y, dPjdy = 16 f/3'+2ra), 
eliminating /3 between (15) and 

2(-3a'H-16y«) + 96iSr-h64(/3«-h2ya) =0 (16), 

(2a»-3aV + 32A+16y')'-|-144a/(-a'-hl6/) = 

determines the ratios of the coefficients of x and z in the equations to 
the asymptotes of P. 

The real roots of this equation are, very nearly, 

a : y = 8 : —5, 
and =1:-13. 

To determine P, eliminate jS* between (15), (16), giving 

/3 = (-2a«+3«V-32ay«-16/)/48y', 
which for the former of the two values of a ; y gives 

/3 : y = 4 : 3, 
and for the latter /3 : a = 3 : 1. 

Thus the real asymptotes nearly coincide with 

24aj--20y-15« = 0, 
aJ + 3^-13i5 = 0. 

What has been shown is sufficient to enable one to draw P with 
moderate correctness ; for more detail it is easier to have recoorse to 
its equation in point coordinates (7, 8), which for the values a == — 16 
6 = 2, c = 1 is 

y»+(l-18A^-27A;0r+4Z;(l-h27A*) = (17), 
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The discriminant of (17), considered as a cabic in Y, is 

(l-|-18]k»-.27A;V; 
the real values of k for which this vanishes being 

= =fc r/3g 
(where, as before, |?, 9 = ^/S =fc 1, r = ^2 \/3), 
or 4fra: = =fc39« (18). 

The equal roots of (17) for this valae of h are 

r==F2|?/r, 

whence y^j^ai? = 8p>*-|-2p/^ 

= 2p(4-}-2-/3)/7' 
= 2/77^, 
r»^ = 4pV ,(19). 

Equations (18), (19) determine the two contacts with u of the real 
inflexion tangents to w other than « = (v.), (viii.), p. 385. 

At the points in which ^ = meets P, as appears from (8), 

a;=:0, « = 0, 4aj-|-0=O, 4a;— « = 0, 

all meet P in two coincident points, viz., a cusp in the case of the 
first of these four lines, and an ordinary point of contact in the case 
of the other three. Recollecting that ^ = is the harmonic polar of 
a; = 0, 2; = 0, it is thus shown, generally, that the connectors of the 
points (not being cusps) in which the harmonic polars of the points 
of inflexion meet P with the latter points, touch P at the former 
points. 

The Quippiau of u being the Pippian of t(7, it does not seem necessary 
to go into much detail in explaining its figure, further than to point 
out the differences. Though having two real asymptotes, Q wants 
the hyperbolic branches of P ; an arm of one of the pair of cusps 
(^A\ A") which touches the ovoid part of u forming, with an arm of 
the third cusp (ul), the parts having a common asymptote. 

For the example, t* = — 16a^ + 6t/*« + 3z*a!, 
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tho equations to Q are 

Q/256 = 16/+3aV-3aj[3» = 0, 
and, in point coordiiiatcs, 

Y» + 3(3/r*-CA;' + l)r+12A;(3it*+l) =0 (20); 

if r = 8yV«"-i6^A, 

The discrimiDaut of (20) is, to a nnmorical factor, 

(3A;* + 6A;'-1)«, 

which vanishes if ^• = db g/r, 

where, as before, q = v/3 — I, 

r = v/^ ya. 



On the Small Wave-Motions of a Ilrtcroijenoous Fluid umlcr 

Gravity. By W. Burnside. 

ISeadJune 13M, 1889.] 

In determining the possible small wave-motions of an otherwise 
motionless homogeneous incompressible fluid under gravity, it is 
always JEkssnnied that the motion is irrotational, and, as may be seen • 
at once, this is necessaHly so in the approximate problem. 

For the equations of motion arc 

1_ d£ ^ Sn 

P Sx St* 

P dz'^dt 
and if n = WoSin (mx—ut). 
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Tehere Uq, Wq are functions of z, it may be verified at once that 

9 __ ow _ ^ 
z ox 

If, however, the fluid, still incorapi'essible, be of varying density, it 
will no. longer be generally possible to satisfy the above equations by 
assuming the motion iiTotational ; and indeed, since for a given wave- 
length such a fluid would still have an infinite number of degrees of 
freedom, it is otherwise obvious that an irrotational wave-motion, if 
it exists, would be only one out of an infinite number of possible 
wave-motions. 

There is little diflBculty in determining directly from the above 
equations the possible small wave-motions of such a fluid ; but the 
following process in which the continuously vaiying density is 
regarded as the limit of a number of finite strata of finitely differing 
densities, leads to the result in what seems a leather more elegant 
manner. 

At the surface of separation of two different fluids in which a small 
wave-motion is taking place, the geometrical as well as the dynamical 
conditions are only satisfied approximately, and moreover there is 
finite slip of the fluids one over the other. It might be expected that, 
in passing to the limit, there would result a motion in which the 
equation of continuity would be only satisfied approximately, or in 
which at certain depths there would be finite tangential slip ; but, as 
will be seen, this is not the case. 

Take the successive strata each of depth h, and suppose that p, is 
the density of the r*** stratum from the top ; the velocity -potential in 
this stratum will be of the form* 

<f>r = (Ar cosh mz-\-Br sinh mz) cosm («— Vt), 
and the conditions to be satisfied are 

Sz dz 
when z=^ rh; 



^-g^ = 0, wheii*=0; 

or oz 

-^ = 0, when z = nh, 

Oz 
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Using difference notation for r, these are the same as 

sinhmr^ A^^-hcosh mrh ABr = 0, 

cosh mrh A (ArPr) + sinh mrh A (BrPr) I ^™ ^ == ^ 

f to r = n— I 
+ -^, (sinh tiir^-4,+ cosh mrh Br) Apr = 0, 

sinh mnh A^ + cosh mnh Bn = 0. 

Suppose that Ji now hecomes inGnitesimal, and n infinite, and put 
rh = Z^ h^ d(y nA = J?, the total depth. 

The equations become 

sinh m( -— - +cosh m{ -— = 0, 

cosh mf ii^ + sinh «,^ ^JB) 
a4 »( 



with the conditions 



+ -^(8"^^^f^+coshmf2?)^=0, 



^+-Vi^ = ^> whenC = 0, 



sinh m(A-^ cosh wif 5 = 0, when { = H, 

By writing sinh m4A-^ cosh m^^ £ = o, 

cosh mf J. + sinh mi B = fi^ 

these equations take the simpler form 



with the conditions 



i_+j.i(^^_^.,)=„, 



/3+ -^ a = 0, when f = 0; 
a = 0, when f = H. 
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By expressing that the two coDditions can be simnltaneonslj satisfied 
by the solutions of the differential equations, a transcendental equa- 
tion for V the wave- velocity will be obtained. 

Before going on to consider a special law of variation of the density 
at length, it may at once be noticed that the irrotational motion, if it 

exists, mnst bo independent of -y- . For, when the motion is irrota- 

tional, A and B mnst be constant ; and hence the equations for 
a and /3 reduce to 

ft + -'Vf a = always, 
and a = when ( =^ H, 

Hence B + -^.-, ^ = 0, 

mV 

and A sinh mJJ-f B cosh mH = 0, 

which are only consistent when H is infinite, and then give 

^ + JB = 0, 

vj __ 9 ^^ 

where X is the wave-length. 

By considering the nature of the motion at the bottom, it is 
tolerably obvious that, when the depth is finite, there can be no irro- 
tational motion. 

The simplest special case that can be considered is when 
p ex Po^"* *> 8^ ^^*^ 

— ~=^ in\ a constant. 

P di; 

In this case the solutions of the equations for a and ft will be of 
the forms 

a = Oo^S 

ft = ftoe^; 
and, on substituting these vaJucs in the differential equations, there 
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results 

and hence for p the equation 

If/),, ^, are the roots of this quadratic, the complete solations of the 
di&reutial equations are 

a= aie^'^-|-a,e^, 
and the equations of condition become 

and (p^+X)a,+ (p,+ :^,)a,=0; 
whence QiPi'Pn}H ^ '_^ 

or JL _ 1^' = (p J ^p^) coth £i^« jff, 

where the right-hand side is a symmetric function of the roots of the 
equation for p. 

The velocities at any point of the fluid are given by 

ti = — m (^ cosh mz-^B sinh mz) sin m (»— F<), 

w = m(A sinh mz-k-B cosh mz) cos m (»— Vt)^ 

or ti = — m/3 sin m («— Fi^), 

t^ = ma cos m (a? — F/), 
where now, in the values just found for a and /3, « ig written for f. 

If the depth 77 becomes infinite, these forms for u and w show that 
p^ and /), must be both negative. When this condition is satisfied, 
the motion diminishes indefinitely with the depth independently of 
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the ratio a,/c4, and by suitably assigning the value of this ratio the 
surface condition can be satisfied whatever pi and /?, may be. 

Hence, in this case, p^ and j7, may be any two negative quantities 
satis fj^ing the relation. 

JP\ -^Pt = - ^'> 

and the velocity of propagation is given by 

For a given valne of w, the greatest of these values of F* is gmlm^^ 
so that the irrotational mode would seem to stand by itself, and not 
to occur as one h'miting case of the rotational modes. 

It might have been expected, a priori^ that in the case of infinite 
depth, the infinity of possible motions would have been of a higher 
order than in the case of finite depth ; and this is seen to be so, the 
former case being comparable with the infinity of possible positions 
of points on a line, and the latter with the infinite series of roots of 
a transcendental equation. 



On some "Rings of Circles connected with a Triangle, and the Circles 
which cut them at Equal Angles. By W. W. Taylok. 

[Bead Jims 13M, 1889.] 

If any three circles be placed in contact, the lines joining their 
points of contact A, B, form a triangle. Hence it would appear 
that such three circles must play an important part in the geometry 
of the triangle. They may be defined, with reference to the triangle 
ABC, as the circles* that touch two of the radii of the circle ABC at 
the angular points of the triangle. We will proceed to find their 
equations, and discuss their properties, and those of certain associated 
circles and triangles. 

* These circles have been called the ex-cosine circles ol the triangle AJ3C, 
(W. E. Johnson's *• Trigonometry," § 194.) 



I 
< 

■I 
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[Tbe centres of the same set of circles form a second triangle, an 
the circles may be defined, with reference to that triangle, as the circU 
which are orthogonal to the inscribed circle, and have their centre 
at the angular points of the triangle. The properties obtained fo 
the first set may be transformed so as to suit the second set of circle 
by means of three formulsd like 

where a, ft, y are the trilinear coordinates of a point referred to th 
first triangle ABG, and 3, c, £ new coordinates referred to the sidei 
d, e, /, i.e.f EF, FD, DE, where D, E, F are the feet of the perpen 
dicnlars from A^ B, G on the opposite sides.] 

If the equation 

/Jy sin J. + yasinj5-|-a/3sin 

— (Za + m/3 + ny)(asin^-f/3sin^-hysin(7) = (1] 

represent a circle orthogonal to the circle ABC, the straight lin< 
whose equation is Za-|-m/3 + wy = must be the polar of the centn 
of the circle ABCy i.e., of the point jBcos A, M cos 5, JB cos C, Th< 
condition for this is 

1 — Zcos^— mcosB — ncosO = (2) 

and the equation of the circle becomes 

(Zcos -4-|-mcos B-\-n cob G) (/3y sin -A -f ya sin j5 + a/i sin (J) 

— (/a-fm/3-fny)(asin^+/3 8inJ5 + ysinO) = 0, 
which can be written in the form 

I sin A (a* —fty cos A-^-ya cos B-\-aft cos 0) 
-f wsin^(/3* + /3ycoSi4— ya cos -B + a/3 cos G) 
-f nsin (7(y'4-/3ycos-44-yacosi?— a^cosC/) = 0. 

If the common chord be the line a = 0, then I =+sec-A, and the 
equation of the circle orthogonal to the circle ABG is 

a'— /3y cos A + yu cos B + aft cos 0=0. 

We will denote the left-hand side of this by the letter A^ ; the 
equations of the three circles that touch OB, OG ; OG, OA ; OA, OB 
at the angular points will be 

-4i = a'— /9ycos-4 + yacosJ5-f a/5cos (7=0' 

B, = /[3'-|-)8y cos -4 ~ya cos i? + a^ cos (7=0^ (3) 

Oi = y'-|-/3y COS -4 + yacos^ — o/3cos(7= 0. 
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The equation of any other circle orthogonal to the circle ABO will be 

I ein A , Ai-^-m Bin B , B^-^-n Bin G ,0i= (4), 

where la'\'m(i+ny = is the equation of their common chord. 

It will be observed that, as each of the three circles J„ Pj, Oi 
touches the other two, and as there must be a pair of circles that 
each touches, these three circles, Jj. B„ C^ must form a ring in the sense 
of Mr. H. M. Taylor's paper on ** The Porism of the Ring of Circles 
touching Two Circles," Messenger of Mathematics, Vol. vii., 1878.)* 

We shall accordingly refer to them as the 3-ring circles A^, B^, Oj. 

The centre of the circle A^ is most easily found by taking the tan- 
gents to the circumscribed circle at B, 0, and finding their intersection. 



It is obviously 



— a b c 



2A 



-a'-hVW 



Hence we see that the centres of these circles are the ** associates of 
the Lemoine point." 

To find the length of the intercept cut ofF on the side ^0 of the 
triangle by the circle A^, we have the equations 

/3 = 0, a = — ycos J5 by (3), and aa+<^y = 2A, 

whence a = — a sin G cos B sec A, 

and the intercept 

CP = ± a cosec (7 = ± a cos B sec A ; 

similarly the intercept 

BQ = ± a cos sec A, 

BG :GP : BQ = co8A: ±cobB: ± cos 0. 



and 



It is worthy of notice that the six points 
corresponding to P, Q lie on the conic 

Sa'-f 2/3y (cos i4 +8ec .4) = 0, 

and also that 

A,B, + B,C, + G,A, = { S (/3y sin A) ] «. 




Two 



• Compare also a paper in the same volume " On the Ring of Circles touching 
no Circles, and kindred Porisms.*' 



400 Mr. W. W. Taylor on some Hinge of Oirdes, ^c. [June !• 



II ., ;J, 

circle bei 



, y be the trilin 
ng expressed ii 



tnr coordinates of a point, the eqnatiop of 

tho form 



?! K A 7) = 2jJy ain J-(Ia+m^ + »y)Sa8in.i = 0, 
or in the form 

0, m, n) = Sa/3r — (Ia + m|S + ny)2aa = 0, 
the coordinates oE its centre are a, /?, y, where 

^=2i(— I+mcosC+ncos^+cos-i), 

75= B(-m+ncoBil + icosC+oo8B), 

y = R{—n + lcoaB+mco&A+(soaU), 

and its radius is p, 'n-here 

p* = iP(P+m'+tt'-2nw»C08 J-2nJcos B—2hncoB 

-2ico8il-2nico8B— 2»coaC+l). 

The condition that the centre of the circle (I, m, n) is the poli 
of tho line at infinity gives the following equations to find iti 
coord iu at es : — 

{c^ + hy-a{U + mfi + »y)-l (oa + fc^ + o-)}/* 

= {ay + ca-6(k + m^ + ny)-M(oa + 6/J + cy)}/fc 

= {6a + a/^-c(ia + m/3 + »y)-»(aa + 6/i + cy)}/c. 

Let each of these =: X—{la +m/J+»y). Then we have the equation. 

di + hy— I (oa + 6/3 + ey) = oX, 

ay+ea— *tt(aa + i^ + cy) =bX, 

ba+aii-n (aa+b^+cy) = cX. 

Then, eliminating /J, y, we obtain the eqaatiou 

a —al c—bl b—cl =X a c—hl b—cl . 
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The coefficient of X becomes, on expansion, 

2abc (cosil— Z-fmcosO+ncos B). 

Therefore we have 

a : /3 : y : oa+^/^+cy 

= cosil— Z-|-mcos O-l-ncos^ : cos B— m-l-ncos-A + ZcosO 
: cosO— n-fZcos^+wcosil : acoSil + &cos ^ + cco8 0; 
but aa-|-6/3H-cy = aE cos -4 + 6E cos B + ci2 cos 0, 

where JB is the radius of the circle ABC ; 
therefore a = JB (cos -4 — Z -f m cos (7 + w cos B) \ 

/3 = i2(cos5— m+wcosil-l-Zcos 0)[ (5); 

y = E (cos 0— n+ Z cos 5 -fm cos -4) J 
and, if p is the radius of the circle ^ = 0, 

pV (— 1> cos 0, cos 5) = -^ (tto, /3o, yo) ; 
whence, by substituting the above values, we obtain 
p' =i2'(Z'-fm'-fn'-2mncos.4— 2nZcos^— 2Zmco8C 

-2ZcoSil— 2mcos^— 2ncoBO+l) (6). 

Lemma II. 

We will now proceed to find the cosine of the angle 0, at which two 
circles (Z^, m^, n^), (Z„ Wj, ?i,) whose equations are expressed in the 
form (I) cut one another. 

If the centres of these circles be 0^, 0,, and their radii £„ 22|, 

cos = Oi^^— ^1— -R^ 
2Eii2, 

and 22i = -T- ^i» 

where ^i denotes the value of the expression 

2/3y sin A — (2/a) (Sa sin -4), 

when for a, /3, y we substitute the coordinates of the centre. 

Let the equations of the circles whose radii are JSj, JB„ and centres 

Oi, 0„ be 

01 (a, /3, y) = 2/3ysinil — (2Zia)(Sa8in-4), 

9% («> /5, y) = 5i3y sin il— (5Z,a)(2osin^). 
VOL. XX. — NO. 368. 2 D 
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Then the equation of a circle whose centre is 0^ and radios 0^0^ "w 

be 

^i(«,i3,y)-h^(Sasin.l)« = 0; 

I and, as 0, (a,, /3|, y,) is on this circle, 

01 («i. i3„ y,) + ^ (Sa sin il)« = ; 

""^ ^^^«"!f ^^* ^*^' ^^' "^^^"^"^ (Sasin^)'} 

I 

j = ^ {*. («.. A, y»)-*, (a« i3„ y,)}, 

I and 

I cos = »i («i> A> yi)~0i ( «a^ ^r y«)-0 i(«i » /^i» yi)— »t («!> A> y«) 

: ^{fi ("ii A» yi) 0j («j> A> yj) } 



, -22/3,y, sin il + {2 (Z, + i,) a,} 2a, sin A 



\ whence, by substituting the values for aj, /Jj, y,, a,, /?„ y^ we obtain 



: cos0 = — 1— 2ZtZ,-h2oos^ (^-hZa + m^u,-f m,n,) 

;: y{[H-2Z'-22cos.l(Zi-fmiWi)][l + 2^-22cosJ(Z,+m,iiO] 

; ^^..(7 



\ Hence, if the circle (Z, m, n) make the same angle d with each < 

' the three circles 

(sec ^ 0,0), (0, secB, 0), (0, 0, secO), 
we must have, by (7), 

cosfl v/[l + 2Z*— 22cos^ (Z+mn)] 
= {— 1— Z sec -4 4" cos -A (Z+ sec -4) 4" cos B(mH-n sec -4) 

r 

-fcosO(n-fmsec J)}/y[l-hsetf-4-.2] 
', =sec^{ — Z(l— cos*-4)+m (cosO-f cos-4 cosB) 

■' +n(cosB+cos-4co8 0)}/tan 

I = sec -4 { — Z sin' ^ -|-m sin ^ sin P-hn sin ^ sin G\ /tan A 

\ = — Z sin ^ H- w sin B + n sin (7, and in like manner 

= + Z sin J.— m sin B+n sin 



j = + Z sin -4 H-m sin ^— n sin C7; 

therefore ZsinJ = msinP s nsinO. 
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Let each of these = p. Then, snbstitating for Z, m, n their values 
in terms of ^, 

cos^ \/[l+jp'2cosec'-4— 2;?5cot-4 — 2ySco8il cosecPcosecO] = jp; 

or, putting cot A + cot B -f- cot G = cot w, 

cosfly[l-f29'co8eo'<i>— 2pcot<i>— 4p'] =2?, 
cosfl = 



y {(1-2? cot «)«-3i?'} y/iK^-sy 

where X = cot w. 

P 

Making these substitutions, the equation of the circle (I, m, n) 
reduces to the form 

S/3y sin A —p (Sa cosec A) (Sa sin A) = 0, 
or — pSa' -f- 2/8y sin -4 — pS/3y cosec B cosec (sin* B -f sin' 0) = 0, 
or pSa' — S'37r sin A (1 — p cot w) -|-pS/3y cos -4 = 0, 

[since -J- cosec A cosec B cosec G (sin* -4 -f sin' B + sin' 0) 
+ i cosec -4 cosec jB cosec (sin' ^ -f sin' 0— sin' A) 

= cot 01 -f cosec il cos -4] , 

and substituting X for (1 ^p cot oi) /j?, we obtain for the equation of 
our circle 

Sa'-f2/3ycosJ-XS/3ysin^ = (8), 

and, if this touch the circles il„ P„ Oi, 

^(X'-3)=sec^ = l, 
X = ±2. 
The f ormulsB for the centre of a circle become in this case 
a = E(sin^-f Xcos-4)/(X4"Cot«)" 
/3 = E(sinB+XcosJB)/(X+cotw) W- 

y = iE(sin O-fXcos C)/(X + cotw)- 

With the same substitutions 

p' = JB*(SP-2Swncos ^-2SZcoSil + l) 

= JB* (Sp' cosec' A — 22 jj' cos A cosec B cosec C — 2%p cot -4 + 1) 

= JB' (jp' cosec' »-2p»2 (1— cot J cot B)— 2pcot «+!) 

2d2 



404 Mr. W. W. Tajlor on some Rings of Oirchst ^c [Jane 13, 

= E' {p^ cosec^ w— 4p'— 2p cot w -f 1) 
= B^(pcotu>-iy-Sp^ 

= i2=^(X*-3)/(A-|-cotw)-, 
p= ±J2y(X^-3)/(X+cotai) (10). 

The cosine of the angle between this circle (8) and a ring circle 
(I, m, n) for which I cos -4-|-m cos J5+ w cos = 1, is 

— 1 — S?pcosec^4 + 2[Zcos^4-pcot.4-|-p?(co8JBcoscc(7 + cos(7cosec^)| 

y{[(?'+mHw'-) - (Z cos ^ + m cos B-^-n cos Cf - 22 wn cos ^ ] (X» - 3^ } 

_ — 1 + 2Zp (sin A — cos A cot w) + 1 -{-p cot w 



i>v/{(2Z-sin=^-4-22mHsinBsina)(\='-3)] 

2Z sin A 



(11). 



v/ { {%l' sin'^ ^ - 25mw sin B sin 0) (X'-3) } 
The series of circles included in the equation 

2aH 2/3y cos ^ - X2/3y sin ^ = 

has been discussed by Professor P. H. Schoute, in Vol. iii., Series 3, 
of the Verslagen en Mededeelingeii of the Koninklijke Akademie van 
Wetenschappen, Amsterdam, from an entirely different point of view. 
He shows that, when a point P moves so that, if D, E, F be the feet 
of the perpendiculars from it on the sides of the triangle, the Brocard 
angle of the triangle J)EF is constant, the locus of P is a circle of the 
above series, and \ is the cotangent of the said Brocard angle. 

He has shown tliat this series of circles includes, as particular cases : 
the Brocard circle (X = cot w) ; the imaginary circle whose equation 

is 2a- -f 2^y cos ^ = 0, (X = 0) ; 

the circle ABC (X = oo ) ; the Lemoine line (X = —cot «), and the 
isodynamic points (X = dt ^3). 

Of these six particular results the first three are obvious by a 
comparison of the equation No. 8 with the equations of the other 
circles, and the last three can be obtained by making the centre of 
the circle lie on the locus. 

The condition for this is 



2 cos 0— X sin cos B—X sin B 

cosC— XsinO 2 008-4— Xsin.4 

cos P— X sin B cos ,4 — X 8in-4 



= 0, 
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which reduces to the form 

(X'— 3) (X sin -4 sin 5 sin (7 + 1 + cos A cos B cos G) = 0. 

The coordinates of the point circle, for which A = v/3, must be 
given by substituting this value in the equations of the centre of a 
circle (9). 

Then a = E (sin J + -/3 cos A)l{ ^3 -f cot w) 

= 2E cos (i4-60°)/(y3-f cot oi), 

/3 = 2Eco8 (5-60°)/(y3+cotc.;), 

y = 222 (cos a-60°)/( v/3 + cot «), 

and the remaining value 

X sin -4 sin JB sin + 1 -f cos -4 cos B cos = 0, 
or X := — cot w, 

gives all the coordinates of the centre infinite. This shows that the 
circle is a straight line which is at once fonnd to be 

a c 
The centre of the circle 

2 {p cosB-y cos C)* + 2 (/J sin^-f y sin C)» = 2a- + 2/3y cos^ = 

is Lemoine's point K, and its radius is 

Etanw v/(-3). 

The equation of the real circle corresponding to this (centre K 
radius = B, tan ai v^3) is 

4A {5a'' + 5i3ycos-4}-3tanw {2aa}' = 0. 

We will now for a time desert analysis and employ inversion, using 
inversion in the sense that we take a fixed point 0„, and find a point 
Q corresponding to any other point P, snch that 0,„ P, Q are in a 
straight line, and the rectangle O^P^ OnQ is equal to a constant (the 
square of the radius of inversion). 

If we take the centre and radius of the circle ABG as the centre 
and radius of inversion, the three-ring circles invert into themselves, 
and a circle cutting them at the angle 6 must invert into a circle 
cutting them at the angle 6 ; we see, therefore, that the -\-\ circle of 
Schoute*s series inverts into the —X circle of his series, and if F, W 
be the isodynamic points, OV,OW=B?. It also follows that Q 
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is the external centre of similitnde of the :kX pair of Schonte's 
circles. 

If, again, we take 0» the centre of inversion on Lemoine's line — 
the radical axis of the system — and the tangent from 0^ to the circle 
ABO as the radius of inversion, each circle of Schoute's system will 
invert into itself ; bnt the three-ring circles will assume a different 
position for each position of 0„, and will always possess Schoute's 
system of circles each for each as before. Their points of contact will 
accordingly form new triangles, each of which possesses the same 
system of Schoute's circles. That these are the co-Brocardal tri- 
angles of ABC can be proved by finding the envelope of a side as 0, 
moves along Lemoine's line, or thus : — The three-ring circles of the 
co-Brocardal triangles must touch a pair of circles, which are coaxal 
with the Brocard circle and the circle ABO^ and must be orthogonal 
to circle ABO ; and the only rings of three circles that satisfy these 
conditions are the rings of circles obtained by our inversion. 

This can also be proved thus. All our three-ring circles touch or 
cut all Schoute's circles at the same angle. So, taking (Z, m, n), 
(sec -4, 0, 0) as two specimens of three- ring circles, we have, by (11), 

SZsin.1 = y{5Z'sin« J-25mnsinPBinO], 

or Swn sin B sin = 0, 

and any ring-circle has an equation of the form 

I sin A.A^-^m sin B . ^j -fn sin 0,0^-=^ 0. 

This gives, as the form of the general equation of a three-ring circle, 

A, = A,-B, (l+/i)-0, (l+ — ) = 0. 

The common chord of this circle and the circle ABO is 

a c 

and, as this is a quadratic equation in fi, the envelope of all such lines 
is given by the equation 



\a c J DC 



which is the equation of Brocard's ellipse. 
The circle A^ meets the circle ABO where 

.4,Bi-f5iCi-hO,^j= {5/3y8inil}« = 0, 
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and A,-^B,(l-{-ti)-^0, ^1+ i) = 0; 

that 18, where fiA^ = -- (/n + 1) Bj = (7i, 

and where -^j = fiB^ = — (/n -f 1) Oj . 

The third point of this co-Brocardal triangle* must be 

-(,i + l)^, = B, = /iC„ 

and the equation to the other circles of the same ring will be 

^,= -il,(l+ i-)+Bj-0, (l+/i) = 0, 
Here il,, B^ 0, satisfy the relations 

Again, we will invert with regard to one of the isodynamic points 
F, W as our centre of inversion, and the tangent to the circle ABO as 
onr radins of inversion. Since 

OV.OW=E\ 

WV. WO = W(y-B* = WT" ; 

therefore, inverting with respect to W, as above, V inverts into the 
centre of the circle ABC, and the circle ABC inverts into itself ; and 
two circles of the coaxed system having become concentric by inver- 
sion, the rest mnsb have done so also, and the whole system of 
Schonte's circles becomes a concentric system, and, in consequence of 
these circles having become concentric, the three-ring circles become 
necessarily equal circles, and their points of contact form an equi- 

* The coordinates of the angular points of this triangle are g^ven by the equations 

a e 

a e 

a a e 
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lateral triangle. This applies not only to our original triangle, but 
to any of the co-Brocardal system of triangles ; and as at the same 
time the other isodynamic point inverts into the centre of the circle 
ABO, the circles of Apollonins, which passed through both points 
F, W and the angular points of the triangle, become straight lines 
passing through and the angular points of the equilateral triangles, 
that is to say, become diameters of- the circle ABO through the 
angular points of the equilateral triangles. Therefore in any triangle 
the circles of Apollonius cut one another at an angle of 60°. 

The circle of inversion in this case is at thb isodynamic point — ^in 
other words, is concentric with the circle 

a»+/?+y*-f 2/3y(cosil±y3sinil) =0. 

[The — sign gives the inner point (F), the + sign the outer point 
(T7)]. A circle concentric with this must have an equation of the 
form 

2a' + ^py (cos .1 ± v/3 sin ^) + A (2a sin AY = 0. 

If this be also of the form (4), 

I sin A = l-\-h sin' A, 
VI sin 5 = 1 -f /* sin' B, 
n sin (7 = 1+7* sin' 0, 

— I sin A cos A -|- m sin B cos A -f- n sin cos A 

= cos A ± v/3 sin ^ + 2/i sin B sin (7, 

and also from above = cos A [ 1 -f A ( — sin' A + sin' B -f sin' O) ] ; 

whence 

h [coa A (sin' A — sin* 5— sin' C) + 2 sin B sin C] = ^ \/3 sin A, 

^ ^ =F_v/3 

2 sin -A sini^ sin C' 

and the equation of the required circle becomes 

Sa'-h2/Jy(coSil±v/3sini!)=F^ . , /^ „ ^ 7,(2a sin ^)' = 0. 

2 sin A sin B sin G 

The upper signs will give an imaginary and the lower a real circle, 
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showing that the inversion is in the first case across the point, in the 
second away from it. 

The centre of the circle 

a'-fi3* + '/-hS/^ycos^ =0 

was fonnd to be the symmedian point IT,, and its radins 

p = JB tan III \/( — 3). 

Again, if we draw the chord AKA' of the circle ABO^ the product 
AK . KA' is equal to 

(where p' is the radius of the Brocard circle, t.e., of the Schoute 
circle for which X = cot w) = E'-JS' (1-3 tan* w), by (10), 

= 3E«tan»«. 

This proves that, if we invert with K as centre of inversion, and the 
radius of this impossible circle as the radius of inversion, the circle 
ABG will invert into itself ; consequently, all circles orthogonal to it 
will invert into circles orthogonal to it, and the three-ring circles of 
the triangle ABO will invert into the three-ring circles of the co- 
symmedian triangle ; as this is a co-Brocardal triangle, the system of 
Schoute's circles must invert into one another as circles cut one 
another at the same angles as their inverses. It also follows that 
K is the internal centre of similitude of each pair (±X) of Schoute's 
circles. 

We can by means of this result obtain the equations of the six-ring 
circles which are orthogonal to the circle ABC, and are cut at equal 
angles by each of the Schoute circles. For, drawing the chords 
AKA\ BKB', CKCr of thecircle AJ^C, A\ B\ (J must, by our last result, 
be the points where the six-ring circles at ABG meet the circle ABC 
again ; and as the coordinates of K are a \h \ c^ the equation of A'K is 

/3 sin C = y sin J5, 

and the equations of A'B^ A!C are found by eliminating /3 and y from 

the equations of AlK and the circle A BC ; therefore the equation of 

A:B is 

2a sin O-hysinjl = ; 

and therefore, by equation (4), a ring-circle of the six-ring through 
AB will have for its equation 

2^j-f(;, = 0, 



\ 






t 
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and the equations of a complete ring of the six-ring circles will be 

^,+20, = 0, 

B, + 24 = 0, 
^,-h2jBi = 0, 
(7i-h2Bi = 0. 

The value of X for the Schonte circles that touch the six-ri 

circles is 

\=:±2y3. 

The general equation of a member of the six-ring circles can be fou 
by taking an arbitrary point 0^ on Lemoine*s line, drawing the lie 
0„^, 0„F', and finding where these meet the circle ABC again, ai 
forming the equation of that chord of the circle ^^(7; whereupon \ 
at once know the equation of the corresponding ring-circle, and pi 
ceeding in the same way we can find the equations of all the circl 
of any six-ring system. 

We will briefly indicate how the same can be done for any oth 
ring. The chords common to the circles of the ring and the circui 
scribed circle form a harmonic polygon (Casey's " Sequel to Euclid 
199-200), aud always touch an ellipse of a family of which Brocard 
is the best known example. Their centres lie on another ellipse who 
foci are the centres of a ±X pair of Schoute's circles. 




II' 



To determine the yalue of X for the tangent circle to any rinj 
formula (11) shows us that the angle at which any of Schoute*s circl< 
cuts the three-ring circles depends only on the value of X, and not on tl 
angles A, B, 0; so we can determine the value of X for an equilaten 
triangle. 



we 
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Now, for any ring of r circlefl, we must have in the above figure — 
where Oj is the centre of PTQ one of the ring-circles, and P, T, Q 
are the points where the ring-circle meefcs the X-Schoate circle, the 
circle ABG^ and the — \-Schonte circle — 

tan — = tan O^OT = G,T/^(OP. OQ) =^(OQ'-OP)/ ^(OP.OQ), 

T 

and therefore, taking the values of OP^ OQ from equation (10) with 
due regard to sign, and remembering that X < ^/3 numerically, and 

cot w = v/3, 
have *»^7- = '2"(x-cot«"x-hcot«//V^^*-cot»ai/ 

— cot ft) _ ys 

^ ^/(X»-cot«ftl) " ^(X»-3)' 

X' = 3 cosec' — , 

r 

X = ± v^3 cosec — , 

r 

and for the six-ring circle 

X=±2y3. 

The general relation between Z, m, n, when a circle belongs to the 
ring of r circles, is found by substituting the values 

cos fl = 1 and X = ± ^3 cosec — 

r 

from above in formula (11), and can be written 

(SZsinil)tan— = v/3 V(2PRinM-2SmnsinP8in 0) ...(12) 

r 

and this is, consequently, also the relation between Z, tn, n when 

la-^-mft-^ny = 

is a side of an harmonic polygon of r sides belonging to the same 
system. 

The locus of the centi*es of the ring-circles of any series is plainly 
an ellipse or other conic of which the foci are the centres of the ±X 
circles that touch all the members of that ring. 

For, if Oi, 0, be the centres of the ±X circles that touch at P and 
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Q the ring-circle whose centre is 0,, then 

= a constant = 2XEn/(X«-3)/(X»— cotPi#). 




However, we can find the equation of this locns more readily by 
finding the Iocds of the pole of 

/a-|-m/3+»y = 0, 

subject to the condition (12), which may be written in the form 

(2Zsin^)» Ttan'- + 3) = 65PsinM. 

Since a, />, y, a point on the locus, is the pole of 

la -f m/3 + ny = 

with respect to the circle ABC, 

I wi n 

by -tcfi ay-j- ca a/3 4 ia ' 

and the locus of the pole must therefore be given by the equation 
{X (a6y + ac/3)]« Ttan* ~ +3) = 65 (aly + ac/3)«, 

(226ca)' /'tan^— +3) = 122 (tVa* + a»My), 

2(//VaH2a«6cpy) Ttan^— +3^ = 32 (5*cV+a'6c/Sy), 

26VaHan'— +2a'My (2tan*-^ +3) = 0. 
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It is plain that the sides also of the harmonic polygons, being the 
polars of these centres with respect to the circle ABO, must envelope 
an ellipse. 

Its equation, being the envelope of 

ia-f m/3-f ny = 
subject to the condition (12), is 

56Vo'tan^ - - Ttan' - +3) Sa'M? = 0. 

Both series of ellipses belong to the same family 

26Va'+/i5a'6c/3y = (13), 

and the values of /i for a pair of them are connected by the relation 

A*i+/*i = l- 
The usual formulsB for the foci of the conic 

^a'+5i3»+(7y' + 2DiSy + 2J57ya + 2Fa^ = 
are a^ (^ V + BV + (7c* + 2D'hc + 2Wca + 2rdb) 

= two like expressions in ft and y, where A\ ff, &c. are the minors of 
A, B, &c, in the determinant 



A F E 
F B D 
EDO 



(Whitworth, p. 269). 



In the present case these equations reduce to 

a» {/i(-2a*+256V)-25a*} 

-4Aaa {(6«+c'-a»)/i-2a»}-4AV(/i + 2) = Ac. 

Putting each of these = JT, and rearranging, 

a» {/i (Sa*)*-2 (/i + 1) 2a*} -4Aaa {^2a*~2 (/i + l) a«} 

+4AV {^-2(^1 + 1)} =K, 
and two like equations. 

Eliminating from these the ratios 

/^:-2(^+l):^, 
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1 
1 
1 



we obtain, as the equation of the locns of the foci, 

(aSa* - 2 Aa)«, a'Sa* - 4Ao»a + 4 A V, 

(^Sa*-2A6)», i3*2a*-4A&»/3-f4AV, 

(ySa'- 2Ac)», '/Sa*-4AcV +4AV, 

which, on expansion, yields the two factors 

55c(6'-c')a and a6cSa*-Sa»/3y. 

For the locns the real foci are on the straight line KO, 

and the imaginary ones on the Brocard circle 

aJcSa' = 2a»/3y. 
Since the equation (13) can be arranged in the form 



= 0, 



(56ca)»+ /i-2 5a»6(^y = 0, 

the family of ellipses (13) have imaginary double contact with one 
another and the circle ABG where they meet the line 

26ca = 0. 

There is one parabola belonging to the series, which is the locns of 
centres of circles that touch Brocard's circle and Lemoine*s line, and 

then fi = tan'«— 3. 

(Lemoine's line)* is given twice over by making the discriminant 
vanish, and we also obtain Lemoine's point as a particular case of 
these conies. 

To find the general equation of a circle of ApoUonius, we know that 
it is orthogonal to the circle ABG^ and therefore its equation is of 
the form (4), 

I sin A . Ai -fm sin B ,Bi-\'n sin (7 . Oj = 0. 

To be a circle of Apollonius it must also pass through the point 

sin (^ + 60°) : sin (5 + 60°) : sin ((7+60°). 

Making these substitutions for a, fi, y in A^, we obtain, for 

a' —j3y cos A-k-ya cos J5 + a/3 cos 0, 

i {8in'il + 3co8*i4— cosil(sin5sin(7 + 3cos5cosC) 
+ cos B (sin A sin 0+3 cos A cos C) 
+C0S C (sin il sin J5 + 3 cos A cos B) } 
-\'i\/S [2 Bin A cosil— siuilcosil+sinJ^cos^+sinCcoB 0} 
= ^ [l+cosilco6£co8C+/v/3sin.^8in^8in(7} ; 
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therefore, in this case, Ai = Bi= (7,, 

and the Decessarj condition for the above equation (4) to represent 
a circle of Apollonins is 

Zsinil+msinB + nsin = 0, 

The particular one through the angular point A of the original 
triangle must satisfy (4), when we put 

o : /3 : y = 1 : : ; 
Aj becomes 1, J^^ = O^ = 0, 

therefore Z = 0, 

and the equation reduces to J9, = Cy 

Hence Bi = (/j, Oj = il,, Ai = Bj 

are the three primary circles of Apollonins. Any other can be 
found by making (4) pass through some other point on the circle 
ABG, The circle on VW as diameter is plainly the smallest of all 
these circles, and its equation can be found by making its centre lie 
on OK whose equation is 

Sa (5'-c*) a = 0, 
or, more simply, by making the common chord with the circle ABO^ 

la-^-mfi-^ny = 0, 
parallel to Lemoine's line. The condition for this is 

= 0, 



I, 


m, 


n 


1 


1 


1 


J 

a 


h ' 


c 


a, 


h, 


c 



or la (t'-c*) + wi6 (c^-af) +nc (a«-6«) = 0. 

And the equation to this circle may be obtained by eliminating 
2, m, n from the three equations 

lBmA,Ai+m sin B . jB, + n sin (7 . Oj = 0, 
Zsin^ +msinB -fnsinC/ =0, 
I sin A (sin* B— sin' 0)+m sin B (sin* 0— sin' A) 

+» Bin (sin» ^-sin' B) = 0. 
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Its equation, therefore, is 



Bin' B — ain' (7, Bin'C— sin' J, sin* ^— sin* £ 
or J, (2a'-&'-c')+B,(26'-a'-c') + C,(2<^-a'-6')=0. 

We have prorionsly omitted to remark that, if we take any other 
point anywhere, and invert with the tangent to the circle ABO as the 
radius of inversion, we shall obtain a new set of harmonic 
polygons, ring-circles and Schonte's circles ; as is evident, since all 
curves cnt at the same angle as their inverses. 

It is worthy of notice that iho drives ABO, SOW, OAW,faiA AJiW, 
heing the inverses of the circle ABO, and of the sides of an equilateral 
triangle, intersect at angles of 60°, and the circles of ApoUonias roand 
VAW, VBW, VOW, being the inverses of the bisectors of the angles 
of the eqnilateral triangle, intersect at 60° and bisect the angln 
between the circles BOW, OAW, ABW. 
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83—90. 
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'* Sitzongsberichte der PhysikaliBch-medicixiiflchen Sodetat in Erlangen/* 1888 ; 
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Pamphlets by M. Maurice d'Ocagne : — 

" Sur certaines Oourbes qu'on pout adjoindre aux Courbes Planes pour I'^tude 
de leurs Propri^t^s Infinit^simales/ ' (American Jour, of Math, ^ Vol. xi., No. 1.) 

''Galcul direct des Termes d'une reduite de rang quelconque d'une Fraction 
Continue P^riodique." 

''Determination du Bayon de Gourbure de la Courbe Int^grale.*' {Nouvellet 
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Mr. Basset points out that the following corrections should he 

supplied in his investigation of the stability of Maclaurin's Spheroid 

(Vol. XIX., pp. 52-54}): — " The correct result, which was first obtained 

by Riemann, is that for an ellipsoidal displacement, the spheroid 

becomes unstable, when the excentricity exceeds the root of the 

equation 

e (1-e')* (3-h4e') = (3 + 2e»-4e*) sin'^e, 

which gives e equal to about "95." See his work on " Hydrodynamics," 
Vol. II., p. 124. 
The following recently published papers bear upon the subject : — 
Love, Phil, Mag,, Vol. xxvii., p. 254. 

Bryan, Phil, Trans,, 1889, p. 187, and Proc. Gamh, Phil, Soc, 
Vol. VI., p. 248. 

There is a paper by H. Weber in the Math, Annalen, Band xxxiii.. 
Heft. 3, p. 391, "Zur complexen Multiplication elliptischen Funk- 
tionen." (See Prof. Greenhill's paper on " Complex Multiplication 
Moduli of Elliptic Functions," Vol. xix., p. 362.) 
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The following is a statement of results arrived at by Dr. Wolsten- 
holme in connexion with his communication, *^ Certain Algebraical 
results deduced from the Geometry of the Quadrangle and Tetra- 
hedron " (p. 3) :— 

Properties of Semi-equi-facial TetraJiedra {in which the sum of the areas 
of two faces is equal to the sum <f the areas of the other two faces.) 

1. Notation. — In a tetrahedron OABC, the plane angles at are 
oo/^oro; at -4, ai/3iyi; at B, a^ft^y^ ; and at 0, aj/^jy, ; each angle abeing 
opposite to BO or OA, each angle fi to GA or OB, and each angle y 
to AB or 00. The lengths of the edges OA, OB, 0(7 are a, b, c; those 
of BO, CA, AB are x, y, z. The areas of the faces opposite 0, A, B, 
are A^, Aj, \, A,. The dihedral angles are denoted by A, B, C, 
X, Y, Z, corresponding to the edges to which they are opposite ; and 
F denotes the volume of the tetrahedron. 

2. Now suppose that, in a real finite tetrahedron, A^+Ai = Aj-fA,. 
Then I assert that all the following relations are also true : — 



/3o-f /3i = /3j-f /38> (A), ao+/5o-yo = «8+/3s-y3| 

y^^+yj = ya + y,) ai+ft-yj = a, + /3,-y, 

"i + Ti— /^i = «a-Hyj— /^s 

g-f a; x — a __ h-^y __ h—y 

sl^TcITl) "" siiTi (a'^X) " sinl (i?+Y)"" sin ^ (5- F) 



(B), 



c-\-z __ c — z __ 4 v^AqAiAjA, 



...(C). 



.siu^(C-hZ) sin|(0-Z) 3 V 

Of the equations (A) I can prove the first without difficulty, but have 
not yet succeeded in proving the second and third each to hold, 
although, from the number of numerical cases I have tried, taking the 
values of a, b, c, y, z quite at random, and then detennining 2 so as to 
satisfy the equation A^-l- A, = Aj-f A,, and finding that in every case 
these equations are accurately correct, I can have no doubt whatever 
that the three equations (A) do hold. The system (B) is very easily 
deduced from (A), and the system 

ai4-/3j-hy, = w, ao4-/3s + yj = w, a^ + l^^ + y^ = ir, a^ + ft^-^-y^ = w. 
Equation (C) I have, as yet, deduced only from observation of calculated 
tetrahedra of this kind ( except the last member — ^j^ * > which 

\ Or 

2b2 
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I bave dedaced by simple matlieinatics from tbe others, assumed to 
be eqnal j. I do not at present see any promising mode of attacking 

tbese, as all tbe expressions I can find involve the surds A^, A|, A^ A,. 
This system may also be written 



—a;* a'A-x* 2ax 



0«--> a -r*. .u^ ^ ^^^ 



and since sin A = 



008 J.— cos X 1— cos^cosX sin ^ sin X 
SVx 



2W 



^''^ " 2 A,a; sin ^ sin Z ■" 9 F* * 

3. More generally, I find that the sign of 

Ag+A,— A,— A, 
is, in any real finite tetrahedron, also the sign of 

»nd of (o^ + yo-/3o) - («8 + 78 - A), 

and the other expression of (B) which vanish when 

A,+A, = A,+A,. 

These resnlts are not all tme for a flat tetrahedron of any kind. 

4. The four expressions A^, A|, A,, A, are all irrational expressions 

of the form y/s («— a)(«— /3)(«— y), 

where a is always either a or x, fi always h or y, and y always either 
c or z. 

Let A , AI, AJ, Ai 

denote the resnlts of interchanging the /3, y factors of A^, A^, and 

also of A,, A, ; then A^+A^— A^— A^ 

is always of the same sig^ as 

A^-f Aj— A,— A,. 

Let a:, aj, a;, a; 

denote the resnlts of interchanging the )3, y factors in Ag, A,, and 
also in Aj, A, ; then 

is always of the sign opposite to that of Ag+Ai— A,— A,. 
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Next, let a;, aJ, a'^ aJ 

denote the resnlts of intercliangiiig the /3, y factors in Aq, A„ and also 
in Ai, A, ; then 

cAj+ifAj— «aJ— cA* 

is of the opposite sign to that of Ao + A, — A,— A,. Interchanging the 
y, a factors, and the a, /3 factors in the same way and in the same 
order, we get six more sets, and 

aAj-f-aAj— ajA,— ajA, is of opposite, 

aJ+aJ-aJ-aJ, cAj-h«Aj-»Aj-cAj 
are of the same sign as Ag+Aj — A,~A,. So 

7 9 7 7 

aAj-f-aAj— ajAj— ojA, is of opposite sign, 

of the same sign as A^+A, — A,— A,. 

These results are not tme for any flat tetrahedron, but corresponding 
results, which may easily be obtained, are. I ought to except the first 
Ao + A( — A.J— A3, which has always the same sign as Ao+Ai— A,— A,, 
whether the volume of the tetrahedron be finite or zero. 

5. The results stated in (4) are ail easily proved, assuming those 
stated in (3). The first of these, that 0^+0,-0,-0, is always of the 
same sign as A^+Aj— A,— A„ I can prove without difficulty; and we 
hence deduce the algebraical theorem, which is of a quite novel and 
surprising form to me. Denoting 

the two irrational expressions 



V *o .*o""^' *o""y • ^o"'^"^" ^*i • 8i^x, Si—h . «i— ( 



and 



V *o* *o~~*^* *i — ^- *i — c-f V «i. *i — X .«0— y . 



Sq—Z 



V 5j .5j — a .5, — b . 8^ —z — V 5, . 81 — a . «|— y .«j— c 

have always the same sign, for any values of a, &, c, x, y, z for which 
the surds are real. Whether the same holds between impossibles, I 
have not at all tried to discover. In the above, the sign of the sqnare 
root */ implies always the arithmetical square root. 
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The note by Mr. H. M. Taylor (p. 88) was entitled "On the 
Developable Surface through two Conies inscribed (or escribed) in 
two of the faces of a Tetrahedron." Mr. Taylor assumes that the 
surface passes through the two conies whose equations are (in 
tetrahedral coordinates with the given tetrahedron as the tetrahedron 

of reference) 

w = 0, y/ax-j- vby-^ s/cz = (1), 

and 25 = 0, s/fly-^\/yz-^s/hD—^ (2). 

The problem of finding the equation of the developable surface is the 
same as that of finding the envelope of the plane 

Laj+Jlfy-|-iV^2?-fPw7 = (i.), 

under the conditions a/L 4- 6/3f + c/^ =0 (ii.), 

/3/M+r/iV-h^/P = (iii.). 

Eliminating l/L and 1/P from these, he gets a result of the form 

^(f)"+^(f)'+''(f)^^=» «••'• 

where A = cyy, D = 6/3z, n 

P = — aya; + (6y+/5c) i/ + cy2— c^t(; I (3). 

The equation of the required envelope is the discriminant of (iv.) 
considered as an equation in 'M.j'N, It is 

27^«D'-i?»a*+4^OH4d)-18^i?C2) = (v.), 

an equation of the 4th degree in «, y, Zy w. 

If we consider the section of the surface by the plane y = ; then 
^ = 0, and (v.) becomes 

Now 5 = gives —ayxi-cyz—c^w = (vi-)» 

which represents a straight line through 

w = 0, ax^ czj 

t.e., the point of contact of the conic (1) in the plane tr = with 
V= 0. This line is repeated twice. 
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Again, the equation G^—^B = 



reduces to \/— a/3aj+ y/{hy^cP)z-\- y/hhw = (vii.)f 

which represents an escribed conic in the face ^ = 0. 
It is easily seen that the straight line (vi.) is a tangent to (vii.). 
Similarly, the section by 2; = gives 

C {B'-4uiG) = 0, 

or the line —a^^-hl^y'-Uw = (viii.)> 

repeated twice, and the conic 



v^ayaj+ v/(6y— /3c) y+ »/—chw = (i^O* 

This is a conic escribed to the face i? = 0, and a tangent repeated 
twice. 

The section by tt?=0 gives (v.), with the difference in (3) of making 
ta = 0. The result is the conic (1) and the line 

-a/3yaj-h(6y-c/3)(i3y-y2) = 0, 

which is a tangent to the conic, repeated twice. 

Similarly, the section of the developable surface by the plane 
a; = is the line 

{cjj^ -by){hy—cz)—hcSw = (x.), 

repeated twice, and the conic (2). 

It will be noticed that the section by each of the foar faces of the 
fundamental tetrahedron is an inscribed (or escribed) conic, and a 
tangent to the conic repeated twice, the tangent cutting the three 
edges of the tetrahedron in the points of contact of the inscribed (or 
escribed) conies of the other three faces of the tetrahedron. 

It will be observed that what has been proved of the tetrahedron 
of reference is true of a doublv infinite series of tetrahedrons. 

If BC be the intersection of two faces of a tetrahedron in which 
conies are inscribed, we may state the same theorem for any tetra- 
hedron A'B'CD', provided that B', C are points in BO^ and -4', IX the 
points of intersection of tangents drawn to the two inscribed conies 
in their own planes from the points B^ and C 

It is interesting to observe the manner in which the developable 
surface degenerates when the inscribed conies touch each other. 

Now the conies touch, if 

/3/6 =: y/c ^ X, suppose ; 
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in which casOi if we write L for 

— (m; + 6y + C2 — rfw/y , 
we have A = Xc*y, B = \h\ 

B = \{cL-\-hcy), 

G = \(hL + hcz). 

It appears, therefore, that (v.) becomes a homogeneoas equation in 
y, z, and L, and therefore represents a cone. 

The equation becomes 

(L«-46cy«) (L'-hy-czy = 0, 
or the quadric (^ax-^hy-^cz — cSw/yy = ithcyz, 

which is a cone, and the plane 

ayx + c^ = 0, repeated twice. 

For an account of some of Dr. Kleiber's results (p. 245), see a 
paper by him on ** Some Differential Equations satisfied bj the 
quantities Ky E, &c., in Elliptic Functions** (Messenger of Mathe- 
matics, Vol. xviii., pp. 167-184). 

Prof. J. J. Thomson (see Vol. xrx., p. 591) has contributed a paper 
" On the Magnetic Effects produced by Motion in the Electric Field " 
(Phil. Mag. July, 1889, pp. 1-14). 

With regard to our notice of Mr. John Brooksmith (Vol. xix., 
p. 591), a correspondent, who was well acquainted with him, points 
out that, previous to entrance at Cambridge, Mr. Brooksmith passed 
the Session 1841r-5 at University College, London, and that, before 
he went to Cheltenham, he had a year's experience in teaching at the 
Loretto School, near Edinburgh. In 18G0 he published his ** Arith- 
metic for Advanced Pupils, Part I." He mentions also that his friend 
was an Alderman and a great Freemason. 

Mr. Ernest Tempcrley, Bursar and Assistant Tutor of Queens' 
College, Cambridge, was born on March 8th, 1849, and was educated 
at the Newcastle Grammar School till within two years of his going 
to Cambridge. During these two years he was first pupil, and then 
assistant master, at the Grammar School, Thornbury, Gloucestershii'e. 
In 1867 he gained a Minor Scholarship at Queens' College, where he 
commenced residence in October, 1867. 

At the end of the first year he was promoted to a Foundation 
Scholarship, and, graduating in 1871, he was bracketed Fourth 
Wrangler, and obtained the second Smith's Prize. Mr. Temperley's 
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original intention was to go to tliQ Bar, bnt, as He rapidly secured 
popularity as a private tutor, he changed his plans, married at an 
early age (1875), and settled down to a life in Cambridge. 

In 1877 he was invited to fill the post of Lecturer in Mathematics 
and Natural Philosophy at Girton College. This post he continued 
to fill until the end of the Easter Term of 1887, when the state of his 
health compelled him to narrow his sphere of work. Among his 
pupils was Miss C. A. Scott, who attributed her success, in a large 
measure, to the instruction and guidance she received from him. 
In the years 1880 and 1881 he held the ofiSce of Senior Moderator, 
and in 1882 that of Examiner for the Mathematical Tripos. He 
contemplated writing a new treatise on the Differential and Integral 
Calculus, ** as in the higher branches of the Integral he was not 
satisfied with any existing work.*' He has left some notes on this 
subject. He died January 8th, 1889.* 

Mr. Temperley was elected a member of the Society, March 11th, 
1880 : he was never on the Council, nor did he contribute any papers 
to the Proceedings. On one or two occasions he gave valuable 
assistance as a referee. 

Mr. William John Ibbetson was the youngest son of the Rev. 
Denzil John Holt Ibbetson, of St. John's, Adelaide, S. Australia ; he 
was born January 6th, 1861, and died October 12th, 1879. He was 
educated at Haileybury College, where he held a Classical Scholar- 
ship, but was obliged to leave in 1875 on account of increasing 
deafness (he subsequently became totally deaf in 1877). He gained 
an Entrance Scholarship at Clare College, Cambridge, in 1879, and 
subsequently came out Seventeenth Wrangler in the first part of 
the Mathematical Tripos — **a place much below his merits," in the 
opinion of Mr. Moll i son, his tutor. He then read for six months with 
Prof. J. J. Thomson, and was placed alone in the Second Division of 
the final part of the Mathematical Tripos. In 1886 he graduated 
M.A. He was a Fellow of the Royal Astronomical Society and the 
Cambridge Philosophical Society; he was also a member of the 
Institute of Actuaries and of the Cambridge Antiquarian and the 
Gipsy Lore Societies. Mr. Ibbetson was elected a member, December 
11th, 1884. He contributed one paper to the Proceedings — *'0u the 
Airy-Maxwell Solution of the Equations of Equilibiium of an 
Isotropic Elastic Solid under Conservative Forces " (Vol. xvii.). 

After taking his degree he devoted himself to the study of 



• A full account of Mr. Temperley' 8 career wa.s furnished to the Cambridge 
Review for January 24th ; it is to this sketch that, with the writer's permission, 
we are throaghout indebted in the above notice. 
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Elasticity, and in 1887 published '* An Elementary Treatise on the 
Mathematical Theory of Perfectly Elastic Solids; with a Short 
Account of Viscous Fluids" (pp. xiii., 515). This work is fully 
and favourably reviewed in Nature (Vol. xxxvu., pp. 97, 98). Mr. 
Ibbetson also contributed a letter to Nature (Vol. xxxii., pp. 76, 77) 
" On the Terminology of the Mathematical Theory of Elasticity." 
Mr. Mollison closes his letter, which we have freely quoted, with the 
remark, — " He was a man of great ability, and his book on Elasticity 
is most noteworthy, when it is remembered that he had been totally 
deaf from the age of sixteen, and acquired all his mathematics at such 
a terrible disadvantage." Mr. Perigal, who knew Mr. Ibbetson well, 
tells us, in addition to information quoted above, that Mr. Ibbetson 
communicated several papers to the above-named societies, and that 
he wrote also on the Romany language. He also states that Mr. 
Ibbetson was an Examiner in Mathematics at Haileybury College, 
and also in the Cambridge Local Examinations. 

Professor Oscar Howard Mitchell was born in Locke, Ohio, October 
4th, 1851, and died in Marietta, March 29th, 1889. He was the 
eldest of a family of five brothers and three sistera. His early life 
was spent on his father's farm, and his early education was acquired 
in the country schools. By private study, and the help of teaching, 
he was enabled to spend two years in the Mount Vernon High School, 
whence he entered the Freshman Class at Marietta in September, 
1871. 

After graduation, he was for three years Principal of the Marietta 
High School ; he then entered on a course of advanced study in 
Mathematics and Logic at Johns Hopkins University, where he 
graduated in 1882 as Doctor of Philosophy. For three of his four 
years at the University, he held the honour of Fellow in Mathen;atics. 
He was elected a member of our Society, January 13th, 1881, and in 
the following year he was appointed to the Tyndall Fellowship, which 
would have enabled him to spend a year in scientific study abroad. 
He had, however, previously accepted a call to the Chair of Mathe- 
matics and Astronomy at Marietta, and so was obliged to decline the 
offer of the fellowship, an honour he highly prized. He appears to 
have been very successful as a teacher.* 

Prof. Mitchell contributed the following papers to the American 
Journal of Mathematics : — 

"On Binomial Congruences: comprising an extension of Fermat's 
and Wilson's Theorems, and a Theorem of which both are Special 
Cases,'' Vol. iii., p. 294. 

* The source of our information is contained in an article on Prof. Mitchell in 
the "Ifarietta College Olio,'' for April 20th, 1889. 
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" Some Theorems in Numbers," Vol. iv., p. 25. 

" Note on Determinants of Powers," Vol. iv., p. 341 . 

He also furnished a paper on " A New Method of Symbolic Logic " 
to the " Stndies in Logic, by members of the Johns Hopkins 
University." 

Among the contributions to the " Brocardian " geometry which 
have appeared since our last notice (Vol. xviii., p. 399), the most 
noteworthy are : — 

"Premier Inventaire de la G6om6trie du Triangle " (Association 
FraD9aise pour Tavancement des Sciences, Toulouse, 1887) and 
" G^om^trie du Triangle" (Etude Bibliographique et Terminologique), 
(75 pp.,) an offprint from M. de Longchamps* Journal de Math, 
Speciales (1887). These are by M. E. Vigarie. 

M. Vigarie is a joint contributor with M. Lemoine to a "Note 
sur les Elements Brocardiens," in the Journal de Math. Elementaires 
(1888). M. Lemoine has written "Etude des points inverses" 
(Longchamps* Journal, 1887) ; " Questions diverses sur la nouvelle 
Geometric du Triangle" (Ass. Fr., Nancy, 1886, and Toulouse, 1887); 
and " Quelques Questions se rapportant k T^tude des antiparall^Ies 
des c6tes d*un triangle" {Bulletin de la Societe Math, de France, 
1886). 

Dr. H. Lieber, of Stettin, in his annual school programme, has 
treated of this matter: — (1) " tJber die Gegenmittellinie nnd den 
Grebe'schen Punkt " (1886) ; (2) " Uber den Brocard'schen Kreis " 
(1887) ; (3) "trber den Tucker'schen Kreis," &c, (1888). 

Prof. J. Neuberg, of Li^ge, has written : — " Sur les triangles equi- 
brocardiens" (Ass. Fr., Oran, 1888). 

Dr. Kiehl's programm (Realgymnasium zu Bromberg) is entitled, 
" tTber die durch drei ahnliche Punktreihen erzeugten Dreiecke und 
Kegelschnitte" (1888). 

Prof. Gob sends us an offprint from the Memoir es de la Societe 
Moyale des Scieuc-es de Liege, in which he treats of the recent 
geometry under the titles, " Sur laDroite et le Cercle d'Euler," "Sur 
les Cercles de Neuberg" (1889). 

It is sufficient here for us to mention that, in the Journal d^Hoff- 
mann (Zeitschrift fiir Mathematischen, &c., 6" Fasc, 1889), Herr 
Schiomilch has written an article which has greatly excited French 
mathematicians. M. Vigarie has lent us a translation of it into 
French, " Crelle on Brocard." The language is strong, and we do not 
wonder at the excitement it has created. M. Morel has replied to 
the attack in the Journal de Math, Ulementaires, and M. Vigari6 also 
proposes to join in the contest. 
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